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DATA DEPENDENCE FOR THE SOLUTION OF A
LOTKA-VOLTERRA SYSTEM WITH TWO DELAYS
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Abstract. The purpose of this paper is to study a Lotka-Volterra system
with two delays, by applying fixed point theory.
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1. INTRODUCTION

Let t,tg € R, t < tg, 71,72 >0, 71 < 70, f; € C([to,b] X R4), 1= 1,2,
(RS C[to — Tl,to], P e C[to — Tg,to] be given.
The problem is to determine

x € Clty — 71,0 N Cto, b]
Yy e C[to — Tg,b] N Cl[to,b]

from the Lotka-Volterra systems with two delays

Y (t) = falt,z(t),y(t), z(t — 1), y(t — 72))
with initial conditions

x(t) = o(t), t € [to — 71, t0)
(1.2) { y(t) =(t), t € [tg — T;,tg]

There have been many studies on this subject (see [2], [5], [8]). The fact that
time delays are harmless for the uniform persistence of solutions, is established
by Wang and Ma for a predator-prey system, by Lu and Takeuchi and Takeuchi
for competitive systems.

Recently, Saito, Hara and Ma [8] have derived necessary and sufficient con-
ditions for the permanence (uniform persistence) and global stability of a
symmetrical Lotka-Volterra-type predator-prey system with two delays.

For a nonautonomous competitive Lotka-Volterra system with no delays,
recently Ahmad and Lazer have established the average conditions for the
persistence, which are weaker than those of Gopalsamy and Tineo and Alvarez
for periodic or almost-periodic cases.

Here we study the existence and uniqueness of the solution using the con-
traction principle and the data dependence using Lemma 2 for the problem

(1.1)+(1.2).

(11> { J’J(t) = fl(t’x(t)7y(t)’x(t_Tl)7y(t_72)) ,te [to,b], to < b
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2. EXISTENCE AND UNIQUENESS

The purpose of this section is to find the conditions for the existence and
uniqueness of the solution of problem (1.1)+(1.2).

Let (x,y) be a solution of (1.1)+(1.2). The problem (1.1)+(1.2) is equivalent
with

:L‘(t):{ (p(t), . t e [to—Tl,t()]
p(to) + [, fi(s,2(s),y(s), 2(s — 71),y(s — 72))ds, ¢ € [to,D]

P(t), t € [ty — T2, to]
P(to) + fti)fg(s,x(s),y(s),x(s —71),y(s —1))ds, t € [to,b]

where = € Cltg — 11,b] and y € C[tg — 72, b].
We consider the operator

Af : C[to —Tl,b] X C[to — Tz,b] — C[to —Tl,b} X C[t() — Tg,b]
and we remark that it follows

(2.3) (z,y) = Ar(z,y)
where

t

Ap(z,y)(t) = (‘P(tO) + | fils,2(s),y(s), (s — 71), y(s — m2))ds,

to

(2.4) ,
(o) + | fa(s,z(s),y(s),z(s —11),y(s — TQ))dS)

to
Consider the Banach space C|to, b] with Bielecki norm ||-|| 5 defined by

— —p(t—to)
(2.5 el = max, (O] =), > 0

For t € [to — 71,t0] we have |Af(x,y)(t) — As(Z,y)(t)| =

For t € [tg — T2,t0] we have |Af(x,y)(t) — As(Z,9)(t)| =

For t € [to,b], let (X,d) be a metric space with X = (C[to,bl, ||| 5) and
(z,y), (T,y) € X x X, then:
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(2.6)
d(Af(z,y), Af(7,7)) = |mAf(2,y)(t) — T A (T, 7)(t)]

= ‘@(to) + ) fi(s,x(s),y(s), 2(s = 71), y(s — 72))ds — (to)

- fl(S,f(S),y(S),f(S—Tl),y(S—Tg))dS
to
<L [ t |2(s) — T(s)| e PLTt0)ePls—t0) g
to

t
+ 1 Jy(s) —7(s)| e Plst0)gr(s—t0) qg
t
'
+ ‘x(s - 7—1) - E(S — ’7'1)| efp(S*Tl*to)ep(sfq-lfto)ds
to

t
4 ly(s — 1) — (s — )| e—P(S—T2—t0)€P(8—Tz—to)ds}
to

1 1
<L <2 |z — || g =P + 21|y — 7l ep(tt°)>
P p

2L _ _
< 76”“ (e~ g + lly — 7l p)

Consequently,
_ 2L _
||7T1Af(.1‘, y) - 7T1Af(£7 y)HB < 761((%‘, y)a (.I', y))a

where ; is the first projection for As(x,y) from (2.4).
By similar calculations we obtain

_ 2L _
(2.7) ImaAf (2, y) = m2Af(Z,9)l 5 < 7d((w,y), (7)),
where 7y is the second projection for A¢(x,y) from (2.4). We deduce

d(Af(z,y), Af(7,7)) = [[mA(z,y) - mAT, )|l 5
+meA(z,y) — m AT, )|l 5

(2.8) il
S 7d(($, y)? (fa y))

4L
Then Ay is Lipschitz with a Lipschitz constant Ly, = —. For p = 4L + 1,
P

Ay is a contraction. By the contraction principle we have:

THEOREM 1. We suppose that:
(1) fl € C([t07b] X R4)7 1=1,2;
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(ii) there is L > 0 such that:
|[fi(t, w1, ug, ug, ug) — fi(t, v1,v2,v3,v4))|
< L(luy — v1] + |ug — v2| + |uz — v3| + |ug — v4]),

for all t € [to,b], uj,v; €R, i =1,4 ;

1

(iii) YA <

Then the problem (1.1)+(1.2) has in Cty — 11,b] X Clto — T2,b] a unique
solution. Moreover, if (x*,y*) the unique solution of (1.1)4(1.2), then

(x*,y*) = nh_{I;OA?’(x,y), for all x € Cltyg — 71,b], y € Clto — 72, b].

3. DATA DEPENDENCE

In this section we shall discus a theorem of data dependence for the solu-
tion of problem (1.1)+(1.2). To prove data dependence relation we need the
following lemma:

LEMMA 2 (I.LA. Rus). Let (X,d) be a complete metric space and A, B : X —
X two operators. We suppose that:

(i) A is an a-contraction;

(ii) there is m > 0 such that

d(A(z),B(z)) <n, Yz € X,
(iii) 2% € Fg.

Then
n

—

A, 75) < -
where x% is the unique fized point of A.
We have

THEOREM 3. Let fl, f}, f2, f2, o', o2, @b, ? under the hypothesis of
Theorem 1. We suppose that there exist n; > 0, 1 = 1,2,3, such that

}SOl(t) - @2(t)| <, Vt € [to — 71, %0,

W’l(t) - ¢2(t)‘ <2, Vt € [to — 7o, 0]
and
’fil(tﬂ u17u27u37u4) - fi2(t7 U17U27U37U4)‘ <3,
for all t € [to,b], uy,us,us,uqs € R. Then

« i+ n2 + 2n3(t — to)
(21, 97) — (23, 13)ll 5 < AL

AL+ 1

where (x},y}), i = 1,2 are solutions of the problems (1.1)+(1.2) with data
il,gpl,@bl, respectively with data fzz, o2 % i =1,2.
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Proof. Consider that we are under the hypothesis of Theorem 1. If (27, y})
solution of problem (1.1)4(1.2) with data fil,cpl,wl,A}, i = 1,2, and if
(z3,v3) solution of problem (1.1)+(1.2) with data f2 % ¢? A%, i = 1,2,
then it follows that

|m A} (@, y)(t) — T AG (2, y)(1)]
= |¢'(to) + t fi(s,2(s), y(s), x(s — 71),y(s — 72))ds

(3.1) —¢°(to) — t f(s,2(s),y(5), (s — 71), y(s — 72))ds

< | (to) = ¢*(to)| + / [ (s.2(8), 9(s), 2(s — 71), (s — )

— fi(s,2(s),y(s), 2(s = m1),y(s — 1)) | ds < m +13(t — to).

We have
(3.2) [m A (2, y)(t) — mAF (2, 9) ()] <m+ na(t — to)
(33)  |mA(z,y)(®) — m1 A2 (@, y) (1) e < g+ mg(t — to)
(3.4) m AL (2, 1) (5) — 1 A3, ) (1) |, < 1+ ot — o).
Analogously
|2 A} (2, y)(t) — T2 AF (2, y)(8)]| < n2 + n3(t — to).
Then

HA}(xvy) - A?@(%?J)HB <m 4+ n2+2n3(t — to).
From Lemma 2 we have:

* ok * ok m + 2 + 2773(t - tO)
(21, 91) — (22, ¥2) | 5 < T

AL +1
So the proof is complete. O

4. EXAMPLES
Let p € R, ¢ € C[—1,0], v € C[—2,0] be given. We consider the problem

o (t) = ple(t —1) +y(t—-2), tel0,2]
(4.1) y'(t) = pl-z(t - 1) —y(t - 2)], tel0,2]
' z(t) = o(t), te[-1,0]
y(t) = (1), te[-2,0].
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w(t), . t e [—2,0]
blto) + / ul—x(s — 1) — y(s — D)ds, t€[0,2)
0

We note that if we take A : C[—1,2] x [-2,2] — C[—1, 2] x [—2, 2] defined
by

(4.3) y(t) =

t
Ale,y)(t) = (90(150) + [Culals = 1)+ a5~ 2)]as
t
wito) + [ ul-als = 1) = yls - 2>st) ,

then the problem (4.1) is equivalent with
(z,y) = A(z,y).

From Theorem 1 the problem (4.1) has a unique solution.
In what follows we discuss the data dependence of the solution.
Let @b, ©2, 9!, 1. We suppose that there are §; > 0, i = 1,2, 3 such that

! (t) — ©*(t)| < &1
() — P2 (t)] < b
|t = Pt — 1) + y(t — 2) | < 53

Let us consider the problems:

((2/(t) = plfa(t — 1) +y(t-2)], t€][0,2]
" y(®) = p'lalt~1) - y(t ~ 2)
. $(t):901(t)7 te [_170]
y(t) = (1), te[-2,0]
(2/(t) = pPa(t - 1) +y(t—2)]  t€[0,2]
s (0 = w=s(t = 1)~ y(t ~ 2]
' z(t) = p2(t), t €[-1,0]
L y(t) = 1/]2(75)’ te [_27 0]

If («7,y7) is a solution for the problem (4.4) and (z3,y5) is the solution for
the problem (4.5), we look for a estimation of ||(z7],y]) — (25, y3)||. We have
the operators A}(x, y)(t) and A?(:c, y)(t) It follows that

From Theorem 3, we have

* * * * 51+62+253
It = (3,93l < 22 =

4L+ 1
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5. REMARKS AND GENERALIZATIONS

REMARK 1. Theorems 1 and 8 also hold if we make some changes on the
arguments as follows: instead of x(t —11) we put g1(t) with g1 € C([to,b], [to—
T1,t0]), and instead of y(t — 1) we have ga(t) with go € C([to,b], [to — T2, to])-

REMARK 2. Let f € C([tg,b] x R™ x R",R"™), ¢; € C([to — i, t0],R™), i =
1,2,,....n, tog,t € R, tog < t, 71,79,...,Tn > 0, 7| < 79 < -+ < 71,. We
extend the same discussion to n populations, with the specification that the
populations are in the same environment — prade or predator.

Let x1(t),x2(t),...,z,(t) be lows of growing, continuous and derivable.
Then we have the system

x:l(t) = filt,z1(t), .., an(t), 21(t —T1),. . xp(t — T0))
(5.1) xo(t) = falt,z1(t), ..., 2n(t),z1(t — 71)s ..., 2n(t — ™))

l’;l(t) = fult,x1(t), ..., xn(t),z1(t —71), ..., 20 (t — ™)),
where t € [to,b], 1 = 1,...,n, fi € C([to,b] x R® x R",R), i =1,...,n, and
the initial conditions
xl(t) = (pl(t), te [to — Tl,t()]

(52) x2(t> - <P2(t): te [tO — TQ,to]

£0(t) = pult), 1 € [to — s o)

The problem is to determine x; € C([to — 73,b]) NC[tg,b], i = 1,...,n that
suits the problem (5.1)+(5.2).
By the contraction principle we have

THEOREM 4. Assume that the following conditions hold.
(i) there is L > 0 such that

]fi(t,uu, ey Uln, Vily - - - ,Uln) — fi(t,UQl, cee s U2, V21, - - - ,’Ugn)|
< L(|urn — 21| + -+ [urn — ugn| + [v11 — v21] + - + [v1p — van|),
for allt € [to,b], uj,v; €R,i=1,2,...,n, j=1,2;
(ii) 2nL <1
i) —————
2nL +1
Then the problem (5.1)4(5.2) has a unique solution. Moreover, if (x7,...,x})
the unique solution of (5.1)+(5.2) , then

(x],...,2}) = nli_}II;OA?(Cﬂl, ooy Tp), forall x; € Cltg — 4,0, i =1,2,...,n
Applying Lemma 2 we have

THEOREM 5. Let fF, o k=1,2,i=1,...,n satisfying the hypotheses of
Theorem 4. We assume that there exist nf >0, k=1,2,i=1,...,n such
that

‘szl(t)_gpg(t)}gnzl7 VtE[to—Ti,to], 1=1,2,...,n



68 D. Otrocol 8

and

‘fil(t,ul,...,un,vl,...,vn)fff(t,ul,...,un,vl,...,vn)’ <n?

for all t € [to,b], uj,v; € Ryi=1,2,...,n. Then
mt i+ M+ ) (E—to)
1 2nL ’
2nL +1
where (o5, ... 2%*) k = 1,2, are solutions of the problems (5.1)+(5.2) with
data fl, o}, and f2,¢? respectively.

H(x%*v : am}:) - (IE%*, "T’QL*)HB <
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