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DATA DEPENDENCE OF THE FIXED POINTS SET FOR
A LOTKA-VOLTERRA SYSTEM

DIANA OTROCOL

ABSTRACT. In this paper we study data dependence of the fixed point
set for a Lotka-Volterra system using the weakly Picard operators tech-
nique.

1. INTRODUCTION

The purpose of this paper is to study the following Lotka-Volterra system
with delays

(1) zi(t) = filt, z1(t), 2o (t), 21 (t — 11), 22(t — 72)), t € [to,b], i =1,2;

@) { x1(t) = p(t), t € [to — 71, 0],
za(t) = (1), t € [to — 72, 0],
where
(Hy) 71 < 1o, to < b
(H2) fl € C([t()vb] X R47R);
(Hs) there exists Ly > 0 such that:

4
|fi(t,U1,U2,U3,U4) - fi(tavlav27v3yv4)| < Lf(z |uk - Uk|)a
k=1
for all t € [to,b], ug,vx €R, k=1,4, i=1,2;
(Ha) ¢ € C([to — 71, t0], R), ¥ € C([to — 72, t0], R).
The problem (1)-(2) with 21 € C[to—71,b]NC[to,b], 2 € C[to—T2,b]N
Cl[to, b] is equivalent with

. (t) . { (p(t), t e [t() —Tl,to],
7 (o) + ftg fi(s,z1(s), z2(s), z1(s — 11), x2(s — 72))ds, t € [to, ],
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(3)
z (t)_ { ¢(t)7 le [t0_7—27t0]7
2T (o) + ftifg(s,ml(s),:ng(s),ml(s —11),x2(8 — T2))ds, t € [to,b],

where 1 € C[tg — 11,b] and x9 € C[tg — 72, b].
The system (1) is equivalent with

( )_ { :El(t), te [t(] —7’1,750],
= 21(to) +ftz fi(s,z1(x), za(s), z1(s — 1), x2(s — m2))ds, t € [to, b],
(4)

. (t) _ { xg(t), t e 1[5t0 — Tg,to],
2 xa(to) + fto fa(s,x1(x), 22(s), z1(s — 11),x2(s — 72))ds, t € [to,b].

Consider the following operators
Af,Bf : C[to — Tl,b] X C[to — TQ,b] — C[to — Tl,b] X C[to — Tg,b],

where Af(x1,22) = (Ay, (v1,22), Ag, (21, 22)) is defined by the second part
of (3) and By(z1,x2) = (B, (x1,22), By, (x1,22)) is defined by the second
part of (4).

Remark 1. ([2]) Let ¢ € C([tg — 11,t0], X) and ¥ € C([to — 2, t0], X).
Then we consider X, := {x1 € C([to — 11,b], X) | T1 |[tg—r, to)= @} Xy =
{.CCQ € C([to - 7-27b]7X) ’ T2 ‘[to—Tg,to}: w}

We remark that X = |JX, x Xy is a partition of X and X, x Xy

P
is an invariant subset of Ay and of By for all ¢ € C([to — T1,t0]) and

1/1 c C([to — Tg,to]).

In this paper we apply the weakly Picard operators technique to study
data dependence of the fixed point set for the system (1).

2. WEAKLY PICARD OPERATORS

In this paper we need some notions and results from the weakly Picard
operator theory.

Let (X, d) be a metric space and A : X — X an operator. We shall use
the following notations:

Fy:={z € X | A(z) = x}- the fixed point set of A;

I(A) ={Y c X | AY) CY,Y # o} the family of the nonempty
invariant subsets of A;

A= Ao A", Al = A, A=1x, neN;

PX)={Y CX|Y #a};
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H(Y,Z) := max{supinfd(y, z),supinf d(y, z) }- the Pompeiu-Hausdorff
yeyzeZ 2eZYEY
functional on P(X) x P(X).

Definition 2. ([3], [4]) The operator A is a Picard operator (PO) if there
exists x* € X such that:

(i) Fa={a"};

(i) the sequence (A™(xg))nen converges to x* for all zg € X.
Definition 3. ([4]) The operator A is a weakly Picard operator (WPO)
if the sequence (A™(z))nen converges, for all x € X, and the limit (which
may depend on x) is a fixed point of A.

Definition 4. ([5]) If A is WPO then we consider the operator A, A :
X — X, defined by
A% (z) := lim A"(z).

Remark 5. ([5]) A®(X) = Fa4.
Remark 6. ([5]) If A is a WPO and Fq = {x*} then by definition the
operator A is a PO.
Remark 7. ([5]) If A is a PO then
Fan = Fy = {2"}, for all n € N*.
Remark 8. ([5]) If A is a WPO then
Fan = Faq #0, for all n € N*.
Definition 9. ([6], [7]) Let A be an WPO and ¢ > 0. The operator A is
c-WPO if
d(x, A®(x)) < cd(z, A(x)), Vz € X.

Example 10. ([6], [7]) Let (X,d) be a complete metric space and A : X —
X an operator. We suppose that there exists L € [0, 1] such that

d(A%(z), A(z)) < Ld(z, A(z)), Yz € X.
Then A is c-WPO with ¢ = (1 — L)1,
Theorem 11. ([4]) Let (X,d) be a metric space and A : X — X an
operator. The operator A is WPO (c-WPQO) if and only if there exists a
partition of X,
X = UX,
AEA

such that:

(a) X\ € I(A), X\ € A, I(A)-the family of nonempty invariant subsets
of A;

(b) Alx, : Xn» — X is a Picard (c-Picard) operator for all X € A.
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For the class of -WPO we have the following result of data dependence.

Theorem 12. ([7]) Let (X,d) be a metric space and A; : X — X, i=1,2.
We suppose that

(i) the operator A; is ¢;-WPO, i =1, 2;
(ii) there exists n > 0 such that

d(Ai(x), As(x)) <n, Vx € X.

Then
H(Fy,, Fa,) < nmax(cy,ca).

3. MAIN RESULTS
Consider the problem (1)—(2). We have

Theorem 13. ([1]) We suppose that:
(a) the conditions (Hy)-(Hy4) are satisfied,

(b) AL <1

Then the problem (1)-(2) has a unique solution. Moreover, if (x7,x5)
the unique solution of (1)-(2), then

(z1,23) = lim A}(x1,32), for all x1 € Cltg — 71,b], 22 € Clto — 72, b].
Remark 14. ([2]) From Theorem 13 it follows that the operator Ay |x xx,:
X«p X X,/} —>X4p X Xw is PO. But

Af ‘XWXXw: Bf ’vawa
and
X=Xy x Xy, Xp x Xy €I(Ay), X, x Xy € I(By).
e
So, the operator By is WPO.

In what follow we shall use the c-WPOs technique to give some data
dependence results, using Theorem 12.
We consider the following systems

(5)  Zi(t) = filt,x1(t), wa(t), 21 (t — 1), 22(t — T2)), t € [to,b], i = 1,2,

(6)  xi(t) = gi(t, w1 (t), wa(t), 1 (t — T1),22(t — T2)), t € [to, D], i =1,2.

with the initial conditions (2).
From Remark 14 and Theorem 12, we have
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Theorem 15. Let f; and g; be as in Theorem 13. Let S1,S2 C Cltg —
71,b] X Cltg — 12,b] — Clto — 71,b] X Cltog — T2,b] be the solution sets for the
systems (5) and (6) coresponding to f; and g;, i = 1,2. If n; >0, 1 = 1,2
1s such that
|fi(t7u17u27u37u4) - gi(t7u17u27u37u4)| < Nis
for all t € [to,b], i =1,2, uj € R, j =1,4 then
ni(b—to)p
H(S{,Sy) < ——
(51,50 < KO0
where L = max(Ly,, Lg,).

Proof. We consider the operators

By, By : Cltog — 11,b] x Cltg — m2,b] — Clto — 11,b] x C[tg — 72,b],
where
(7) By(z1,w9) = (Bf(z1,12), B} (21, 12)),

By(x1,22) = (By(x1,22), By(1,72)),

are defined by
x1(t), t € [to — 11, to],
z1(to) + ftf) fi(s,z1(s), z2(s), x1(s — T1), x2(s — 72))ds, t € [to,b],
mgt), t € [to — T2, to],

Bf%(xl’m)(t) - { xa(to) + ftf) fa(s,x1(s), z2(8),21(s — 11), 22(s — 72))ds, t € [to, b,
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Then, from (7) we obtain

(x1,22) = By(z1,22),

(1’1, 1‘2) = Bg(l‘l, 1‘2).

In the conditions of Theorem 12, By, B, are c;-weakly Picard operators
with
c; = (1 — ai)_l,

where «o; = %.
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Then (b t)
7:(0 —10)p
H < - 7
(51752)_ p—4L )
where L = max(Ly,, Ly,). O
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