DIFFERENTIABILITY WITH RESPECT TO DELAYS FOR
A LOTKA-VOLTERRA SYSTEM*

DIANA OTROCOL'

ABSTRACT. We study the differentiability with respect to delays by us-
ing the weakly Picard operators’ technique.

1. INTRODUCTION
Consider the following Lotka-Volterra differential system with delays
(1) ZC;(t) = fi(t,l'l(t), .%'Q(t),l‘l(t - 7'1),.%2(15 - 7'2)), 1= 1, 2, te [to, b}

x1(t) = o(t), t € [to — 11, to],
(2) { o) = B(1), £ € [to—Toto).

Suppose that we have satisfied the following conditions:

(Hy) to <b, 7,711,720 >0, 1 <10 <7, 71,72 € J, J=[ty, 7] a compact
interval;

(HQ) fl € Cl([t07b] X R47R)’ 1 =1,2;

(Hs) there exists Ly > 0 such that

Ofi
8’&]'

<Ly,
R

(t,u1,u2,us, uq)

for all t € [to,b], u; € R, j=1,4, i =1,2;

(H4) RS C([to - T, tO]aR)7 (CNS C([to - T, tO]vR)a

In the above conditions, from the Theorem 1, in [4], we have that the
problem (1)—(2) has a unique solution, (z1(t), z2(t)).

2. WEAKLY PICARD OPERATORS

In this paper we need some notions and results from the weakly Picard
operator theory (for more details see I. A. Rus [9], [8], M. Serban [14]).

Let (X,d) be a metric space and A : X — X an operator. We shall use
the following notations:

Fy:={x € X | A(x) =z} - the fixed point set of A;

I(A) :={Y € P(X) | A(YY) C Y} - the family of the nonempty invariant
subset of A;
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AL = Ao A", A" =1y, Al = A, n € N - the iterant operators of A,
where 1x is the identity operator;
P(X):={Y C X |Y # 0} - the set of the parts of X;

Definition 1. Let (X,d) be a metric space. An operator A : X — X is a
Picard operator (PO) if there exists x* € X such that:
(1) Fa=A{z"};

(ii) the sequence (A™(xo))nen converges to x* for all xg € X.

Definition 2. Let (X,d) be a metric space. An operator A : X — X is a
weakly Picard operator (WPO) if the sequence (A™(x))nen converges for all
x € X, and its limit ( which may depend on = ) is a fized point of A.

Theorem 3. Let (X, d) be a metric space and A : X — X an operator. The
operator A is WPO (c-WPO) if and only if there exists a partition of X,

X = U X,
AEA

such that:
(a) X\ € I(A), A € A, I(A)-the family of nonempty invariant subsets of
A;
(b) Alx, : XA — X is a Picard (c-Picard) operator for all A € A.

Theorem 4. ( Fibre contraction principle ). Let (X,d) and (Y, p) be two
metric spaces and A: X x X - X x X, A=(B,C), (B: X - X, C:
X XY —Y ) a triangular operator. We suppose that

(i) (Y, p) is a complete metric space;

(ii) the operator B is PO;

(iii) there exists L € [0,1) such that C(x,-) : Y — Y is a L-contraction,
forallx € X;

() if (x*,y*) € Fa, then C(-,y*) is continuous in x*.

Then the operator A is PO.

3. MAIN RESULT
Now we prove that
zi(t,) € CY(J), for all t € [tg — 7,b], i = 1,2.
For this we consider the system
(3) 2i(t) = fi(t,21(t), w2(t), x1(t — 11), 22(t — 72)), i = 1,2

where t € [to, b], T € C[to - 71, b] N Cl[to, b], T9 € C[to — Ty, b] N Cl[to, b]
From the above considerations, we can formulate the following theorem

Theorem 5. Consider the problem (3)-(2), in the conditions (H;)-(Hy).
Then the problem (3)-(2) has a unique solution (z73,z%), =} € Clto—71,b]N
Cl[to,b], x5 € C[tg — T2,b] N C[to, b] and the solution is differentiable on T
and Ty.
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Proof. In what follows we consider the following integral equations:
(4)
r1(t,71,72) =

gD(t) t e [to — Tl,t(]]
pto)+ [, filsw1 (8T, ma(s 172w (5 — T T T w (o) ds, € ol

.’L'Q(t, T1, 7—2) -

_{1/1(15), t € [to — 72, tol,

Ylto)+ [, fAsz1 (T (s T (s — T T2 (s — a1 ds, € ol
Now, let take the operator
Ap: Cltg — 11,b] x Cltg — m2,b] — Clto — 71, b] x Cltg — 12, b],
given by the relation

Ap(z1,m2) = (Ap (71, 72), Ay (21, 22))

where

Afl ('Ila CCQ)(t, 7—17 TQ) -
p(t), t € [to — 71, t0]
o)+ [ fils w1 (877w (8 T (s — T T T T (S — a1 T2))ds, E € foll,
Afz (3717 $2)(t, 71, 7-2) =
{w(t), t € [to — 72, o],

Ylto)+ [ fAs w1 (s (s T T (5= T T b (s — Ty T ) ds, t € Fol.

Let X := C[to — 71,b] x C[tg — 72,b] and ||-||~, the Chebyshev norm on
X. It is clear, from the proof of the Theorem 1 ([4]), that in the conditions
(Hy)—(Hy), the operator Ay is a Picard operator.

Let (x7,23) the only fixed point of Ay.

We consider the subset X; C X,

Xy = {(z1,22)

[to —7,b], i =1,2}.

We remark that (z7,23) € X1, A(Xy) C Xq, A: (X1, |lle) = (X1, 1l e)

is PO. o O
x; 0]

We suppose that there exists toi=1,2.
or’ O’

Then, from (4) we have that: O
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Proof.
Oz (t,71)
87‘1 N
:/tﬁfi(s,x{(s,ﬁ),x;(&71)7:6’1‘(5—7'1,7'1),xE(S—TQ,ﬁ))'3:1:*1‘(8,7'1)d8+
to 8ul 87']_
+/t8fi(s,a:’1‘(s,7'1),x§(s,71),371‘(3—7'1,7'1),333(5—72,7'1)) .ax;(s,n)d%
to a’U,Q 87’1
+/t8fi(s,x’{(s,7'1),x§(s, 1), x5 (s — 71, 71), 25(s — T2, 7'1))‘
to au?’
83;{(3—71,71) 63:’{(3—71,71)
(1) —— 7| d
{ A A — ot
+/t8fi(s,x{(s,ﬁ),x§(s, 1), 23 (s—71,71), x5 (s—T2,71)) ‘axg(s — T, Tl)ds
to 8’U,4 67‘1 ’
where t € [to,b], i = 1,2.
This relation suggests us to consider the following operator
Cf X xX =X
where
Cf(xl,xg,u,v)(t,ﬁ) = 0, for all t € [t() — Tg,to]
Cy(x1,z2,u,v)(t,71) = 0, forallt € [to — 71,10]
and O
Proof.
Cf(LEl,ZL'Q,U, U)(thl) =
_ /t dfi(s,v1(s,11), 22(8,71), ¥1(8 — 71, T1), T2(8 — 72771))u(8’71)d5+
to 8'&1
+ /t afi(s,$1(577—1),$2(S,7—1),x1(5 - 7—1,7—1),552(8 - 7-2’7—1))7)(377'1)d8+
to aUQ
+ /t 8f7;(8,1'1(877'1), .732(8, Tl)?'rl(s — 7-177—1)7:132(8 — 72, Tl)) .
to au?)

cu(s —m,m1) - (=1) —u(s — 1, 71)] ds+

n /t fi(s,z1(s,m1),x2(s, 1), x1(s — 71, 71), x2(5 — T2, T1))
to afu’4

v(s — 1o, 71)ds,

for all t € [to, b].
We denoted here

z1(t) _ Oxa(1) _ Oxy(t— 1)
I R s =
U(t — Tl) = ail(atq_z T1)7 ( - ) = 81‘2;7_; 7—2)



DIFFERENTIABILITY WITH RESPECT TO DELAYS 5

In this way we have the triangular operator

D: XxX—->XxX

(w1, 22, u,v) — (Ay(z1,72), Cp(1, T2, U, V))
where Ay is a Picard operator and C'y(x1,x2,-,) : X — X is an L-contraction,

with L = —— where p is the Bielecki constant we use in [4].

From the fibre contraction theorem we have that the operator D is Picard
operator and Fp = (z7, x5, u*,v*).
Let (7, x5, u*,v*) the only fixed point of the operator D. Then the
sequences
(Z1n4+1, Tont1) = A(T1n, T2pn), n €N,
(un+177)n+1> = C(xl,n7x2,n7una Un)7 n < N7

converge uniformly (with respect to t € X) to (z7, 2%, u*,v*) € Fp, for all
21,0, 22,0, U0, Vo € X.

If we take
x10 = 0, x20=0,
8.%'1 0 81’2 0
uy = — =0, vg = — =0,
0 87’1 0 87'1
then
Ox1,1
u =
! o
021
v, = .
! 87'1
By induction, we obtain that
0x1p
Up = —. VneN,
" 0T
O0za
Uy = —, Vn € N.
" 87'1
So
unif

T, — ] asn — 0o,

unif
Top — Ty asS N — 00,

)

8m1,n unif
—= = ufasn — oo,
87’1

81‘2,71 unif
— UV as n — Q.
87’1
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*

€T
From the above consideration we have that there exist —%, ¢ = 1,2 and

on

ory

1 _ ’LL*,
(97' 1
oxd

2 _ ¥,
T

Analogously we can prove the differentiability with respect to 75. O
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