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Abstract

We show the convergence of Mann iteration with delay for various
classes of non-Lipschitzian operators.
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1 Introduction

Let X be a real Banach space, B be a nonempty, convex subset of X, and
T : B — B be an operator. Let u; € B be given and s > 0 a fixed number.
We consider the following iteration, to which we further refer as Mann iteration
with delay, see [5]:

Un+1 = (1 - an)unfs + anTunfs; (1>

the sequence {a,} C (0,1) satisfies

oo
lim o, =0, » a,=o0. (2)
n—oo ’nzz:l
We are inspired for such delays from economics and biology problems in which
fixed point are required. Usually, T is a contraction. It is wellknown that Mann
iteration is desirable when T is not a contraction.

The operator J : X — 2% given by Ju := {f € X*: (z, f) = ||lz||*, |If]| =
llz||}, Ve € X, is called the normalized duality mapping. The Hahn-Banach
theorem assures that Jz # 0, Vz € X. It is easy to see that we have (j(z),y) <
]l lyll, Ve, y € X,Vj(z) € J ().

Definition 1 Let X be a real Banach space. Let B be a nonempty subset. A
map T : B — B is called strongly pseudocontractive if there exists k € (0,1) and
ajlr—y) € J(x—y) such that

(Te — Ty, j(x —y)) < (1 - k) [lz —y|*,Va,y € B. 3)

A map S : B — B is called strongly accretive if there exists k € (0,1) and a
jlx—y) € J(x —y) such that

(Sx—Sy,g(x—y)}Zk||x—y||2,Vx,y€B (4)



In (3) when k = 1, then T is called pseudocontractive. In (4) when k = 0,
then S is called accretive. Let us denote by I the identity map.

Lemma 2 If X is a real Banach space, then the following relation is true
lz+yl* < lle|® +2(y, (@ +y)), Yo,y € X, Vi(z +y) € J(x+y). (5)

Lemma 3 [6] Let (pn)n be a nonnegative sequence which satisfies the following
inequality

Pn+1 < (1 - )‘n)pn + €n, (6)
where A, € (0,1), Vn € N, 377 | \,, = o0, and €, = o(\,). Then lim p, = 0.

Lemma 4 Let s > 0 be a fized number, {a,} a nonnegative sequence which
satisfies the following inequality

Ap+41 S (1 - an)anfs + On, (6)

n—oo

where a, € (0,1), Vn €N, > «a, = o0, and o, = o(ay,). Then lim a, = 0.
n=1

Proof. Note that sequence {a,} is the reunion of s + 1 independent subse-
quences. If all such subsequences converges to zero then {a,} shall converge.
The generic subsequence satisfies (6). Set py, := ap—s, Ap 1= Qp, £, 1= 0y, and

use Lemma 3 to obtain lim a, =0. m
n—oo

2 Main result

Theorem 5 Let s > 0 be a fixred number, X a real Banach space with a uni-
formly convexr dual X*, B a nonempty closed conver bounded subset of X, and
T : B — B be a continuous strongly pseudocontractive mapping. Then the Mann
iteration with delay {x,}52 1 defined by (1) converges strongly to the unique fized
point of T.

Proof. Corollary 1 of [2] assures the existence of a fixed point. The uniqueness
of the fixed point comes from (3). Because X* is uniformly convex the duality
map is singled valued (see, e.g., [1]). Let * be the fixed point of T'. Using (1),
(3) and Lemma 2 we get

[(1 = o) (un—s — &%) + o (Tn—s — Tx*)||2

(1= an)? Jtn—s — 2*||> 4 20 (Tup_s — T2*, J(tpy1 — %))
(1= an)? Jun—s — 2*]]> 4 20 (Tup_s — Ta*, J(tup_s — %)) +
20 (Tup—s — Tx*, J(upy1 — ) — J(tp—s — "))
(

1— )? Jun—s — 2*||” + 200 (1 = k) Jun—s — 2*||* + 2000,

s — 2|

IIVAY

IN +

where
on = (Tup—s —Tx", J(tupi1 — %) — J(up_s — %)) .



Now we shall show o, — 0 as n — oo. Observe that (||Tu,_s — Tz*||)n is
bounded. We prove now that

J(tpy1 — ") — J(tp—s — ") — 0 as n — oc. (7)

Proposition 12.3 on page 115, of [2] assures that, when X* is uniformly convex,
then J is uniformly continuous on every bounded set of X. To prove (7) it is
sufficient to see that

[tnt1 = Un—s|l = o [un—s = Tun—s|| < an(llun—sll + [Tun—s||) < 2anM — 0

where M = sup{||tun—s|| , |[Tun—s||}. The sequences (tp—s)n, (TUn—s)n are bounded
being in the bounded set B. Hence (7) holds. Then
ltnsr — 2712 < (1= an)? + 200(1 = k) fun_s — &I + 20000 (8)
=1 -2, + ai + 200, — 20k ||up—s — ZL'*”Q + 2a,0p,
= (14 a2 = 20,k) |lun—s — 2*||* + 2000
The condition lim «, = 0 implies the existence of an ng such that for all n > ng
n—oo

we have
oy < k (9)

Substituting (9) into (8) we get 1 + a2 — 2a,k < 1 — a,k. Finally, the above
inequality yields

g1 — 2))° < (1 — ank) [[tn_s — %> + 20n04.

Setting a,, = ||up_s — x*||2 , An = ayk € (0,1), and using Lemma 4, we obtain
lim a, = lim |[u,_s —2*[|* =0 ie.
n—oo n—oo
lim ||lup—s — "] = 0.
n—oo
|

3 The accretive and strongly accretive cases
Let I denote the identity map.

Remark 6 The operator T is a (strongly) pseudocontractive map if and only
if (I —T) is a (strongly) accretive map.

Remark 7

1. Let T,S : X — X, and f € X be given. A fixed point for the map
Te=f+4+({—-95)z,Ve € X is a solution for Sz = f.

2. Let f € X be a given point. If S is an accretive map then T = f — S is a
strongly pseudocontractive map.



Consider Mann iteration with delay and set Ta = f + (I — S)z to obtain

Unt1 = (L —ap)tp—s +an (f + (I — S)up—s). (10)

Remarks 6 and 7 and Theorem 5 lead to the following results.

Corollary 8 Let X be a real Banach space with a uniformly convex dual X*,
and S 1 X — X a continuous and strongly accretive map with (I —S)(X)
bounded, {ay} satisfies (2), and ug = xg € X, then, the Mann iteration with
delay (10) converges to the solution of Sz = f.

Let S be an accretive operator. The operator Tx = f — Sz is strongly
pseudocontractive, for a given f € X. A solution for Tx = x becomes a solution
for x4+ Sz = f. Consider Mann iteration with delay, set Tz := f — Sz such that

Un+1 = (1 - an>unfs + ay (f - Sunfs) . (11)
Again, using the Remarks 6 and 7 and Theorem 5 we obtain the following result.

Corollary 9 Let X be a real Banach space with a uniformly convexr dual X*,
and B a nonempty, convex, closed subset of X. Let S : B — B be a continuous
and accretive operator with (I — S)(X) bounded, {«,} satisfies (2). Then, the
Mann iteration with delay (11) converges to the solution of x + Sz = f.
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