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In [7], [8] M. Urabe studies the numerical convergence and error esti-
mation in the case of operatorial equation solution by means of iteration
methods. Urabe’s results refer to operatorial equations in complete metric
spaces, while as application the numerical convergence of Newton’s method
in Banach spaces is studied. Using Urabe’s results, M. Fujii [I] studies the
same problems for Steffensen’s method and the chord method applied to
equations with real functions. In [6] Urabe’s method is applied to a large
class of iteration methods with arbitrary convergence order.

We propose further down to extend Urabe’s results to the case of the
Gauss-Seidel method for systems of equations in metric spaces.

1.

For a unitary exposition of the problem, we shall firstly present the ideas
on which Urabe’s main results are based.

Let (E,p) be a metric space and let F' C E a complete subset of E.
Consider the equation:

(1.1) =T (z)
where T': F' — E.
The following fixed point theorem is well known:
THEOREM 1.1. If the following conditions:
(i1). p(T (z1),T (22)) < Kp(x1,22) for every 1,20 € F, where 0 <
K <1,
(iiy). there exists at least one element xg € F' such that x1 =T (xg) € F}
(iii1). the set S = {ﬂs € Elp(z,x1) < %p (azl,xo)} CF,
is fulfilled, then the following properties hold:

(J1)- the sequence (zn),sq, generated by the successive approzimations
method:

(1.2) Tpy1 =T (zp), n=0,1,...,

where xq fulfils condition (iiy), is convergent, and if & = li_)In T,
n—oo

then Z is the solution of equation (|1.1));
(jj1). T is the unique solution of equation (1.1|) from the set S;
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(jij1)- the following inequality holds:

(1.3) p (%, 2) < 5 p (21, 20)

The numerical solutions of equations by means of the successive
approximations method oblige us to consider instead of T another mapping
T* . FF — FE which approximates 1. Equation is replaced by an
approximant equation of the form:

(1.4) x=T"(z).

We shall suppose that for a given € > 0 the mappings 7" and T fulfil the
condition:

(1.5) p(T* (z),T (x)) <e, for every = € F.
Consider thus the iterative method:

(16) §n+1 :T* (gn)v n:0717"')€0 = Z0-
As to the sequence (§),,5, M. Urabe proved the following theorem:

THEOREM 1.2. If the mapping T verifies the hypotheses of Theorem|1.1
the mappings T and T™ fulfil condition (1.5)), and the set

St = {ZL’GE:[)(IL‘,gl) < %p(£17£0)+25} CF,

where § = ﬁ, then the elements of the sequence (fn)nzo generated by 1)
are continued into the set S*,p(xn,&,) < & for every n = 0,1,..., where

(Tn),>0 18 the sequence generated by (1.2)), and the solution T of equation
(1.1)) belongs to the set

S:{JJ GEIP($,£1) Sp(§07§1)+5}

Condition imposed to the mapping 7™ does not lead to the conclu-
sion that the sequence (&,),,~ is convergent; that is why if we suppose that
the element ¢, which approximates the solution Z of is determined
with a condition of the form:

(1'7) p(gn-i-lafn) § n

where 17 > 0 is a given real number, then n cannot be chosen arbitrarily

small. In [7] it is shown that, if n > 1361(’ then there exists a natural

number n’ € N such that inequality ((1.7)) is fulfilled for every n > n'.
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Urabe shows that, if n > ﬁEK and &, is determined by condition QD
then the following inequality holds:

(1-8) p(£7§n+1) < 5141[;{77'

Another situation which often occurs in the numerical solution of equations
by successive approximations is that in which the sequence (&) n>0 becomes

periodic, that is, there exist two natural numbers m and n” such that:

(1.9) &n = Entms

for every n > n”. In this case the error estimation is given by the following
theorem:

THEOREM 1.3. If the mapping T fulfils the hypotheses of Theorem |1.1
and if the elements of the sequence (§n)sq verify the equalities (1.9), then

for every n > n" the following inequality holds:

(1.10) p(#.6) < 5.

2.

In what follows, starting from the ideas exposed in the previous Section,
we shall attempt to obtain delimitations for error in the case of a Gauss-
Seidel-type method for the solution of a system of two equations in complete
metric spaces.

Denote by (X, p;), i = 1,2 two complete metric spaces, and let X =
X1 x X9 the cartesian product of the spaces X; and Xs. Consider two
mappings, I} : X — X; and F5 : X — X, which appear in the following
system of equations:

(2.1) x1 = Fi (21, 22),

x9 = Fy (x1,x2) .

In order to solve system ([2.1]), we shall adopt the following Gauss-Seidel-
type method:

(22) 2" =R (2 2Y),
Y = By (o0 20), n=01 5002 e X

In [4], [5], [6] we studied the convergence of the sequences (;Ugn))n>0
( (n)

Ty )n>0 generated by 1) with the assumption that the mappings F; and
F, fulfil Lipschitz-type conditions on the whole space X. But if

and
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for the numerical solution of system ([2.1]) we consider, as previously, the ap-
proached mappings F7" and Fy, and impose them to verify conditions of type
(1.5) on the whole space X, then such conditions can restrict considerably
their sphere of applicability, especially when the space X is unbounded. For
this reason it becomes necessary to study the convergence of the sequences
(:cgn))n>0 and (xgn))n> with the hypothesis that the mappings Fy, and I
fulfil Lipschitz-type conditions on a set D = D x Ds, where D; C X; and
D> C X5 are bounded sets.

Consider two sequences of real numbers, (f,),~o and (gn),,~¢, Whose
terms fulfil the conditions: - -

(2.3) fn < afa-1 4 Bgn-1,
gngafn'i_bgn—h n:1,2,...,

where «, 3, a, b are nonnegative real numbers, while f,, > 0 and g, > 0 for
every n =0,1,...

We associate to inequalities the following system of equations with
the unknowns k£ and h:

(2.4) a+ ph = kh,
ak+b = kh.

In [6] we showed that if «, /3, a, b verify the relations:

(2.5) a+b+aB <2,
(I1-a)(1—=5b)—aB >0
b>0,a >0,

then the system has the real solutions (h;, k;), ¢ = 1,2 for which
0 < hik; < 1, ¢ = 1,2, and one of these solutions has both components
positive. Let hy > 0 and k; > 0 be the solution with both components
positive; then the elements of the sequences (fy),~o and (gn),,~o verify the
relations: B B

(2.6) fo < chP L
gngch?k?fl, n=12 ...,

where ¢ = max {Oéfo + Bgo, %} .
If we write p; = hiki, then one sees immediately that p; is one of the

roots of the equation

(2.7) p* — (b+ Ba+a)p+ba=0.
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Let di > 0 be a real number chosen such that the sets:
(2.8) S = {x € X1:pm (w,x?) < uiiijl)};
Sy ={w € Xo: pa (2,29) < iy}

verify the relations S; C Dy and Sy C Ds.
With the above specifications we can state the following theorem:

THEOREM 2.1. If the mappings F1 and F> fulfil the conditions:

(i2). p1 (F1 (21, 91) , Fi1 (22, 92)) < ap1 (z1,22) + Bp2 (Y1, Y2);
p2 (F2 (z1,91) , F2 (22, 92)) < ap1 (21, 72) + bp2 (Y1, y2),
fOT’ every (:Ul)yl)u (552792) S D;
(iia). the numbers «, 5,a,b fulﬁl conditions .,
(1)

(ilig). the elements zy"’ and 1:2 of the sequences (;Ug )) 307 (x;n))nZO gen-
erated by (2.2) verify the conditions

P1 (:L‘§O);xg )) < dl) p2(x§0)7$gl)) < dlhla

then the following properties hold:

j2). the sequences 2 and (z5V generated by (2.2) are conver-
1 /p>0 2 /n>0
gent; B a
(Jj2)- if we write T, = angoxgn) and T = nhﬁ\rglo :cgn), then (Z1,72) € S =
Sy %X Sy, and (%1, T2) is the unique solution of the system (2.1) con-
tained into the set S;

(jij2)- the following inequalities hold:

(2.9) (71, 207) < £2L
_ n di1h1p}
pa(T, 25V) < GHPL
Proof. From (iiiz) follows mgl) € 57 and :Egl) € So. With this, with ,
and with the hypothesis (i2), we have:
p(@?,2lY) < ap (@l o) + Bpa(af), 25") < ady + Bdihn
= di (a + Bh1) = dipy;
pg(xg),xgl)) <ap; (asg ),xg )) + bpg(xg ),xg ))S < adyp1 + bdih
= adih1k1 + bdih1 = di1hq (ak:l + b) = dip1h;.

Using the above inequalities and the hypothesis (iii), we have:

P1 (.ﬁg )’xg )) < pl(x?)’xg )) ~|—,01(£L‘§ )7xg )) <dj+dip; < 1 Pl

pa(a5”,28”) < pa(a8?,28") + po(al”, ) < dipiha + dihy < Bl

From these inequalities it follows that x§2) € 51 and azg ) e 8.
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Suppose now that xgi) e Sy, a:éi) € Sy for every i = 1,2,....k, and
pr(at) 2 V) < dipi ! pa(ay 2fY) < dahapi M for 1= 1,2,k
Using these hypotheses, and (i) together with ([2.2]), we deduce:

pr (2 2y < apy (2, 287Y) + By (a8 28D
< dipi ! (a+ Bhy) = diph.

Analogously, and taking also into account the above inequality we deduce:

p2(x é’““) (k)) < dihp}.

From the above inequalities it easily results that :ngﬂ)

So.
The previously proved relations and the induction principle show that
the following relations hold:

€ 51 and xng) €

pr (2", ) < diph,

p2( (nﬂ)’ (n)) < dyh1pt,

(n) (n)

€ 51,2y’ €5y, for every n € N.

By virtue of the last relations we deduce that for every n, s € N the following
inequalities hold:

pr(af", 2y < P2

n—+s n di1h1p?
ol ) <

from which, taking into account the fact that 0 < p; < 1, it follows that the
(n)

sequence (13 and (azgn)) are fundamental.

)nZO n>0
Using this remark and the completeness of the spaces X; and Xo, it
(n) (n)

results that lim 7’ = z; and lim x5’ = %2 do exist, and the following
n— o0 n—oo

inequalities hold:

- (n) di1pY
x 7':U S b
pr(ELar") < 5 -
dyhypY
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One deduces easily that 1 and Zo form the slution of the system
and x € 51,7 € Ss.

The uniqueness of the solution (z1,Z2) in S = Sy x Sy is verified by
reductio ad absurdum, taking into account the fact that

Ba

O

Consider now two mappings, F;" : D — X and F5 : D — Xy, where
D = Dy x Da. Suppose that the mappings F1, F».F}, F5 verify the relations
(210) pl(Fl (U,’U),Fl* (u,v)) Sél?

pQ(FQ (U,’U) 7F2* ('LL,’U)) S 527
for every (u,v) € D, where 6; > 0, d2 > 0 are given numbers.
In order to solve the system ([2.1]), consider now the approximate proce-
dure:
+1 *
(2.11) = P, ),
&Y = mp e, eY), n=0,1.

where éo) = 1:50), 550) = mgo).
Write:

_ Boat(1-b)s
(2.12) th = Wi)(&ﬁv

1—a)d2+ad
02 = 7(1(—04)()131))—;;37

and consider the sets:

(2.13) Si={reXiip(@al?) <di+ 1B +0n},
(0

Sy = {x € Xy : pa(z, x5 )) <dihy + % +92}.
The following theorem holds:
THEOREM 2.2. If the hypotheses of Theorem [2.1] and the additional con-
ditions:

(i3). the mappings F1, Fa, F}', Fy fulfil relations (2.10));
(ii3). St C Dy, S5 C Dy

are verified, then for every real numbers €1 and 9 which verify the relations
€1 > 201,e9 > 205 there exists a natural number n' € N such that for every
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n > n' the inequalities p (énﬂ),{%n)) < &1 and py ({énﬂ),{én)) < &9 hold,
and the additional properties hold, two:
(j3)- én) € ST, £§n) € S5 for everyn =0,1,...;
(jjs)- the following inequalities hold:
_ (n+1) I} (CLEl + bEQ) + aeq (1 — b) €1
2.14 < —
( ) pl(xlagl )_ (l_a)(l_b)_aﬁ + 2’
a(aey + Peg) + bea (1 — ) &2
(I1-a)(1—=0b)—ap 2
for every n > n’, where (z1,%2) is the solution of system (2.1)).

Proof. We show that the relations (j3) hold. Indeed, by (2.11)) and (2.10)
it results:

p2(Z2, §§n+1)) <

pr(at? &) = (ﬂ(m&%xé ), Fr(e?,67) <o,

since we assumed that :c 51 and x2 52 .
Taking into account the hypothesw (éiig) of Theorem [2.1] . we shall have:

p1 (f%l)aﬂfgo)) ( %l)axg )> +p1 (mgl) v )> <6 +d <dy+ %

since from ([2.12) it follows §; < #;. From the last inequality it follows
1 *

g e st
Analogously we have:

p2 (25).67) < o (Bo(el” . 28"), F3 (&7, 67))
< d2+apy (51 ! )) + bp2 (5(0) (0)) < 82 + ady,
from which, taking into account (7iiz), it follows:
P2 ( él):xgo)) < p2 ( él)Jé )> + p2 (xél),xéo)) < 2 + ady + dihy,
but one can easily verify that do + ad; < 02, and hence:

pa (68,27 < hudy + 124 4 6,

therefore 551) € Ss.

Suppose now that f%n_l) € ST and §§n_1) € S5 for an n > 2. Then we
have:

P1 (én)’xgn)) =P ( (5 e 7§2n 1))7F1(xgn_1)7x(2n_1)))
< apy ( G ) + Bp2 (ﬂfgnil)aﬁénil» + 01,
(an) n)) = P2 (F (5 n),fzn 1) F2( (n) én U))
< apy (xln ,§1n ) + bp2 (azgnf ,§2n71)> + da.
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Starting from the above relations, we deduce immediately:

(2.15) pr (&) < dupl ™ + 01,

P2 <§§n), mgn)) < dihapy™t + s,

from which one easily obtains:

o (67.01%) < o (67, 0) (o7 2%) < -+ 18+,

2 (67.09) < o (657.087) + o (7)< iy + 221+,

that is, én) € ST and fén) €55.
From the above results it follows:

o (07069 < oy (67, 66) 4 i (6, 6) + 28,
P2 (fénﬂ),ﬁén)) < apy <£§n+1),§§n)> + bpa (EQn), én_1)> + 285,

from which one deduces immediately by induction the inequalities:

(2.16) pr (60,6 < dapt + 201,
P2 <§§n+1),§§n)) < dihip™t + 205

From relations (2.16|) it follows that, if 1 > 20; and €2 > 265, then
there exists a natural number n’ € N such that for n > n/ the relations

P1 (énﬂ)aén)) < €1 and pp énﬂ),fén)) < g9 hold, namely the approxi-
2.11)

mating iterative procedure (| can be stopped when the distance between
two successive iterations becomes smaller than a given number.
Suppose that €1 and g2 were chosen such that for n > n’ the inequalities

£1 (f%nﬂ),én)) < g1 and p9 (fgnﬂ), én)> < &9 are verified. Then, for

n > n/, we have:

p1 <j1’§£n+1)) < api (fhén)) + Bp2 (@wfén)) + 01,
P2 (3_62, énﬂ)) < apy (@,énﬂ)) + bpa (97?27 én)) + 4o,
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from which it follows:
(1—a)m (i1,£§"+1)) < aer + Bp2 (Zfzvﬁgn)) + 41,
(1-b) po (922,55"“)) < bey + apr (:7;1, §”+1)) s

namely:

P2 (iz,fénﬂ)) < “(afifffé)ff)(:g)w + %,

and using this inequality we have:

_ n+1 ag1+be a(l—b)e
1 (551755 * )) < A (fja)(Ql)jb)(,lag) : + %1

3.

We present further down an application of Theorem [2.1] For this purpose,
consider the linear system:

(3.1) x=Ax+b,

where b7 € R", A € M,, (R), and 27 € R™.

In order to solve system (3.1]), we shall use a method exposed by R. Varga
in [9].

Decompose the matrix A into four blocks of matrices:

Ml S Ms,s (R) ) M2 S Ms,n—s (R) ) M3 S Mn—s,s (R) ) M4 S Mn—s,n—s (R) y

where 1 < s < n. The matrix A will then have the form:

My | My
A_(Ms M)'

Write z = (1)) and b= (é’/l,), with u? € R® ¥T € R®, v € R, ¥'T € R"%.
With these notations system (3.1)) will acquire the form:
(3.2) w= Mju+ Myv + b,
v = Mzu + Myv +b".

In order to solve the system ({3.2)), we apply the Gauss-Seidel method, that
is:

(33) U; = Mlui_l + Mgvi_l + b/,
v; = Msu; + Myv;_1 + b”, (uO,Uo) e R® x R"™%, 1=1,2,...
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If we put in Theorem[2.1] X7 = R*, Xo = R"™*, av = ||M3]|, 8 = | Ma| ,a =
||M3||, b= | Mu||, where the above norms are of the same kind and are every
time considered on the metrics corresponding spaces, then as a consequence
of this theorem, we can state the following theorem:

THEOREM 3.1. If the inequalities:

(3.4) M|+ || M| + [ Mo | M5]] < 2,
(1= [[Ma]]) (1 = [[Ma]]) > [|M3]] - || Mz

hold, then the system (3.1) has only one solution T = (
which is obtained as limit of the sequences (uy),~, and
by the iterative procedure (3.3)).

ii,v) € RS x R
(Un),>o generated

Also from Theorem [2.1{ one deduces that (@,7) € S; x S, where

S = {UGRS lu—wol] < 1%1} and Sy = {UER”_S o = vl > %},

d is a positive number for which llug — uoll < dy and |lvr — wvol| < dihy, p1 =
ﬁllAﬁ, while (iLl, 12:1) is the solution with positive components of the system
of equations:

(3.5) | My|| + [ Ma]| h = hE,
| M3]| k + || My]| = hk.

Let now My € M, (R), My € Mgp—s(R), M3 € My_ss(R) and M €
M —s n—s (R) be four matrices for which:

IM; — M| <e,  i=1,2,3,4, ¢ >0,

and let b™* € R, b € R"* for which we also have [|[)/ —V*| < & and
0" —v"*|| < e. Thus, if we consider instead of the procedure (3.3) the
approximate procedure:
(3.6) e = el + el v,

&) = Mgl + Mg 1 i=12,

550) = uo, 550) = o,

and put into || up = 01, vy = 02, where 6 is the null vector from R*® and
05 is the null vector from R™%, it results w3 = b’ and v = b” + M3b' and

we may consider d; = max {Hb’H 10| /ill} :
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If we write:

Fy (u,v) = Mju+ Mav + b,
Fy (u,v) = Mau + Myv + 1",
Ff (u,v) = M{u+ Mjyv + b,
F5 (u,v) = Mju+ Mjv + "™,

and take into account the above hypotheses, we shall have:
B7)  IF @)~ B (o) <e(lull + o] +1),  i=1,2

and if

24a+pB-b—a
Ao (1-b)—aB

0,

then, denoting

5 (3Bdy (1+ 1) + 1)
- 2+a+B—b—a
L= ey i=n—ap

it follows from (3.7 that:
IF; (u,0) = Ff (u,0)] <6,  i=1,2,

for (u,v) € S7 x 84, 5§ and S5 being the sets:

Si={ue R |lull < di R + 01}

{ve R |o] < dihn 22 + 65}

Ok
2
where:

no_ 1+8-b
01 = dt=ayi—p—ap’

b2 = =aji=t=ap

Taking all this into account, if £ > 2 max{él, ég}, then there exists # € N

such that, for n > f, || — M| <&, i = 1,2, and ¢ € §7,¢" € S,
(n) (n)

where (51 >n>0 and (52 )n>0 are the sequences generated by means of the

approximating procedure (3.6)).
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Using the conclusions of Theorem the following error estimations
hold:

(1—a)(1-b)—ap

_ 1 ~ _
o~ §§n+ )H <é [(Ti_%ﬁ)—ajjﬁ + %7}

where, as we already specified, o = ||M1||, f = ||[Mz]|, a = | Ms], b =
[ Ma]] -

||’fL - £§n+1)|| <e [ aa+af+b—ba + %:| ’
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