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1. INTRODUCTION

It is well known that the most usual methods for approximating a solution of a nonlin-
ear equation in R (Newton’s method, Chebyshev’s method, chord method and different
generalizations of these) are obtained in an unitary manner by Lagrange-Hermite-type
inverse interpolation.

The inverse interpolatory polynomials, by a proper choice of the nodes, also lead to
Aitken-Steffensen-type methods.

In this paper we approach two aspects concerning the optimality problems arising from
the consideration of the iterative methods for approximating the solutions of equations
by inverse interpolation. The first aspect concerns the construction of some algorithms
having optimal convergence orders, while the second addresses the optimal complexity of
calculus concerning the inverse interpolation iterative methods.

We adopt the efficiency index (see [0]) as a measure of the complexity of the iterative
methods.

This paper represents a synthesis of the results obtained by us in the papers [3], [4], [7],
[10], [1].

We shall begin by presenting some definitions and results (some of them are known)
concerning the convergence order and the efficiency index of an iterative method. We
briefly present then the inverse interpolatory methods and the iterative methods generated
by them. We consider different classes of interpolatory methods determining for each class
the methods having the optimal convergence order. Finally, we determine the methods
having the optimal efficiency indexes.
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2. CONVERGENCE ORDERS AND EFFICIENCY INDEXES

Denote I = [a,b], a,b € R, a < b, and consider the equation

(2.1) f(2)=0

where f : I — R is given. We shall assume for simplicity in the following that the above
equation has a unique solution & € I. Let g : I — I be a function having a unique fixed
point and let that point be Z.

For approximating the solution Z we shall consider the elements of the sequence (z))
generated by the iterations

p=>0

(2.2) Tsr1 =g (xs), s=0,1,..., zoel,

More general, if G : I¥ — I is a function of k variables whose restriction to the diagonal
of I* coincides with g, i.e.

G(z,z,...,z) =g (z), Ve el
then we may consider the iterations
(2.3) Tsip = G (Ts, Tsi1y .y Tsik1) s s=0,1,..., zg,...,x_1 € 1.

The convergence orders of the sequences (acp)le generated by and depend on
some properties of the function f, g, resp. G.

The amount of time needed by a computer to obtain a convenient approximation de-
pends both on the convergence order of (z)) >0 and on the number of elementary oper-
ations that must be performed at each iteration step in or . The convergence
order of the methods of the form and may be determined exactly under some
circumstances, but the number of elementary operations needed at each iteration step may
be hard or even impossible to evaluate. A simplification of this problem may be obtained
(see [6]) by taking into account the number of function evaluations needed at each iteration
step.

It is obvious that this criterion may be, at the first sight, contested, since some functions
may be simpler and others may be more complicated from the calculus viewpoint.

This inconvenient does not affect our viewpoint on optimal efficiency, because it refers
on classes of iterative methods which are applied for solving an equation in which the
functions are well determined by the form of equation , and by g, resp. G.

Let (xp)p>0 be an arbitrary sequence which together with f and g satisfies

i. zg €l and g(zs) € [ for s=0,1,...;
ii. the sequence (acp)p20 converges and limz, = lim g (z)) = Z;
iii. f is derivable at z;
iv. for any x,y € I it follows 0 < |[z,y; f]| < m, for some m € R, m > 0, where
[x,y; f] denotes the first order divided difference of f on the nodes z and y.

Definition 2.1. The sequence (mp)p>0 has the convergence order w, w > 1, with respect



224 ION PAVALOIU

to g if there exists the limit

1 -
(2.4) o = lim —n|g(:vp) _1:]
p—00 ln‘wp — .%'|

and o = w.

For a unitary treatment of the convergence orders of the studied methods we shall prove
the following lemmas.

Lemma 2.1. If the sequence (l‘p)p>0 and the functions f and g satisfy properties i—iv then
the necessary and sufficient condition for this sequence to have the convergence order w,
w > 1, is that there exists

(2.5) 6=
and 8 = w.

Proof. Assuming true one of the relations (2.4]) and (2.5)) and taking into account hypothe-
ses i-iv, we get

L Inlf (o ()
Inlf (z)

o 219 ) =] _ I (g ()]~ g (), )
Infz, — 3 I ()] In [z, 7 ]
_ Inflg(zp),2; ]|
In|f (g (@) 1~ WGl

= lim

[f(zp)] 1= llepaidll

In[f(zp)]
| f (g (x))]
= lim ——————~——22~,
s ()]
]

Lemma 2.2. Assume that (up)pzo is a sequence of real positive numbers satisfying the
following properties:
L. the sequence (up),5 is convergent and limu, = 0;
ii. there exist the real nonnegative numbers oy, g, ...,n+1 and a sequence (Cp)pZO
with ¢ > 0, s =0,1,... and 0 < inf{c,} < sup{c,} < m, which together with the
elements of the sequence (up)p>0 satisfy

nt1 _
(2.6) Usinil = CsUg UGty ... u?+: , s=0,1,...,
iii. there exists lim 111:24-1 =w>0.
P
Then w is the positive root of the equation
(2.7) "t — ot — L — gt — oy = 0.

Proof. By (2.6)) we obtain

] 1 " ] ;
(2.8) lim MUntst1 lim 1 Cs + Z a;+1 lim D Usti
i=0

s—00 1N Upyg s—o0 InUpy1 s—00 IN Uty
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The hypotheses imply

1
lim — 5 =
s—o0 In Un+s
and
1 ; 1
lim AYste _ 1=0,n,

=,
Inugy, wn?

whence, by (2.8) we get
n
1
W = ZO a’H—va
1=

ie.,

n
(2.9) Wt — Z W' = 0.
i=0

We turn now our attention to equation of the form (2.9).
Let a1, ag,...;an41 €ER,a; >20=1,n+1.
We shall assume that the numbers a;, ¢ = 1,...,n + 1 are ordered:

(2.10) Api1 >Qp > ... 200 > a1

and satisfy

(2.11) ar+ag+ ...+ apt1 > 1.

Consider the equations

(2.12) P(t) =t"" —a, 1 t" —ant" T — . —agt —a; =0
(2.13) Q(t) =t" —ayt" —apt" !t — . —apt —apy1 =0
(2.14) R(t)=t"" —ajt" —apt" ' — ... —ajt—a;,.,, =0
where (1,42, ...,0,+1) I8 an arbitrary permutation of (1,2,...,n+1).

Lemma 2.3. If a;,i = 1,n + 1 satisfy condition (2.11) then any equation of form (2.14)
has a unique root larger than 1. Moreover, if relations (2.10)) are satisfied and if we denote

by a, b, c the positive roots of (2.12)), (2.13) resp. (2.14), then

(2.15) 1<b<c<a,
i.e., equation (2.12)) has the largest root.

Proof. Consider the (n+ 1)! equations of the form (2.14) and denote by s the largest
natural number for which a;, # 0.
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We have a;,,, = a;,,, = . aan = 0. Consider the function W (t) = R (t) /t" T Tt
can be seen by - ) that \If( )=1—a;, —aj, —...—a;, <0, and lim;_,o ¥ (t) = +00.
It follows that equation (2.14]) has a unique positive root. The first part of the lemma is
proved. In order to prove inequality it suffices to show that R (b) < 0and R (a) >0
Indeed,

R(b) =R(b) — Q(b) = (a1 — ai,) V" + (a2 — ai,) " " + ...
..+(an—ain)b+an+1 _a‘inJrl
- (b - 1) (al - ail)bn_l + [(al +ag —a;; — ah)bn_Q + ...

..+(a1—|—a2+...+an_1—ail — aj, —...—ain_l)b
+ar+ay+...+ap—ajy —ajy, —...—a; ] <0,
since from follow the inequalities
a1 +ax+...+as—ay; — i, — ... —a;, <0, s=1,2,...,n,
and b > 1. The fact that R (a) > 0 is shown in an analogous manner. O
Lemma 2.4. Let py,po,...pnt1 and a1, aa, ..., 0pe1, where p; > 1, a; > 1, i=1,n+1,

be two sets of real numbers satisfying
(2.16) P1=P2 2 ... 2 Pntl, a1 <ag < ... < apga.
Then, among all the numbers of the form

(2‘17) O = Qjy Py + Qo Pky Phy + - oo+ Q1 Py Phy -+ - Pl

where (j1, 2, -« jn+1) and (k1, ko, ..., knt1) are arbitrary permutations of (1,2,...,n+ 1),
the largest such number is given by

(218) Qmax = Q1p1 + @op1p2 + ... + Qp1D1D2 - - - Pntl-
Proof. From the first set of inequalities ([2.16]) it follows that the inequality:
(2.19) Qjy Py + Qi Ply Py + -+ F Q1 Pl Phy * + -+ Py =

< o5 p1+ ajpip2 + .o+ Qg DID2 0 - Ptd

holds for any two permutations (j1, j2, ..., Jnt+1) and (k1, ko, ..., kny1) of (1,2,...,n+1).
Let us denote

(220) bi:plpg...pi, i:1,2,...,n—|—1.

In order to prove the inequality

(2.21) ajlbl + Ozjzbg + ...+ OéjnJrlbn_H < aiby +agby + ...+ apy1bnt

for every permutation (j1,7j2,...,jn+1), we shall proceed by induction. For n = 0 the
inequality (2.21) is obvious, since n 4+ 1 = 1 and hence a;; = ;. Suppose now that the
inequality is true for n pairs of numbers (ai,b1), ..., (an,b,), namely

(2.22) ajlbl + ozj2b2 +...+ ajnbn <aiby + ...+ apby,,
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where a1 < ag < ... < a, and by < by < ... <b,. Using the inequalities by < bg . <
bn <bpyrrand a1 < ag < ... < ay < apgl, as well as the induction hypothesis (|2 and
assuming that j; =14, 1 <7 < n, we have

aj by + by + .o+ b =
=by (o, + gy + ...+ ) + (b2 — b)) ajy, + (b3—py) gy + -+ (bny1 — b1) .,
<bhi(ar+as+...+apt1)+ (ba—b1)ar + (bs —b1)as+ ...

+ (bi —b1) i1+ (bix1 — b1) aip1 + ...+ (b1 — b1) 1
<bhi(ar+as+...+apt1)+ (ba—b1)as+ ...

+ (bi —b1) a; + (i1 — b1) aip1 + -+ (bns1 — b1) a1
=bia; +beas + ...+ bpr10m1.

We turn back our attention to the equation
(2.23) it apy1t" — ant™ ' — . —ast—a; =0

and we assume that ¢; > 1,a; e N,i=1,n+1 andz 1 a; =m+1, m € N. Denote by
dn+1 the positive root of the above equation. The following result holds.

Lemma 2.5. [7] The positive solution 6,1 of equation (2.23|) verifies the relation:

m+1
n+1
(1) (m+1)— 3 (i—1)ay
(2.24) (m+1) i=1 <Opy1 <1+ 1<nzl<a5<+1{al} n=12...
Proof. Let
m+1

(n+1)(m+1)7n§1(i71)04-
(2.25) a=(m+1) i=1 '
It is sufficient to prove that P, 1 (a) < 0, where P, 1(t) = "™ —a, 1t" — - - —aot — ay.

We shall use for this the inequality between the arithmetic mean and the geometric
mean, i.e.

n+1

Z Q;Pj n+1 : n+1
n+1 (Ham)' , a;>0,p,>20,1=1,n+1, Zpi>().
S pi i=1 i=1

i=1
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Using this inequality we obtain

n+1 > oaiat g
. =
Pn+1 (Ot) — ot Zaial L_ gl L ) Zai
i=1 Sy 0=l
=1
n+1 n+1 n+11
< an—f—l (Z ai) <H (Z—l)az) ’Lg a;
=1 =1
n+1 m}kl
0 (g 1) (H i w)
=1
5 (i-1)
i—1)ay
= an+1 — (m + 1) az:l
n-+1
('l — ].) a; ir:l (i—1)a;
— =l (D)= — _ D] =0
ie. Pyyi(a) <0. O

Remark 2.1. Tt can be easily seen that the number « given by (2.25) can be expressed
using Py, (1) :

n
m+1/ .
a=(m+ 1)@

The second part of relations ([2.24]) follows easily from the inequality P,1 (a) > 0, where
a=1+ maxlgign_i_l{ai}.

Some more specific results concerning the bounds for the root d,4; of equation ([2.23))
can be obtained in the case

(2.26) a=az=-"=apy1=¢, q=1
More precisely, denoting by =, (¢) the positive root of equation
(2.27) gt — g™ — gt —q =0,
then the following relations hold (see [15]):

a’) Fyn(q) < Yn+1 (CI), n = 17277

b) max{q, 5 (¢ + 1)} < ynt1(q) <g+1,n=1,2,..;

c) lim v, (q) =q+ 1.

n—oo

For ¢ = 1, from relations a)—c) we get (see [6]):

a) (1) <y (1), n=1,2,...
’) 2(,§f21) <Hmg1 (1) <2,n=1,2,..

¢’) lim~y, (1) = 2.
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In the following we shall denote by m, the number of function evaluations that must
be performed when passing from step p to step p + 1 in the iterative methods ([2.2)), resp.
, forp=1,2,...

Concerning the efficiency index of methods and , taking into account Lemma
and the definition given in [6], we get

Definition 2.2. The real number E is called the efficiency index of the iterative method

(2.2) and (2.3) if there exists

| f ()|
L =1 EEEEL AL LIS
T T f ()]

and L = FE.

Remark 2.2. If for methods (2.2) and (2.3)) there exists a natural number sy such that
mg = 1 for all s > sg and w is the convergence order of these methods, then the efficiency
index FE is given by the following expression:

(2.28) E=uwr

3. ITERATIVE METHODS OF INTERPOLATORY TYPE

In the following we shall briefly present the Lagrange-Hermite-type inverse interpolatory
polynomial. It is well known that this leads us to general classes of iterative methods from
which, by suitable particularizations we obtain usual methods as Newton’s method, chord
method, Chebyshev’s method, etc.

For the sake of simplicity we prefer to treat separately the Hermite polynomial and the
Lagrange polynomial, though the last is a particular case of the first.

As we shall see, a suitable choice of the nodes enables us to improve the convergence
orders of Lagrange-Hermite-type methods. We shall call such methods Steffensen-type
methods.

3.1. Lagrange-type inverse interpolation. Denote by F' = f(I) the range of f for
x € I. Suppose f is n+ 1 times differentiable and f’ (z) # 0 for all x € I. It follows that
f is invertible and there exists f~! : F — I. Consider n + 1 interpolation nodes in I :

(3.1) T1,22, ..y 41, xi#xj, for i,j=1,n4+1, i #j.
In the above hypotheses it follows that the solution Z of equation ({2.1)) is given by
z=f"1(0).

Using the Lagrange interpolatory polynomial for the function f~! at the nodes f (x1), ...,
f (zn11) we shall determine an approximation for £~ (0), i.e. for 7.
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Denote y; = f(x;), i = 1,n+1 and let L (yl,yg, .. .,yn+1;f_1|y) be the mentioned
polynomial, which is known to have the form

n

Cpe—1 _ z;w1(y)
L (yl) Y2, s Yn+1; f |y> - z; (y_yi)wll(yi)’
n+1
where w1 (y) = II (y—vi) -
The followmg equahty holds
(3.2) F1@W) =L (y,y2 -y fHY) + R(FHY)

where
_ 1)
R(r ) = )

and min{y, f (z1),..., [ (zn1)} < 01 <max{y, f(x1),..., f (Tns1)}
It is also known that under the mentioned hypotheses concerning the derivability of f

on I, the function f~! admits derivatives of any order k,1 < k <n + 1 for all y € F and
the following equality holds [12], [16]:
(3.3)

_ _i_._k+i71 ()N % ()N & (k>zi

where y = f (x) and the above sum extends over all nonnegative integer solutions of the
system

Qo+ 2ig+ ...+ (k—1)i, =k—1
11 +10+ ...+ =k —1.

From 1' neglecting R ( 1 0) we obtain the following approximation for

r~L (ylay27' ’ '>yn+1;f_1‘0) :

Denoting
Tn2 =L (y1, 92, - ynt1; f10)
we obtain
G e
|[Tny2 — 2 = 7%1 w1 (0)],
where min{0, f (z1),..., f (xny1)} < 61 <max{0, f (z1),..., f (znt1)}-
It is clear that if x4, 2541, ..., Ts+n are n + 1 distinct approximations of the solution &

of equation ([2.1) then a new approximation 1,41 can be obtained as above, i.e.
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(34) Ls4n+1 = L (ys;yS-I—la .. .,ys_t'_n;f_l‘O) y S = 1,27 e

with the error estimate given by

e
(35) |xs+n+1 - 'CC’ S H |f z +1 s=1,2,...
where ¢/ belongs to the smallest open interval contianing 0, f (zs), ..., f (Zs4n) -

If we replace in 1} |Tspni1 — T = %, we obtain for the sequence (f (2p)),q

the relations:

(n+1

(3.6) |f (Tsnt1)| = ‘f/ (avs) ‘ ‘ (n+1)| ) H |f (zsyi)]

where ag, belongs to the open interval determined by Z and Tsyn41-
oD
e

Suppose that ¢s = |f (« n+1 , s € N, satisfies the hypotheses of Lemma
and that the sequence (f (p)),> » converges to zero, where (zp), - is generated by (3.4).

Then the converges order of this sequence is equal to the positive solutlon of the equation:

gt gyt 1 =0.

3.2. Hermite-type inverse interpolation. Consider in the following, besides the in-
terpolation nodes (3.1)), n + 1 natural numbers a1, as, . . ., an41, where a; > 1,3 =1,n + 1
and

ap+ax+...+apy1 =m+ 1.

We shall suppose here too, for simplicity, that f is m + 1 times differentiable on 1. From
this and from f’ (z) # 0 for all x € I, it follows, by , that f~! is also m + 1 times
differentiable on F. Denoting y; = f (z;), ¢ = 1,n+ 1, then the Hermite polynomial for
the nodes y;,7 = 1,n + 1, has the following form:

(3.7) H (y1,a1592, 025 - . Ynt1, Gng1; [ y) =
’I’L-‘rlal—laz j—1 (k)

TS ) (), e

i=1 j=0 k=0

where
n+1
wi () = ] =)
i=1
If x5, 2541,...,Ts4n are n + 1 distinct approximations of the solution  of the equation

(2.1), then the next approximation xsy,+1 can be obtained as before in the following way:
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(38) Ts+n+1 :H(ys>al§---;Z/s+man+1§f_1|0) ) s = 1727"'
where, as in (3.7)),
s+n
ws (y) =[] (v —w)™
1=5

It can be easily seen that the following equality holds:

‘ 9// (’"H’l)‘ -
(3-9) |f ($s+n+1)| ‘ ﬁs ‘ (m+1)! H ‘f . ;o os=1,2,...
where 67 belongs to the smallest open interval containing 0, ys, Ys+1, - - -, Ys+n and Ss be-

longs to the open interval determined by = and xgipn41.
If we suppose that

Il
(m+1)!

:’fl(ﬁsﬂ ) seN,

verify the hypotheses of Lemma [2.2] and, moreover, lim f (zs) = 0, then it is clear that
S5§—00

the convergence order of the method (3.8)) is given by the positive solution of the equation

(3.10) " gt —apt™ = —agt —a; = 0.
In the following we shall consider a particular case of (3.8)).

For aj =as = ... = anpy1 = q, from (3.8) we obtain
(3.11) Topnt1 = H (Yo, G Yst15G - - 5 Ystn, @ £ 0)

method having the convergence order given by the positive solution of the equation

(3.12) gt — gt — . —qt —q =0.

3.3. Aitken-Steffensen type iterative methods. Let ¢; : I - R, ¢ =1,....n+ 1 be
n + 1 functions having the following properties
a) ¢; () =Z,i=1,n+ 1, where Z is the solution of (2.1));
B) there exist n + 1 continuous functions g; : I — R, g; (z) > 0 Vx € I, and the real
numbers p; > 1, i = 1,n + 1 such that the following equalities hold:

(3.13) [f (pi (@)l = gi (@) |f ()", i=T,n+1.

Denote ug € I an initial approximation of the root z of (2.1)). We construct the n + 1

interpolation nodes x}, i = 1,n + 1 in the following way:

(3.14) a;% = ¢1 (up) , a;}H = Yit1 (a:ll) , 1=1,n.

Next, we compute yz-1 =f (le) , ¢t = 1,n+1 and we consider the natural numbers «;,
i =1,n+ 1 such that
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artoag+ -+ appr =m+ L

Taking as interpolation nodes the numbers yil, i = 1,n+1 and the Hermite interpo-
latory polynomial determined by these nodes with the corresponding multiplicities «;,
i =1,n+ 1, we obtain for T the following approximation:

(3.15) ur = H (y}, a3 93,095 . 5 yb 11, angr; £10)
The error is given by

. [r= 0]
(3.16) T — | = ‘(mﬂ);‘ jwi (0)]

where £; is a point belonging to the smallest interval determined by the points 0, and
i, © = 1,n+ 1, while w; has the following form:

(3.17) wr @)= £ (@) - [ (@)™ oo [ () |
Taking into account hypothesis ) for the functions ¢;, we get

£ (=1)| = |f (1 (20))| = g1 (uo) | f (uo) "
|f (23)| = g2 (21) | £ (1) |”* < g2 (#1) 972 (u0) | (uo)[P*F?

and in general

(3.18)
f (@) = gira(@hn) (g:(=D)" o (ga (@) PP P f (o) PP, =T,
Denote
n+1 7
o = Z (67 H bj
i=1 j=1
and
n+1 0.
(3.19) p(uo) = [T [gi (=})]™
i=1
where
n+1 7

0; = a; + Z Q; H Dk

j=i+l  k=it1
With these notations, from (3.16)—(3.18) we obtain

~1(g, (m+1) N
O 1o (o)

(3.20) 7 — | = L
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Let ui_1 be an arbitrary approximation of the solution z, obtained by the continuation
of the process given by (3.15]). Then the next approximation is constructed in the following
way.

Consider the interpolation nodes z¥*

77

i =1,n+ 1 given by the relations

ok =1 (up—1), Ty = @it (ﬁf) . i=Ln, k>2.
Then wuy, is given by
(3.21) up = H (y’f,al;ylz“,;ozz; e ;y5+17an+1;f*1|0) :
where yf =f (wf) , i =1,n+ 1, with the error estimation
- (m~+1)
_ pre—1 [F71 (&)
(3.22) |z — ug| = [ ] N f (ug—1)|” k=2,3,...

(m+1)

where &, is a point belonging to the smallest interval determined by 0 and yf, t1=1,n+1,
and pr_1 has an analogous form with that given in (3.19) for po,

From (3.22)) we get
T 0 R

(3.23) |f (ur)| = GESY) |f (ue—n)*, k=2,3,...
where = max |f (x)].

It is obvious now that if lim ux, = Z, then the convergence order of the process (3.21) is
«, where

n+1 7

(3.24) o= Z o Hpj.
=1 j=1

We shall consider in the following the particular case when
p1=@2=...=ppr1=pand p1 =pP2 =...pp4+1 = L.
We assume that f and ¢ satisfy

(3.25) [f (¢ (@) = g ()| (2)]

where g: I - R, g(x) >0 for all x € I.
Let x5 € I be an approximation for the solution z. Denote us = x5, ust1 = ¢ (us), ...,

Usyn = @ (Ustn—1) and s = f(us),...,Ystn = f (Ustrn) . Taking into account the above
assumption, by (3.4)) we get the following Steffensen type method:
(3.26) Tot1 =L (UsiUst1s-- - Tstn; [ 10), a1 €1, s=1,2,...

Similarly, by (3.8]) it follows:

(3.27) Ter1 = H (gjs,al;gjs+1;a2; .. .;g5+n,an+1;f_1\0) , s=1,2,..., z1 € 1.
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By ([3.25) we obtain the following representations for s, i = 1,7 :

gSJri = f (USJr’i) = ps,i*lf (CL‘S) ) 1= ]-7”’

where

s+i—1

Psji—1 = H g (uj).
Jj=s

Taking into account the above considerations, by (3.6)) we obtain:

(s ](n+1)|

(3:28) | (worn)| = I (o) Ll Hpsm\f L =12,

and analogously, by (3.9) we get

‘ (m+1)‘ n—+1
ol

(329) |f($5+1)| = ’f m—l—l)' H 51 1 |f ZES m+1 s = 1727"'7

From Lemma it follows that methods (3.28) and (3.29)) have the convergence orders
n + 1, respectively m + 1.

3.4. Some particular cases. In what follows we shall discuss some particular cases.
The case n = 0. From (3.7) one obtains the Taylor inverse interpolating polynomial:

F )]’ T 70 N -
(330) T =ar+ WLy LIy
while, from (3.3]), we obtain the following expressions for the successive derivatives

)™, k=1,2,34:

o1
e @)

" (@) f (@) = 3[f" (2)]’
[/ (@) ’

(3.33) (! (y)]’” -
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/$2(4)x ") ' () £ () — //$3
(3.34) (51 ()@ = L @I SD (@) + 101 [<f /)é)]g ) " (2) = 15 [f" ()]

From (3.31)) and (3.30) for a; = 2 we obtain:
T(y) =21+ 7k (4 —  (21),

which, for y = 0, leads to the approximation xo of Z given by the expression

(3.35) Ty =21 — L

1‘1)’

i.e., to the Newton’s method.

From (3.31)), (3.32]) and (3.30)) for ac; = 3 we obtain Chebyshev’s method, i.e.:

_ fa) 1 (@22 @)
(336) ro = T1 — f’(:cl1) — 3 [f'(wl)}s

Finally, from (3.31)), (3.32) (3.33)) and (3.30) for ay = 4 we obtain:

o J@) 1@ | 2@ )-8l )
(3:37) LET T ) T2 paoP T e

From the above methods one obtains by iterations the corresponding sequence of approx-
imations, which has the convergence orders 2, 3 and respectively 4.
As one may notice from (3.34) and (3.8]), for a; > 5 the expressions for the derivatives

f! (y)] (k) , k>4, have a more complex from. That is why the methods following from
(3.30) in these cases are also complex.
The case n = 1. In this case, from (3.7)) it follows:

[y

oG —

a;—7—1
- (9) —y)2i 1) w
63 PW=2Y > [ d[v] ] e
i=1 j=0 k=0
where:
(3.39) w) =W—y)™ - (y—y2)*.

From (3.38) one obtains two iterative methods; namely denoting as above by
H (yl, 13y, ao; f *1|y) the Hermite inverse interpolating polynomial lb we find:

x3 = H (y1, 15 y2, a2; f710)
(340) 3317332617 yl:f(x1)7 3/2=f(x2)7
Tni1 = H (Yn—1,003Yn, a2; f7H0),  n=3,4,...,
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or

x3 = H (y1, a; y2, a1; f71]0)
(3.41) i, 22 € Ly = f(21,)y2 = f(22),
:En+1:H(ynflaa2;ynaal;f_1|0)7 n:354a"‘7

The characteristic equations which provide the convergence orders for the two methods
are:

(3.42) t2 — ot —ap =0
for method , and:

(3.43) 2 — gt —ay =0
for the method .

If we denote by wy and respectively we, the positive roots of equations (3.42)) and ([3.43)),
then it is clear that as > a3 implies ws > wi; so, the method with optimal convergence

order is the method (3.40)).

Now, we shall briefly discuss some particular cases.
From (3.38]), for at; = g = 1, we obtain

(3.44) Piy)=—v)  [w—v) F 1) = (y—v1) ()]
whence, taking into account the fact f~! (y1) = z1 and f~! (y) = o
f

T2—T] (z1)

(3.45) T3 = 1~ = fan ! (@) = 81— ooy

2, we find for y =0

where [x1, z9; f] stands for the first order divided difference of the function f on the nodes
x1 and x2 and in general,

(3.46) Tpi1 = Tpq — L&n=1) n=34,...,

[-Z’n—hxn;f] ’

which is the chord method. In this case, since a; = a9, the above method has the same
convergence order as the other one, which follows from ({3.46)), i.e.:

(3.47) Tpgl = Tp — [ f (@n)

A =23, .
mn—laxn;.ﬂ

The convergence order of the method 1' isw; = % (1 + \/5) .
Now we shall discuss the case a7 = 1, as = 2. In this particular case, we obtain from
(3.38]) the following iterative methods:

(3.48)

e __Tng1—%n f(@nt1)=f(@n)=(@nt1—2n) f (Tni1) )
Tnt2 =Tn = Fo-fan | O T e B ) (o) S (@)

n=12,..., x1,x0 € 1
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and
(3.49)

_ _ Tn—Tpg Sf(@n)=f(@n+1)=(@n—2ng1) f'(2n) .
Tn42 = Tntl f(xn)ff(xn_‘rl)f (xn+1) + [f(xn)—f(u’l?n+1)]2f/(50n) f (xn) f (xn—f—l) .

Solving the corresponding characteristic equations, we find the convergence orders w; =
1+ \/ifor the method and wy = 2 for the method .

As we showed above, the Hermite inverse interpolating polynomial leads to a large
class of iterative methods. The convergence order of each method depends on the number
of interpolating nodes, the order of multiplicity of these ones, and essentially, on the
interpolating node replaced at each iteration step by that calculated at the previous one.

As Steffensen noticed, in the case of method , the convergence order of this method
can be increased if at each iteration step the element x,, depends in a certain manner on
Zn—1. More exactly, if we consider a function ¢ : I — R having the property ¢ (z) = z,
where Z is the root of the equation , and if we put x,, = ¢ (z,—1) into , then we
obtain the sequence (), generated by Steffensen’s method:

/ (xn—l)
[Zn—1,¢ (Tn_1); f]’

Tp = Tp—1 — n=23,...,

which has, as it is well known, the convergence order 2.

4. OPTIMAL CONVERGENCE ORDER

4.1. Optimal convergence order of the iterative methods of Hermite type. As
we have seen in the particular cases presented at §3.4, in the case n = 1, the Hermite
inverse interpolation polynomial for a; # a9, leads to two different iterative methods
(see and ) From these two, methods has a convergence order greater
than the other one. In the following we shall use Lemma in order to generalize the
iterative methods and . It is clear that the convergence order of method
depends on the multiplicity of the interpolation nodes which are replaced at each
iteration step such that we are led to different configurations of the coefficients in equation
(3.10). Formula generates (n + 1)! iterative methods, with respect to the algorithm
of changing the interpolation nodes at each iteration step. Among those (n 4 1)! methods,
we shall determine in the following the method with the highest convergence order, i.e.
the optimal method. For this purpose we shall do as follows.

Consider the permutation i1, i, ...,i,41 of the numbers 1,2,...,n 4+ 1 for which the
natural numbers ag, as, ..., oyt satisfying the equality oy + a9 + -+ + apy1 = m + 1,
can be increasingly ordered, namely:

(4.1) ail S am S e S ain S Oél'n+1.
We renumber, accordingly, the elements of the set F, i.e. we consider:

E = {:L‘Z'l,l‘iQ,... ":Uin+l}'
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For the sake of clearness we shall set:

(4.2) as = o, s=1,2,...,n+1
and
(4.3) Us = T, s=1,2,...,n+1,

and denote by H (yl,al; Y2,G2; - -« s Ynt1, Ant1; ffl\ac) the Hermite interpolating polyno-
mial, corresponding to the nodes y; = f (u;), i = 1,2,...,n + 1, having the multiplicities
a1, a,...,Gn4+1 respectively.

Let uy,ug,...,upy1 be the n 4 1 initial approximation of the root Z of the equation
. We construct the sequence (up)p>1 by means of the following iterative procedure:

44 Unto = H (y1,01;92,02; .- Yny1, ang1; f10) 5.,
Un+s+1 = y87a1ay8+17a2a'"7y8+naan+17f ‘ )a §=24,9,...

Consider all (n + 1)! permutations of the set {1,2,...,n+1}. To each permutation iy, is, . . .,
in+1 it corresponds an iterative method of the form:

(4.5)
Tnt2 = H (yi17ai1;yi27 Qg5 e o 3 Yip g1y Nipyqs f’o) )
LTn+s+2 — H (@/i1+s, Ay Yiotss Oy s Yigtsy Aigy o v o) yin+1+87 ain+1; f|0) 5 S = 17 2) ‘e

All together we have (n + 1)! iterative methods.
Taking into account Lemma [2.3|and the results proved so far, we can state the following
theorem:

Theorem 4.1. Out of the (n+ 1)! iterative methods of the form (4.5)), with the greatest
convergence order (namely these which provide the best upper limit for the absolute value of
the error) is that determined by the permutation iy,1i2,. .., int+1, which orders increasingly
the numbers o, iy, . .., 0,y namely o <oy <<y,

4.2. Aitken-Steffensen-type optimal methods. In the following we shall solve an
optimization problem, analogous with the one treated at section 4.1, but now for the case
of the Aitken-Steffensen method.

We shall consider the methods of type , and for determining the optimal algorithm
we shall rely on Lemma [2.4]

Let (k1,k2,...,knt1) and (41,72, .., Jnt1) be two arbitrary permutations of numbers
1,2,...,n+ 1. Also denote

1 1 1
H(y) =H (ykl)ajl;yk27aj2; . ";ykn+17ajn+1;f|y)

the Hermite inverse interpolating polynomial having the interpolating notes yy,, with the
orders of multiplicity o, 7 =1,2,...,n+ 1.
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With the above notations, let us consider the following class of iterative methods

(4.6) us:H(yzl,ajl;yIiQ,an;...;yznﬂ,ajnﬂ;fm), s+1,2,...
where
yr, = [ (3) i=1,2,...,n+1; s=1,2,...,
and
(4.7) T, = Pk (Us-1),
xzichki(xzi_l), i=2,3,...n+1 s=12,...,

ug being the given initial approximation.

To each couple of permutations (k1, ke, ..., kn+1) and (j1,72,- .-, jnt1) of the numbers
1,2,...,(n+ 1)! there corresponds an iterative method of the form ([4.6). All together we
have again iterative methods of this form.

We shall attempt to determine, out of the (n + 1)! iterative methods , that one for
which the number « given by is maximum.

Theorem 4.2. Out of all the (n + 1)! iterative methods of the form (4.6)—(4.7), the one for
which the convergence order o given by (3.24) attains the mazimum value, is the method
determined by the order of the numbers p;,c;, i =1,2,...,n+1, given by the inequalities
(12.16]).

The proof of this theorem follows immediately from Lemma and ([3.24)).

5. OPTIMAL EFFICIENCY

We shall analyse in the following the efficiency index of each of the methods described
and in the hypotheses adopted below we shall determine the optimal methods, i.e. those
having the highest efficiency index.

As we have seen, the formulae for computing the derivatives of f~! have a complicated
form and they depend on the successive derivatives of f. Though, in the case where the
orders of the derivatives of f~! are low, the values of these derivatives are obtained by
only a few elementary operations. Taking into account the generality of the problem we
shall consider each computation of the values of any derivative of f~! by as a single
function evaluation. For similar reasons we shall also consider each computation of the
inverse interpolatory polynomials as a single function evaluation.

As it will follow from our reasonings, the methods having the optimal efficiency index
are generally the simple ones, using one or two interpolation nodes and the derivatives of
f~! up to the second order.

Remark that in our case we can use for the efficiency index relation .
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5.1. Optimal Chebyshev-type methods. Taking n = 0 in (3.8) we obtain again
Chebyshev’s method, i.e.

Fws) 7 ws)]” m [ w)]"™
(65.0) worr =z~ L g (o) ¢ @l 2 oy oy L g
s=1,2,..., where ys = f (z5), the convergence order being m + 1.

Observe that for passing from the s — th iteration step to the s+ 1, in method (5.1)) the
following evaluations must be performed:

f(xs),fl(ajs),...,f(m)(xs),

i.e. m+ 1 values.
Then, by (3.3), we perform the following m function evaluations:

"

7 w) S [ we)] s [ we)] ™

where y; = f(z5). Finally, for the right-hand expression of relation (5.1)) we perform
another function evaluation, so that 2 (m + 1) function evaluations must be performed.
By (12.28]) the efficiency index of method (5.1)) has the form

E(m)=(m+1)", E:N-R

Considering the function h : (0,00) — R, h(t) = t%, we observe that it attains its
maximum at ¢ = e, so that the maximum value of E is attained for m = 2. We have
proved the following result:

Theorem 5.1. Among the Chebyshev-type iterative methods having the form (5.1)), the
method with the highest efficiency index is the third order method, i.e.

Tgyl1 =X _f(ms) _lf"(:vs)fz(g;s)
T T ) 2 @]

(5.2) s=0,1,..., xg € 1.

In the following table some approximate values of E are listed:

m | 1 | 2 | 3 | 4 | 5
E (m) \ 1.1892 \ 1.2009 \ 1.1892 \ 1.1746 \ 1.1610
TABLE 1.

We note that E (2) ~ 1.20009.
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5.2. The efficiency of Lagrange-type methods. We shall study the methods of the
form ([3.4)), for which the convergence order verifies a’)—c’) from §2. Taking into account
Rema it can be easily seen that we can use relation for the efficiency index
of these methods. For each s+n+ 1 step s > 2, in in order to pass to the next step,
only f(xsyn+1) must be evaluated, the other values from being already computed.
We have also another function evaluation in computing the right-hand side of relation
. So two function evaluations are needed. Taking into account that the convergence
order v,41(1) of each method satisfies a’)—c’), and denoting by E,4; the corresponding
efficiency index, we have

1
By = h/n+1 (1)]2, n=12,...,
En<En+1, 7122,3,...

and
lim E,, = V2.
We have proved:

Theorem 5.2. For the class of iterative methods of the form (3.4)) the efficiency indez is
increasing with respect to the number of interpolation nodes, and we have the equality

lim E,, = V2.

5.3. Optimal Hermite-type particular methods. We shall study the class of iterative
methods of the form for ¢ > 1.

Taking into account Remark it is clear that we can use again relation for the
efficiency index.

If x4, is an approximation for the solution Z obtained by then for passing to
the following iteration step we need

f (xn-i-]) ’ f/ (.%'n+]) ) f(q_l) (xn-‘r]) ;
i.e. ¢ function evaluations. Then, by (3.3) we must compute the derivatives of the inverse

(4) S
function [ f (ynﬂ-)_l} , i =1,¢—1, where yp1; = f (2n4;) . Another function evaluation

is needed for computing the right-hand side of relation (3.11]). We totally have 2¢ function
evaluations, the other values in (3.11)) being already computed.
By a)—c) from Remark and denoting by E (41 (q) , q) the efficiency of methods, of

the form (3.11)), we get:

(5.3) E(mt1(9),9) > E(m(q),q), n>1, ¢>1;

1

2q 1
(5.4 (max{e, 25 g+ 1})" <E(ma(0), ) < (@+1D%,  n>1q>1
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For a fixed ¢, by (5.3)) it follows that the efficiency index is an increasing function with
respect to n and

lim B (41 (q) 1 q) = (g + 1) .

In the following we shall study E (v, (¢),¢) as a function of ¢ > 1 and n > 2,¢,n € N.

By (5.4) we have

1 1
g2 < E(vn+1(q),q) < (¢g+1)2a, forg>n+1

and
L s
(55 [H @+ )] <EGni(@).9) <@+1)%,  forg<ntl

For ¢ > n+ 1 consider the functions A : (0,400) — R, h(t) = t2 and [ : (0,+00) = R,
[(t) = (t+1)%.
Some elementary considerations show that h and [ satisfy %i\r‘%h(t) =0, tlim h(t) =
—00

1, h is increasing on (0,e) and decreasing in (0,4o00) and lim [ (t) = e%, lim I (t) =1, 1
t\0 t—o0

isdecreasing on (0, 00). The maximum value of h is h (e) = €.

Let t be the solution of the equation
(5.6) (t+1)% — g2 = 0.

It can be easily seen that ¢ exists and it is the unique solution for equation . For
t>t, 1(t) > e?ie, so it is clear that the maximum value of E (7,41 (¢),¢) can be obtained
for ¢ < t, ¢ € N. It is easy to prove that ¢t € (4,5) and t ~ 4.76. Taking into account
the properties of h and [ it is clear that in order to determine the greatest value of
E (Yn+1 (q) , q) it will be sufficient to consider only those ¢ € N verifying 1 < ¢ < 4, and
n<qg—1.

Table [2| contains the approximate values of the efficiency indexes corresponding to these
values of ¢ and n.

q/n |1 2 3

2 1.2856

3 1.2487 | 1.2573

4 1.2175 | 1.2218 | 1.2226
TABLE 2.

The highest value for the efficiency index is hence obtained for ¢ = 2 and n = 1. We
shall specify explicitly the method (3.11)) for these values. For this purpose it is convenient
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to use the divided differences on multiple nodes. The following table contains the divided
differences for the inverse function f~! on the nodes ys = f (z5), yss1 = f (2s41) having
the multiplicity orders 2.

f(z)|x [u,v;fﬁl] [u,v,w; ffl] [u,v,w,z; ffl]
Ys Ts ) ) .

Ys | s ys,ys; S|
Ys+1 | Ts41 | |Ys) Ys+1; f_l] |:ys: Yss Ys+1; f_l]

Ys+1 | Ts+1 | Ys+15 Ys+1; fil Yss Ys+15 Ys+1; fil [y87 Yss Ys+15 Ys+1; fﬁl]
TABLE 3.

Here [ys>ys;f71] = m: [ys+17ys+1;f71] = m7 [ysays-‘rl;fil] = [xsTl_H;f]a and

the other divided differences are computed using the well-known recurrence formula.
In this case the method has the following form:

(5.7) o2 = s — [Yss Ysi f 1] Ys + [Yss Uss Yst1s £ Y2 = [Uss Uso Yst1s Ysrs f 1] U2Yst1,

s=1,2,..., x1,x0 € 1.
The following theorem holds:

Theorem 5.3. Among the methods given by relation (3.11)) for n > 1 and ¢ > n + 1,
the method with the highest efficiency index is given by (5.7) and corresponds to the case
n=1and qg=2.

We shall analyze the case ¢ < n + 1. In this case the efficiency index verifies ([5.5)).

We also consider, besides the function [ already defined, the function p,, : (0, +o00) —
1

R, pn(t) + [Z—g (t+ 1)}5, which satisfies the following properties: %i\n(l)pn (t) = 0,

tliglopn (t) =1 and

il L_lnLﬂ(t_i_l)
2t t+1 2
P (t) = [28 4+ 1] B2 .

In can be easily shown that the equation p/, (t) = 0 has a unique positive solution, denoted
by 7,. We also have p/, (t) > 0 for t > 7, and p/, (t) < 0 for t > 7,, i.e. p, attains its
maximum value at ¢t = 7,,.
We also have that p,y1 (7,) < 0, showing that 7,11 < 7, for all n > 2. But since
1 < g <n+1it follows that we must examine only the cases when n > 2. Taking into
account that 7, is the solution of the equation p), (t) = 0 we get that the maximum of the
1

function p,, is equal to e2(n+1)
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1
Let vy, : (0,400) — 00, v, (t) = (t + 1)% — e2(m+1) | An elementary reasoning leads us
to the following conclusions: v, is decreasing on (0, +00); the equation v, (z) = 0 has a
unique solution g, on the interval (0, +00) and fi, 41 < fin.
Since for ¢ > p,, we have p,, (7,) > pr, (t), it follows that the values of n and ¢ for which
E attains maximum must be searched in the set

(5.8) {geN:2<g<min{n+1,u,}}

Table [ below contains the approximate values of the solutions 7, and i, the error being
smaller than 1072,

Tn Hn
1.3816 | 3.6711
1.1201 | 2.8679
0.9566 | 2.3871
0.8436 | 2.0649
0.7601 | 1.8327
TABLE 4.

o Ul W NS

Since ¢ € N, we shall be interested only in the integer parts of the solutions p,.

From the above table and by we can see that E (v,+1 (), q) attains its maximum
at ¢ = 2. Taking into account that E (75 (2),2) < E (yn+1(2),2) for n > 2 then we
observe that F is increasing with respect to n.

Hence the following theorem holds:

Theorem 5.4. Taking ¢ < n+ 1 in (3.11)), the greatest values of the efficiency indezes
E (Yn+1(q) ,q), n > 2, are obtained for q = 2. In this case the efficiency indez is increasing
with respect to n, and we have:

lim E (v, (2),2) = V/3.

5.4. Bounds for the efficiency index of the general Hermite-type methods. As it
was shown in Lemma the method have the highest convergence order when the
natural numbers a1, aq,...,ay+1 verify the inequalities a1 < as < ---an41. More exactly
consider the equations:

(5.10) gt — gt — o —apt — apyq = 0;
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(5.11) " = at" —apt" T = —at —a,,, =0,
n+1
where a; >0, i =1,n+1, Y a; > 1 and (41,42,...,in+1) is an arbitrary permutation of

the numbers 1,2,...,n+ 1.Z '

If a, b, c are the corresponding positive solutions for equations f and if a1 <
as < -+ <apy1, then 1 <b<c<a.

In the following we shall assume that the multiplicity orders of the interpolation nodes
of the Hermite polynomial which leads to method satisfying

a1 <ag < - < apgl-

From the above assumptions, at each iteration step 2a,4+1 function evaluations must be
performed. Denoting by E (§,,+1) the efficiency index of (3.8) and taking into account
Lemma [2.5] we get:

Theorem 5.5. Ifa; < ay < -+ < apt1 and dy41 is the positive solution of (3.10) then
the efficiency index of the method (3.8)) satisfies

m+1

/ 1
(5.12) (m 4+ 1) Ol < B (8,41) < (14 @) 0

Taking into account the properties of the function [ given in (5.3)) and that a,41 > 1, it
1

follows that the expression (1 + a,,41)?*»+! attains its maximum value for a,,+1 = 2. Taking

1
account the inequalities from ([5.12) the fact that (1 4 an41)?*n+! attains its maximum
value at a,+1 = 2 do not imply the maximality of E (6,41) .

5.5. Optimal Steffensen-type methods. In the following we shall determine the op-
timal efficiency index for the class of iterative methods given by . First, we ob-
serve that at each iteration step s in , we must compute n values of the function
O Uusti = @ (usyi—1), @ = 1,n, us = x4 being an already computed approximation of the
solution Z.

We then compute ysy; = f (usti), ¢ = 0,n, i.e. n+ 1 function evaluations. In order to
compute the successive values of f and f~! at the nodes us.;, i = 0,n we need 2 (m — n)
function evaluations. Finally, there is another function evaluation in computing the right-
hand side of . Totally there are 2 (m + 1) function evaluations.

If we denote by E (m) the efficiency index of (3.27). then

1
E(m) = (m+ 1)20m+0
which, taking into account the results from §5.1, attains its maximum at m = 2.

Remark 5.1. If we take a; > 1 in (3.27) the method (3.26)) is a particular case of (3.27),
since for ay =as = ... =an+1 =1 1in 13.2?} we get (3.26]). O
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By the above remark, if m = 2 then from a1 + as + - - - + ans1 = 3, it follows n < 2.
Hence we have to analyze the following cases:

i) a1 +ag+ a3 =3,ie a3 =ay=az=1;
ii) aj +ay=3,ie. ag=1,a3=2o0r a; =2; ag = 1;
iii) a, = 3.

i) For a; = as = a3 = 1, by (3.26)) we get the following method:

(5.13)

ot = 1 flaw) [z, 0 (k) s 0 (@ (1)) 5 [ f (k) £ (1))
- [2r @ (r) 5 f1 0 ok, 0 (s )] [2r, 05 (0 (1) 5 [l e (2x) 0 (@ (1)) 5 f]

k=0,1,..., el
ii) For a; =2, az =1 we get the method

s k=0,1,..., zg el

x — [ (zk) B [Tk, iy @ (1) 5 £] £2 (21)
(5.14) k+1 k I (k) £ (20) [, 0 (20) ;f]2

and for a; = 1, as = 2 we get

(5.15)
flaw) ok (@n), o (@) f

(zr) f (¢ (z1)) B
Tk, 0 (z1) 5 f] 20, @ (20); /1 k=0,1,.

o, xp €l

Tht+1 = Tk — [

iii) For a; = 3 we get method (5.1)), i.e. the Chebyshev’s methods of third order.
We have proved the following theorem:

Theorem 5.6. Among Steffensen-type iterative methods, those given by methods ((5.13)—
(5.14) have the optimal efficiency index.

Remark 5.2. In the particular case when a; = as = ... = an4+1 = ¢q the condition imposed
to obtain an optimal method leads us to two possibilities, namely: ¢ = 3 and n = 0, i.e.

method (5.2) or ¢ = 1 and n = 2, i.e. method ([5.13). O
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