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Matrix Multiplication

Matrix Multiplication:

A ∈ Mmxn(K), B ∈ Mnxp(K), AB ∈ Mmxp(K)

Matrix Block Multiplication:[
A1,1 A1,2

A2,1 A2,2

] [
B1,1 B1,2

B2,1 B2,2

]
=

[
A1,1B1,1 + A1,2B2,1 A1,1B1,2 + A1,2B2,2

A2,1B1,1 + A2,2B2,1 A2,1B1,2 + A2,2B2,2

]
Naive algorithm:
Additions: mp(n − 1)
Multiplications: mnp
Operations count = O(mnp) = O(n3) for square matrices
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Strassen’s algorithm

M1 = (A1,1 + A2,2)(B1,1 + B2,2)

M2 = (A2,1 + A2,2)B1,1

M3 = A1,1(B1,2 − B2,2)

M4 = A2,2(B2,1 − B1,1)

M5 = (A1,1 + A1,2)B2,2

M6 = (A2,1 − A1,1)(B1,1 − B1,2)

M7 = (A1,2 − A2,2)(B2,1 − B2,2)

AB =

[
M1 + M4 −M5 + M7 M3 + M5

M2 + M4 M1 −M2 + M3 + M6

]

Complexity: O(7log2 n) = O(nlog2 7)
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Condition Numbers

Let X , Y be normed vector spaces, and let f : X → Y be a
function (problem)

Absolute condition number:

κ̂ = lim
δ→0

sup
‖δx‖<δ

‖f (x + δx)− f (x)‖
‖δx‖

Relative condition number:

κ = lim
δ→0

sup
‖δx‖<δ

‖f (x + δx)− f (x)‖
‖f (x)‖

‖x‖
‖δx‖
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Stability

Let f be a problem and f̂ a computer algorithm for f

Accuracy:
‖f (x)− f̂ (x)‖
‖f (x)‖

= O(ε)

Stability:

∃x̂ , ‖x − x̂‖
‖x‖

= O(ε)

‖f̂ (x)− f (x̂)‖
‖f (x̂)‖

= O(ε)
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Backward Stability

∃x̂ , ‖x − x̂‖
‖x‖

= O(ε)

f̂ (x) = f (x̂)

Backward stability on a well-conditioned problem: Let f be
backward stable and well-conditioned κ ≈ 1

‖x − x̂‖
‖x‖

≤ Cε

‖f (x̂)− f (x)‖
‖f (x)‖

‖x‖
‖x − x̂‖

≤ κ

‖f (x̂)− f (x)‖
‖f (x)‖

= O(κε)⇒ ‖f̂ (x)− f (x)‖
‖f (x)‖

= O(ε)
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BLAS

Level 1: Vector-Vector Operations

y ← αx + y

Level 2: Matrix-Vector Operations

y ← αAx + y

Level 3: Matrix-Matrix Operations

C ← αAB + βC
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Condition of linear systems

Let A ∈ Mn(K) with detA 6= 0
The problem: Find x so Ax = b
Let ‖ · ‖ be a norm on Kn and let ‖A‖ = supx 6=0

‖Ax‖
‖x‖

Let A be fixed

Ax = b ⇒ x = A−1b

Ax̂ = b + δb ⇒ x̂ = A−1(b + δb)

‖x − x̂‖ ≤ ‖A−1‖‖δb‖

‖b‖ ≤ ‖A‖‖x‖

‖x − x̂‖
‖x‖

‖b‖
‖δb‖

≤ ‖A‖‖A−1‖
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Condition of linear systems

Let x ∈ Kn with ‖Ax‖ = ‖A‖‖x‖ and δb ∈ Kn with
‖A−1δb‖ = ‖A−1‖‖δb‖

‖x − x̂‖
‖x‖

‖b‖
‖δb‖

=
‖A−1δb‖
‖x‖

‖Ax‖
‖δb‖

= ‖A‖‖A−1‖

When A is fixed:

κ = ‖A‖‖A−1‖
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Condition of linear systems

Suppose b is fixed

Ax = b, (A + δA)x̂ = b

Ax̂ + δAx̂ = Ax ⇒ x̂ − x = −A−1δAx̂

‖x̂ − x‖
‖x̂‖

≤ ‖A−1‖‖δA‖‖A‖
‖A‖

⇒ ‖x̂ − x‖
‖x̂‖

‖A‖
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Condition of linear systems

Let x̂ ∈ Kn with ‖A−1x̂‖ = ‖A−1‖‖x̂‖ and β ∈ K, δA = βI

x − x̂ = βA−1x̂ ⇒ ‖x − x̂‖ = |β|‖A−1‖‖x̂‖

‖x̂ − x‖
‖x̂‖

‖A‖
‖δA‖

=
|β|‖A−1‖‖x̂‖
‖x̂‖

‖A‖
|β|

= ‖A‖‖A−1‖

Condition number of a matrix:

κ(A) = ‖A‖‖A−1‖

1 = ‖AA−1‖ ≤ ‖A‖‖A−1‖ ⇒ κ(A) ≥ 1

Remark: the larger κ, the more ill-conditioned the linear system is
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Nearest singular matrix

Let A be non-singular and B singular ⇒ Bx = 0 for some x with
‖x‖ = 1

1 = ‖AA−1‖ ≤ ‖A‖‖A−1‖ ⇒ ‖A‖ ≥ ‖A−1‖−1

‖A− B‖ = ‖A− B‖‖x‖ ≥ ‖(A− B)x‖ = ‖Ax − Bx‖ = ‖Ax‖

1 = ‖x‖ = ‖A−1Ax‖ ≤ ‖A−1‖‖Ax‖ ⇒ ‖Ax‖ ≥ ‖A−1‖−1

‖A− B‖ ≥ ‖A−1‖−1
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Nearest singular matrix

‖yT‖D = sup
x 6=0

yT x

‖x‖

Observe:

‖A‖ = sup
y 6=0

‖yTA‖D
‖y‖D

∃x , y ∈ Kn with ‖x‖ = ‖y‖D = 1

yTA−1x = ‖A−1‖
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Nearest singular matrix

δA = −‖A−1‖−1xyT

x 6= 0⇒ A−1x 6= 0

(A+δA)A−1x = AA−1x−‖A−1‖−1xyTA−1x = x−‖A−1‖−1‖A−1‖x = 0

det (A + δA) = 0

Let ‖v‖ = 1 and yT v = 1

1 = ‖x‖ = ‖xyT v‖ ≤ ‖xyT‖‖v‖ = ‖xyT‖ ≤ ‖x‖‖yT‖D = 1

‖δA‖ = ‖A−1‖−1

inf
detB=0

‖A− B‖
‖A‖

=
1

κ(A)
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LU Factorization
LU Factorization:


A1,1 . . . A1,n

. . . . . . . . . . . . . .

. . . . . . . . . . . . . .
An,1 . . . An,n

 =


1 0 . . . 0

L2,1 1 . . . 0
. . . . . . . . . . . . . . . . .
Ln,1 Ln,2 . . . 1



U1,1 U1,2 . . . U1,n

0 U2,2 . . . U2,n

. . . . . . . . . . . . . . . . . . . .
0 0 . . . Un,n



Gaussian elimination:

U = L̂nL̂n−1 . . . L̂1A

L̂k =



1 0 . . . . . . . . . . . . . . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . .
0 . . . 1 . . . 0
0 . . . −ak+1,k

ak,k
1 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . .
0 . . . − an,k

ak,k
0 . . . 1


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Gaussian elimination

A = L̂−11 . . . L̂−1n U

L̂−1k = −L̂k =: Lk

A = L1 . . . LnU = LU

Linear systems:
Ax = LUx = b

Ly = x ⇒ y = L−1x

Ux = y ⇒ x = U−1y

Ax = b ⇒ L̂1Ax = L̂1b ⇒ L̂nL̂n−1 . . . L̂1Ax = L̂nL̂n−1 . . . L̂1b

Ux = L̂nL̂n−1 . . . L̂1b
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Backsubstitution

Ux = b

u1,1x1 + u1,2x2 + . . .+ u1,nxn = b1

u2,2x2 + . . .+ u2,nxn = b1

. . .

un,nxn = bn

xn =
bn
un,n

xn−1 =
bn−1 − un−1,nxn

un−1,n−1

. . .

x1 =
b1 − (u1,nxn + u1,n−1xn−1 + . . .+ u1,2x2)

u1,1
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Backsubstitution

Ux = b

u1,1x1 + u1,2x2 + . . .+ u1,nxn = b1

u2,2x2 + . . .+ u2,nxn = b1

. . .

un,nxn = bn

xn =
bn
un,n

xn−1 =
bn−1 − un−1,nxn

un−1,n−1

. . .

x1 =
b1 − (u1,nxn + u1,n−1xn−1 + . . .+ u1,2x2)

u1,1
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Backsubstitution

Operations count:
Consider Ā = [A; b] ∈ Mn,n+1(K)

LU Factorization:
For one 0 ⇒ n + 1− k additions and multiplications
There are n(n−1)

2 below diagonal
Backsubstitution:
For xn−k we need k + 1 multiplications and k additions
Total:
Additions: (n−1)n(n+1)+n(n+1)

2

Multiplications: (n−1)n(n+1)+n(n+3)
2

Operations count = O(n3)
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Stability of LU

Ux = b is backwards stable

For xn:

un,nxn = bn ⇒ x̂n =
bn
un,n

(1 + ε1)

ε1 = O(ε)⇒ ε2 =
ε1

1 + ε1
= ε1 − ε21 + ε31 − . . . = O(ε)

ε2 =
ε1

1 + ε1
⇒ ε1 =

−ε2
1 + ε2

x̂n =
bn
un,n

1 + ε2 − ε2
1 + ε2

(un,n + ε2un,n)x̂n = bn, ε2 = O(ε)
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Stability of LU

For xn−k :

xn−k =
bn−k − (un−k,nxn + un−k,n−1xn−1 . . . un−k,n−k+1xn−k+1)

un−k,n−k

x̂n−k =

bn−k − (un−k,nx̂n(1 + ε) + un−k,n−1x̂n−1(1 + ε)

(1 + ε) + . . .+ un−k,n−k+1x̂n−k+1(1 + ε)k−1)

un−k,n−k(1 + ε)k
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Stability of LU

(1 + ε)k ≈ (1 + kε)

δU ≈


n 1 2 . . . n − 1
0 n − 1 1 . . . n − 2
0 0 n − 2 . . . n − 2
. . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 1

 ε

∃δU with ‖δU‖ ≤ Mε

(U + δU)x̂ = b

Backsubstitution algorithm is stable
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Stability of LU

A =

[
0 1
1 1

]
κ(A) = 2.618 . . . , ε = 10−16

δA =

[
10−20 0

0 0

]

L =

[
1 0

1020 1

]
, U =

[
10−20 1

0 1− 10−20

]

L̂ =

[
1 0

1020 1

]
, Û =

[
10−20 1

0 −10−20

]
, L̂Û =

[
10−20 1

1 0

]
LU factorization is not stable
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Pivoting

Partial pivoting: ak,1:n ↔ ai ,1:n, ai ,k = max{|aj ,k |, j = k ..n}

L̂nPnL̂n−1Pn−1 . . . L̂1P1A = U

PA = LU

Complete pivoting: ak,1:n ↔ ai ,1:n
a1:n,k ↔ a1:n,j , ai ,j = max{|aj ,k |, i = k ..n, j = k ..n}

L̂nPnL̂n−1Pn−1 . . . L̂1P1AP
′
1P
′
2 . . .P

′
n = U

PAP
′

= LU

Operations count: Partial pivoting = O(n2), Complete
pivoting= O(n3)
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Existence and uniqueness

Existence:
PA = LU

If @ai ,k 6= 0 for i = k ..n ⇒ detA = 0

detA 6= 0⇒ ∀A, ∃P, L, U so that PA = LU

Uniqueness:
A = LU = L̂Û

L̂−1L =


1 0 . . . 0
x 1 . . . 0
. . . . . . . . . . . .
x x . . . 1

 =


x x . . . x
0 x . . . x
. . . . . . . . . . . .
0 0 . . . x

 = ÛU−1

L = L̂, U = Û
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26 / 61



Existence and uniqueness

Existence:
PA = LU

If @ai ,k 6= 0 for i = k ..n ⇒ detA = 0

detA 6= 0⇒ ∀A, ∃P, L, U so that PA = LU

Uniqueness:
A = LU = L̂Û
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Stability of LU with pivoting

A = LU

L̂Û = A + δA

‖δA‖
‖L‖‖U‖

= O(ε)

|ui ,j | ≤ 1⇒ ‖U‖ = O(1)

ρ = max
i ,j ,ai,j 6=0

ui ,j
ai ,j

‖U‖ = O(ρ)‖A‖
‖δA‖
‖A‖

= O(ρε)
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Stability of LU with pivoting

A =


1 0 0 1
−1 1 0 1
−1 −1 1 1
−1 −1 −1 1



L =


1 0 0 0
−1 1 0 0
−1 −1 1 0
−1 −1 −1 1

 , U =


1 0 0 1
0 1 0 2
0 0 1 4
0 0 0 8


ρ = 2n−1 = max

A
ρ(A)

P(ρ(A) ≥
√
n) = O(e−n) ?
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Crout factorization
Crout factorization:

AÛ1 . . . Ûn = L

A = LU

L =


x 0 0 . . . 0
x x 0 . . . 0
x x x . . . 0
. . . . . . . . . . . . . . . .
x x x . . . x



U =


1 x x . . . x
0 1 x . . . x
0 0 1 . . . x
. . . . . . . . . . . . . . . .
0 0 0 . . . 1


Ax = b ⇒ LUx = b ⇒ Ux = y
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LDU factorization

Apply both Doolittle and Crout:

L̂n . . . L̂1AÛ1 . . . Ûn = D

A = LDU

L =


1 0 0 . . . 0
x 1 0 . . . 0
x x 1 . . . 0
. . . . . . . . . . . . . . . .
x x x . . . 1

U =


1 x x . . . x
0 1 x . . . x
0 0 1 . . . x
. . . . . . . . . . . . . . . .
0 0 0 . . . 1


D = diag (ai ,i )

Doolittle: A = (LD)U
Crout: A = L(DU)
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Cholesky factorization

Hermitian matrix: A = A∗, ⇒ ai ,i ∈ R

x∗Ay = y∗A∗x

Positive definite:
x∗Ax > 0, ∀ x 6= 0

Let X ∈ Mnxm(K) with full rank so x 6= 0⇒ Xx 6= 0

(X ∗AX )∗ = X ∗AX

x∗(X ∗AX )x = (Xx)∗A(Xx) > 0, Xx 6= 0

X ∗AX is Hermitian and positive definite In particular, the main
sub-matrices of a are positive definite, ai ,i > 0
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Cholesky factorization

A =

[
a w∗

w A2

]

[
1 0
−w

a I

] [
a w∗

w A2

]
=

[
a w∗

0 A2 − ww∗

a

]
[
a w∗

0 A2 − ww∗

a

] [
1 −w∗

a
0 I

]
=

[
a 0

0 A2 − ww∗

a

]
[

1√
a

0

− w√
a

√
aI

] [
a w∗

w A2

][ 1√
a
−w∗√

a

0
√
aI

]
=

[
1 0
0 aA2 − ww∗

]
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Positive definite matrices

Let α ∈ R∗+, A positive definite

(αA)∗ = αA∗ = αA, x 6= 0⇒ x∗(αA)x = α(x∗Ax) > 0

αA is positive definite

R∗AR =

[
1 0
0 aA2 − ww∗

]
aA2 − ww∗ is positive definite
A2 − ww∗

a is positive definite
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Cholesky factorization

[
a w∗

w A2

]
=

[√
a 0

w√
a

I

] [
1 0

0 A2 − ww∗

a

][√
a w∗√

a

0 A2 − ww∗

a

]

A = L1A
(1)L∗1

A(1) is positive definite

A = L1L2A
(2)L∗2L

∗
1

A = L1L2 . . . LnA
(n)L∗n . . . L

∗
2L
∗
1

A(n) = I , L1L2 . . . Ln = L⇒ L∗ = L∗n . . . L
∗
2L
∗
1

A = LL∗
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Cholesky factorization

L =


√
a1,1 0 0 . . . 0
x

√
a2,2 0 . . . 0

x x
√
a3,3 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
x x x . . .

√
an,n



∀A positive definite ∃!L so A = LL∗

Operations count:

n∑
k=1

n∑
j=k+1

2(n − j) ≈ 1

3
n3 = O(n3)

There are n square roots
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Diagonal Cholesky[
a w∗

w A2

]
=

[
0

w
a I

] [
a 0

0 A2 − ww∗

a

] [
a w∗

a

0 A2 − ww∗

a

]

A = L̂DL̂∗ = (L
√
D)A(L

√
D)∗

L =


1 0 0 . . . 0
x 1 0 . . . 0
x x 1 . . . 0
. . . . . . . . . . . . . . . .
x x x . . . 1



D =


a1,1 0 0 . . . 0

0 a2,2 0 . . . 0
0 0 a3,3 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . an,n


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Stability of Cholesky

Let ‖ · ‖F be the Frobenius norm

‖A‖F = tr (AA∗) = tr ((LL∗)(LL∗)∗) = tr (LL∗) tr (LL∗) = ‖L‖F‖L∗‖F

‖δA‖F
‖L‖F‖L∗‖F

=
‖δA‖F
‖A‖F

= O(ε)

Cholesky factorization is stable
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Gram-Schmidt orthogonalization

Let (v1, v2, . . . vk) be linearly independent
V = span (v1, v2, . . . vn)

u1 = v1

u2 = v2 −
u∗1v2
u∗1u1

u1

u3 = v3 −
u∗1v3
u∗1u1

u1 −
u∗2v3
u∗2u2

u2

. . .

un = vn −
u∗1vn
u∗1u1

u1 − . . .−
u∗n−1v3

u∗n−1u2
un−1
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Gram-Schmidt orthogonalization

v1 = u1

v2 = u2 +
u∗1v2
u∗1u1

u1

v3 = u3 +
u∗1v3
u∗1u1

u1 +
u∗2v3
u∗2u2

u2

. . .

vn = un +
u∗1vn
u∗1u1

u1 + . . .+
u∗n−1v3

u∗n−1u2
un−1

V = span (u1, u2, . . . un), ui 6= 0
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Orthogonality of the Gram-Schmidt

u∗1u2 = u∗1v2 −
u∗1v2
u∗1u1

u∗1u1 = 0

u∗1u3 = u∗1v3 −
u∗1v3
u∗1u1

u∗1u1 −
u∗2v3
u∗2u2

u∗1u2 = 0

u∗2u3 = u∗2v3 −
u∗1v3
u∗1u1

u∗2u1 −
u∗2v3
u∗2u2

u∗2u2 = 0

. . .

u∗i uj = u∗i vj −
u∗1vj
u∗1u1

u∗i u1 − . . .−
u∗j−1vj

u∗j−1uj−1
u∗i uj−1 = 0

u∗i uj = 0 ∀ i 6= j
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QR Factorization

Let A =
[
v1, v2, . . . , vk

]
with full rank

v1 =
[
u1 u2 . . . un

]


1
0
...
0



vi =
[
u1 u2 . . . un

]


u∗1 vi
u∗1 u1
u∗2 vi
u∗2 u2

...
1
0
...
0


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QR Factorization

A =
[

u1
‖u1‖

u2
‖u2‖ . . . un

‖un‖

]

‖u1‖ u∗1v2 u∗1v3 . . . u∗1vk

0 ‖u2‖ u∗2v3 . . . u∗2vk
0 0 ‖u3‖ . . . u∗3vk

. . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . ‖un‖



Let qi = ui
‖ui‖ , Q̂ =

[
q1, q2, . . . , qk

]
A = Q̂R̂

Q̂ is orthogonal and R̂ is upper-triangular
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Full QR factorization

Let A ∈ Mmxn(K) with full rank
Let m ≥ n

Linear algebra and Gram-Schmidt:

Q =
[
Q̂, qn+1, qn+2, . . . , qm

]
Q ∈ Mmxm(K) orthogonal

R =

[
R̂
0

]
Q ∈ Mmxn(K) upper-triangular

A = QR
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Existence and uniqueness of QR

Let A ∈ Mmxn(K) with rank n-1

vn =
n−1∑
i=1

αivi

span (u1 . . . un−1) = span (v1 . . . vn−1) = span (v1 . . . vn)

span (u1 . . . un−1) = span (u1 . . . un)

un ∈ span (u1 . . . un−1)

u∗i un = 0 ∀ i ⇒ un = 0
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Existence and uniqueness of QR

Q̂ =
[
q1 . . . qn−1 0

]

R̂ =


x x x . . . β1
0 x x . . . β2
0 0 x . . . β3
. . . . . . . . . . . . . . . . .
0 0 0 . . . 0



Induction for rank ≤ n − 2

∀A ∈ Mmxn(K) ∃Q̂, R̂, A = Q̂R̂
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Existence and uniqueness of QR

Let A ∈ Mmxn(K) with full rank
The Gram-Schmidt process A = Q̂R̂

Induction: n = 1, v1 = zq1
‖u1‖
z wirh |z | = 1

For n, q1, . . . qn−1 are fixed ⇒ qn = zun
‖un‖ with |z | = 1

A = Q̂ ′R̂ ′

ri ,i = zr
′
i ,i , |z | = 1
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Instability of Gram-Schmidt

a1 = [1 ε0 0 0]∗, a2 = [1 0 ε0 0]∗, a3 = [1 0 0 ε0]∗

ε0ε, 1 + ε20 ≈ 1

u1 = a1 = [1 ε0 0 0]∗

u2 = a2 −
1

1 + ε20
u1 = [0 − ε0 ε0 0]∗

u3 = a3 −
1

1 + ε20
u1 −

0

ε0
√

2
u2 = [0 − ε0 0 ε0]∗
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Instability of Gram-Schmidt

q1 = [1 ε0 0 0]∗

q2 =
[
0 − 1√

2
1√
2

0
]∗

q3 =
[
0 − 1√

2
0 1√

2

]∗

q∗2q3 = 1
2 6= 0

Q̂ ′ =


1 0 0
ε0 − 1√

2
− 1√

2

0 1√
2

0

0 0 1√
2


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Instability of Gram-Schmidt

A =


1 1 1
0 0 0
0 0 0
0 0 0

 δA =


0 0 0
ε0 0 0
0 ε0 0
0 0 ε0



A =


1 0 0
0 0 0
0 0 0
0 0 0


1 1 1

0 0 0
0 0 0

 = Q̂R̂

‖δA‖ = O(ε)

‖Q̂ − Q̂ ′‖ = O
(

1√
2

)
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Modified Gram-Schmidt

u
(1)
k = vk −

u∗1vk
u∗1u1

u1

u
(2)
k = u

(2)
k −

u∗1u
(2)
k

u∗1u1
u1

u
(3)
k = u

(3)
k −

u∗1u
(2)
k

u∗1u1
u1

. . .

u
(k−1)
k = u

(k−1)
k −

u∗1u
(k−2)
k

u∗1u1
u1

uk = u
(k−1)
k
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Modified Gram-Schmidt

u1 = a1 = [1 ε0 0 0]∗

u2 = a2 −
1

1 + ε20
u1 = [0 − ε0 ε0 0]∗

u
(1)
3 = a3 −

1

1 + ε20
u1 = [0 − ε0 0 ε0]∗

u
(2)
3 = u

(1)
3 −

ε20
2ε20

u2 =
[
0 − ε0

2
− ε0

2
ε0

]∗

q1 = [1 ε0 0 0], q2 =
1√
2

[0 − 1 1 0], q3 =
1√
6

[0 − 1 − 1 2]

q∗1q2 =
ε0√

2
, q∗1q3 =

ε0√
6
, q∗2q3 = 0

51 / 61



Modified Gram-Schmidt

u1 = a1 = [1 ε0 0 0]∗

u2 = a2 −
1

1 + ε20
u1 = [0 − ε0 ε0 0]∗

u
(1)
3 = a3 −

1

1 + ε20
u1 = [0 − ε0 0 ε0]∗

u
(2)
3 = u

(1)
3 −

ε20
2ε20

u2 =
[
0 − ε0

2
− ε0

2
ε0

]∗
q1 = [1 ε0 0 0], q2 =

1√
2

[0 − 1 1 0], q3 =
1√
6

[0 − 1 − 1 2]

q∗1q2 =
ε0√

2
, q∗1q3 =

ε0√
6
, q∗2q3 = 0

51 / 61



Modified Gram-Schmidt

u1 = a1 = [1 ε0 0 0]∗

u2 = a2 −
1

1 + ε20
u1 = [0 − ε0 ε0 0]∗

u
(1)
3 = a3 −

1

1 + ε20
u1 = [0 − ε0 0 ε0]∗

u
(2)
3 = u

(1)
3 −

ε20
2ε20

u2 =
[
0 − ε0

2
− ε0

2
ε0

]∗
q1 = [1 ε0 0 0], q2 =

1√
2

[0 − 1 1 0], q3 =
1√
6

[0 − 1 − 1 2]

q∗1q2 =
ε0√

2
, q∗1q3 =

ε0√
6
, q∗2q3 = 0

51 / 61



Householder’s algorithm

Let A ∈ Mmxn(K) with full rank

Q1A = A1

Q2A1 = A2

. . .

QnAn−1 = An = R

QnQn−1 . . .Q1A = R

Qk =

[
Ik−1 0

0 F

]
, FF ∗ = I
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Householder’s algorithm

Fx = ‖x‖e1

Consider v = x − ‖x‖e1 and H ⊥ v
The projection of x on H:

x − v∗x

v∗v
v

The reflection across H:

x − 2
v∗x

v∗v
v = Ix − 2Iv

v∗x

v ∗ v
= (I − 2

vv∗

v∗v
)x

F = I − 2
vv∗

v∗v
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Householder’s algorithm

Ak−1 =



x x x . . . x1 . . . x
0 x x . . . x2 . . . x
0 0 x . . . x3 . . . x
. . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . xk . . . x
0 0 0 . . . xk+1 . . . x
. . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . xm . . . x


=

[
A1,1 y0 A1,2

0 y A2,2

]

y = [xk xk+1 . . . xm]T

[
I 0
0 F

] [
A1,1 y0 A1,2

0 y A2,2

]
=

[
A1,1 y0 A1,2

0 Fy FA2,2

]
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Sign of Householder’s reflector

Fx = z‖x‖e1, |z | = 1

Numerical stability: ‖x − z‖x‖e1‖ = ‖v‖ = max

x = xke1 + x0

Fx = αx

‖x − Fx‖ is maximum when ‖(xk −α)e1 + x0‖ ≤ |xk −α|+ ‖x0‖ is
maximum ⇒ |xk − α| = |xk |+ |α|

sgn (xk) = sgn (−α) = sgn (−z) = sgn (z)⇒ z = − sgn (xk)
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Computing Q

QnQn−1 . . .Q1A = R

A = Q∗11Q∗2 . . .Q
∗
nR

Q∗1Q
∗
2 . . .Q

∗
n = Q

I (2) = Q1I , I
(3) = Q2I

(1), . . . Q∗ = I (n) = QnI
(n−1) ⇒ Q = I (n)∗

Linear Systems:

Ax = b ⇒ Q1Ax = Q1b ⇒ . . .Q∗Ax = Rx = Q ∗ b

Ax = QRx = b ⇒ Rx = Q∗b
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Stability of Householder’s algorithm

We know if QQ∗ = I

Qx = y ⇒ ŷ = (Q + δQ)x , ‖δQ‖F = O(ε)

QA = B ⇒ B̂ = (Q + δQ)x , ‖δQ‖F = O(ε)

QnQn−1 . . .Q1A = R ⇒ Q̂∗A = R̂, ‖Q̂∗ − Q∗‖ = O(ε)

Householder’s orthogonal triangularization is backward-stable

A = QR ≈ Q̂R̂ ⇒ A + δA = QR̂,
‖δA‖
‖A‖

= O(n)
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Qx = y ⇒ ŷ = (Q + δQ)x , ‖δQ‖F = O(ε)

QA = B ⇒ B̂ = (Q + δQ)x , ‖δQ‖F = O(ε)

QnQn−1 . . .Q1A = R ⇒ Q̂∗A = R̂, ‖Q̂∗ − Q∗‖ = O(ε)

Householder’s orthogonal triangularization is backward-stable

A = QR ≈ Q̂R̂ ⇒ A + δA = QR̂,
‖δA‖
‖A‖

= O(n)

57 / 61



Given’s rotation



1 0 . . . 0 0
0 1 . . . 0 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . .

xk−1√
x2k−1+x2k

xk√
x2k−1+x2k

0 0 . . . −xk√
x2k−1+x2k

xk−1√
x2k−1+x2k




x1
x2
...

xk−1
xk

 =


x1
x2
...√

x2k−1 + x2k
0



G1x = G (1)G (2) . . .G (k−1)x = ‖x‖e1

GnGn−1 . . .G1A = R
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Cholesky algorithm for QR

(A∗A)∗ = A∗(A∗)∗ = A∗A

A∗A = LL∗

L−1A∗A = L∗

(L−1A∗)(L−1A∗)∗ = L−1A∗AL−∗ = L−1LL∗L−∗ = I

A∗ = LL−1A∗ ⇒ A = (L−1A∗)∗L∗
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