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ABSTRACT. A general nonresonance theory of semilinear operator equations
under regularity conditions is developed. Existence of weak solutions (in the
energetic space) is established by means of several fixed point principles. Typ-
ical applications to elliptic equations with convection terms are presented.
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1 Introduction and Preliminaries

In this paper we present existence results for the problem

(1.1) {Au:cu—i—F(u,Su)

u € Hy,
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where A is a linear and positively defined operator defined on a subspace
of a Hilbert space H, the constant c is not an eigenvalue of the operator
A and the operator S is a linear and continuous operator

S:HA—>Y,

from the energetic space H4 associated to the operator A to a Hilbert
space Y, such that

(1.2) IS < 1.
The operator F' is a general continuous operator
F:HxY — H.

The aim of this paper is to extend the results from [9] making them
applicable to elliptic equations with convection terms. The technique
used in the proof of our results was initiated by Mawhin and Ward in
the early eighties ([5], [6]) and since then it has been extensively used
for different classes of ordinary differential equations, partial differen-
tial equations and integral equations (see, for example [1], [3], [7], [10],
[11], [12], [13], [14], [15]). The typical example of problem (1.1) is the
following boundary value problem:

—Au = cu+ F(u,Vu), inQ
u € Hy(),

where
S:=V:H}Q) = L*(Q;R").

In what follows, we present basic results from the abstract linear
variational theory (see [8]). Let A : D(A) C H — H be a linear
operator with D(A) dense in H, positively defined, i.e., symmetric in
the sense that (Au,v)y = (u, Av)y for every u,v € D(A) and with
(Au,u) g > 2 Hu||12q for every u € D(A) and some constant v > 0. The
linear subspace D(A) is endowed with the inner product

(u, U)HA = (Au,v) gy
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and the energetic norm ||lul|z, == y/{u,u) . The completion of (D (4),

(-»-)p,) s called the energetic space of A and is denoted by Hy4. Since
A is positively and densely defined, we have

1
(1.3) Jully < = Jully, for all we Ha

From the Riesz representation theorem, it follows that for each f €
H, there exists a unique uy € Hy with (uy,v), = (f,v)y for every
v € Hy. We denote uy by A=l f and we called it the weak (or generalized)
solution of the equation Au = f. Thus
(1.4)
A':H - HsCH, <A71f,fu>HA = (f,v)y for fe H ve Hy.

Clearly, the linear operator A~! from H to H is symmetric. From
(1.3) and (1.4) we have

(AT ) = A7, = 2P 1A AL

Hence A~! is positively defined. In addition, A~! is completely con-
tinuous if the embedding of H4 into H is completely continuous. In
what follows we assume that the embedding of H4 into H is completely
continuous. Then, from the general theory of eigenvalues and eigenvec-
tors of linear, positively defined and completely continuous operators,
see [2] and [14], we know that: all eigenvalues of A~! are positive; the
set of eigenvalues of A~! is nonempty and at most countable; zero is the
only possible cluster point of it; there exists an orthonormal set (¢) of
eigenvectors of A~! which is at most countable and it is complete in the
image of A71, i.e.,

(1.5) Aty = Z <A_1u, ¢’€>H ¢ for all u € H.

Assume that D (A) is infinite dimensional. Then the image of A1 is
infinite dimensional and so there exists a sequence (j),~, of eigenvalues
of A~ and correspondingly, an orthonormal (in H) sequence (¢y);, of
eigenvectors. Let A\ := u_lk Then 0 =: \g < A1 < Xy < ... < Xk <
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., A\p — 00 as k — oo, and from A~ l¢y = updr, we have

<(bk,1)>HA = /\k <(;5k,1)>H for all v € HA,

i.e.,, Agr = Ag¢r in the weak sense. Hence A\, and ¢y (k > 1) are the
eigenvalues and eigenvectors of A with ||¢y||; = 1. From (1.5) we have

that (¢r)r>1 is an Hilbert base in H and the sequence (A;l/zqﬁk)kzl is
an Hilbert base in H 4.
Now if ¢ is a real number with ¢ # Ag for all £ > 1, we denote

(1.6) e = max{]c—)\k]_l k= 1,2,...}.

We shall use the following lemma [13] (see also [12]).

Lemma 1.1 Ifc # A for allk > 1, then for each v € H, there exists a
unique weak solution uw € Hy to the equation

Lu:=Au—cu=wv

denoted by L™ v, and the following eigenvector expansion holds
(1.7) => (=) (v, k) bn
k=1

where the series converges in Hya. In addition,

(18) |27y < e ol

We shall look for weak solutions to problem (1.1), i.e. an element
u € Hy with

(1.9) <u’w>HA = C<u7w>H + (F(u, Su)7w>H>

for all w € Hy. If we look a priori for a solution u to (1.1) of the form
w= L~ 'v, with v € H, then we have to solve a fixed point problem in
H:

T(v) =,
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where

(1.10) T:H— H, T()=F(L 'v,SL ).

2 Nonresonance Existence Theory
Our first result is an existence, uniqueness and approximation theo-
rem.

Theorem 2.1 We suppose that

(2.1) Aj <c<Ajy1 forsomejeN, j>1, or0<c<A.
Also, we assume that

(22)  [[F(ur,v1) = F(ug,v2)llg < allur —uallg +b vy —vally

for all uy,us € H, wvi,v9 €Y, where a, b are two nonnegative constants
such that

(2.3) apie + b/ pe(1 + cpe) < 1,

with p. given by (1.6). Then, problem (1.1) has a unique solution u €
Hy. In addition,
T"(vg) — v in H asn — oo

for all vg € H, where u = L™ .

Proof. We show that T is a contraction on H. For this, let vi,vy € H.
Then, from (2.2) and (1.2) we have
(2.4)
1T (v1) — T'(v2)| ;7 +0[ISL™ (v1 —va) ||y
(v1 — vz)HH + 0[S L7 w1 = v) |,
H

L7 - )],

From (1.8) we have

(2.5) HL71(01 - Uz)HH < peflor — 2l -
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Next, note that by (1.7) and (1.6), for all v € H we have

O]g:l
(2.6) <pe X (v, 000y

k=1
2
= e [[v[l%r -

(v,L ), = <v, S (O — &) (0, ) g ¢k>H

Now, using (1.9), (2.5) and (2.6) we deduce

HL_l(Ul — U2)H§-IA =cC HL_l(vl — UQ)HZ + <’Ul - U27L_1(U1 - 02)>H
< el [Jor = val 3 + pe Jv1 — vl
< pe(1+ epte) lor — val [ -

Consequently, (2.4) implies

I7(01) = T(02)llgr < (aste +bv/melL+ cte) ) lon = vall -

This together with (2.3) shows that T is a contraction. The conclusion
follows now from Banach’s contraction principle. m

The next theorem is an existence result derived from Schauder’s
fixed point principle, assuming that nonlinearity F' has a growth at most
linear.

Theorem 2.2 We suppose that (2.1) holds, F' is continuous and satis-
fies the growth condition

(2.7) 1E(u, )l < allullg +0lolly + h,

for allu € H, v € Y, where h € Ry and a, b are as in (2.3). We also
assume that there exists a Hilbert space Z, with Z C'Y and such that

(2.8) the embedding of Z into Y is completely continuous.
In addition, we assume that

(2.9) LY H)c S(2)
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and that
(2.10) S is continuous from Ha NS~ (Z) to Z.

Then, problem (1.1) has at least one solution u € Ha N S™1(Z).

Proof. First we prove that T given by (1.10) is completely continuous.
It is obvious that T is a continuous operator. Let M C H a bounded
subset. As in the proof of Theorem 2.2 from [9],

(2.11) LY (M) is a relatively compact subset of H

since the embedding of H4 into H is completely continuous. Next, since
L~ is continuous from H to H, we have that L='(M) is bounded in
H 4. Also, by (2.9) we have that L~1(M) c S~Y(Z). Thus, L=1(M) is
bounded in H4 N S~(Z). Now, from (2.10) we deduce that SL~(M)
is a bounded subset of Z. Consequently,

(2.12) SL™Y(M) is relatively compact in Y,

since the embedding of Z into Y is completely continuous. Finally, by
(2.11) and (2.12) F (L~Y(M),SL~Y(M)) is relatively compact in H,
since F' is a continuous operator from H X Y into H.

Next, we prove that T is a self-map of a sufficiently large closed ball
of H. Similar estimates to those in the proof of Theorem 2.2 show that

1Ty <a HLilUHH +0 HSL*IUHY +h

< a[L710]y + b1 £, + 1
Y P s e

< (apte +by/meT ¥ ) [0l + b

Finally, condition (2.3) assures that we can choose

h
R> >0

- <cwc—|—b\/M)
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such that T is a self-map of the ball B(0, R) of H. The conclusion follows
now from Schauder’s fixed point theorem. m

Remark 2.1 Assumption (2.9) represents an abstract regularity condi-
tion.

The next result is based on the Leray-Schauder principle.

Theorem 2.3 We suppose that F' is continuous, bounded and has the
decomposition

F(u,v) = G(u,v) + Fo(u,v) + Fi(u,v).

Also, we assume that

(2.13) 0<c<pB<A,

(2.14) [1Eo(w, 0) |l < allullg +bllvlly + ho,
(2.15) 1F1(u, )l < an[ull g + bu llvlly + ha,
(2.16) (F1(u,v),u) <0,

(2.17) (G(u,v),u)y < (B—c) [JulF

for all w € H, v € Y,where a,a1,b,b1,hg,h1,0 € Ry. We also assume
that there exists a Hilbert space Z, with Z C'Y such that the embedding
of Z into Y is completely continuous. In addition, we assume that (2.9),

(2.10) hold and that
(2.18) a/M b/ <1— /A
Then, problem (1.1) has at least one solution u € Ha N S~1(2).

Proof. We look for a fixed point w € H of T. As above, T is a
completely continuous operator. We show that the set of all solutions
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to
(2.19) w = \T'(w),

when X € (0,1), is bounded in H. Let w € H be any solution of (2.19).
Let u = L™ w. Tt is clear that u solves

Au — cu = A\F(u, Su)
u € Hy

(2.20)
in the weak sense. Since u is a weak solution of (2.20), we have
(2.21) Jull?;, = (cu+ AF(u, Su),u)p .

From (2.17) we deduce

(cu + AG(u, Su),u) 4

5 99 =c(u,u)y + A (G(u, Su),u) 4
(222) <cllull? + (8- ) Julll = 8 ul -
We define
(2.23) R(u) = [ull%, — Bllull%.

Using (2.21), (2.22) and (2.16) we obtain

(2.24) R(u) = {cu+ AG(u, Su), u)y + A {Fo(u, f“)7 w) g

AP (u, Su) u) = Bl < [(Fo(u, Su),u) gl
On the other hand, if we denote
C = <’U,, ¢k>H = <u7¢k>HA /Aka

we see that

R(u) fwf)%>§nﬂ—mmi

1

(2.25) o
> (1-3/\) HU’HHA
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Recall that
M = inf {Jlul, /el we Ha\{0}},

Now using (2.25), (2.24), (2.14), (1.2) and the fact that A is a positively
defined operator, we obtain

2
(1 =8/M) ullfr, < [(Fou, Su),u) gl
< || Fo(u, Su)ll g lull 7
< (allullz +bllSully + ho) [lull 4
2
< aljully +bllully, ey + ko lluly
< % iz, + o lullf, +Cllullg,

for C = j—% > 0. Hence (2.18) guarantees that there is a constant r > 0,
independent of A, such that [lulg, <. Finally, a bound for [|[w| 5 can
be immediately derived from u = L~'w and (2.19). The conclusion now
follows from the Leray-Schauder principle. m

When G = F} = 0, Theorem 2.3 reduces to Theorem 2.2 for j =1,
since § = ¢ < A1 and (2.18) is equivalent to (2.3). Indeed, first note

that (2.13) implies p. = ﬁ Afterwards, (2.18) is equivalent to
(2.26) a+by/ A <A —p.

Condition (2.3) is equivalent to
a 1 c
b 1 <1,
/\1—C+ \/)\1—C<+)\1—C)

(2.27) a+by A <A\ —c

or, equivalently

Now (2.26) and (2.27) are the same since § = c.
The next result does not contain any regularity condition.

Theorem 2.4 We suppose that F' is continuous, bounded and has the
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decomposition

F(u,v) = G(u) + Fo(u,v) + Fi(u).

We also assume that

[ Fo(u1,v1) — Fo(uz,v2) |l g < allur —uall +blvr —vally,

[F1(w)]l g < a1 llullg + A
<F1(u)7u>H <0,

(G(uw),u)y < (B c) |ullfy,

for all u,uy,us € H, vi,v9 €Y, where a,a;,b,h € Ry. In addition, we
assume that (2.13) and (2.18) hold. Then, problem (1.1) has at least one
solution u € Hy.

Proof. First note that, as above, (2.18) implies (2.3).
Let T'= Ty + T4, where

To(v) = Fy (L v, SL™10)

and

Ti(v) = (Go L M)(v) + (Fro L) (v),

for all v € H. T} is a completely continuous operator. Next, as in the
proof of Theorem 2.1, one can prove that Tj is a contraction, since (2.18)
implies (2.3). Consequently, T is a set-contraction. Next, the a priori
bound of solutions is obtained by essentially the same reasoning as in
the proof of Theorem 2.3 from [9]. =

Notice that when G = F} = 0, Theorem 2.4 reduces to Theorem 2.1
for 0 < B =c< A
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3 Application to semilinear elliptic equations

In this section we apply the general theory developed in the previous
section to the weak solvability of the following boundary value problem:

(3.1) { —Au = cu+ F(u,Vu), inQ

u € HE (D).
Here, F' is a general continuous operator
F: L*(Q) x L*(Q,R") — L*(Q),

the constant ¢ is not an eigenvalue of the operator —A, while the general
operator S from Section 2 is

(3.2) S:=V:Hi(Q) = L*(Q;R").
In this case A = —A, D(A) =C§ (), H=L*Q), Hy = H}(Q), and
Y = L2(Q;R™).
By a solution of problem (3.1) we understand an element u € Hy
with
<u’ w>Hé =c <u7 w>L2 + <F(u7 VU), w>L2 ’
for all w € H}(R).

First we show that (1.2) from the general theory holds. Indeed, the
operator S = V defined by (3.2) is obviously a linear and continuous
operator. Moreover, we have that

[Sull 2@mny = IVullp2(qurny = el -
Thus, ||S|| =1, so (1.2) is satisfied.

We now rewrite problem (3.1) as a fixed point problem. We define the
operator L : C3 (ﬁ) — L3(2), Lu = Au—cu. The operator L has all the
properties described in Lemma 1.1. Let L™ : L*(Q) — H(Q) C L*(Q)
be the inverse of L in the sense of Lemma 1.1. If we look a priori for a
solution u to (3.1) of the form u = L~'v, with v € L?(Q), then we have
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to solve a fixed point problem in L*(Q) : T'(v) = v, where

(3.3) T:L*Q) — L*(Q), T(v)=F(L 'v,VL ).
Theorem 3.1 We suppose that

(3.4) Aj <c<Ajy1 forsomejeN, j>1, or0<c<A.

Also, we assume that

(3:5) [[F(u1,v1) = Fug,v2)ll 2 < aflur —uallp2 + bllvr — vall 2 rmy 5

for all uy,uz € L?(Q), v1,ve € L2(2,R™), where a, b are two nonnegative
constants such that

(3.6) ape + b/ pe(1 + cpe) < 1,

with pe given by (1.6). Then, problem (3.1) has a unique solution u €
H}(Q). In addition, T™(vy) — v in L*() asn — oo for all vy € L*(),
where u = L™ .

Proof. The proof is based on Theorem 2.1. Conditions (3.4), (3.5)
and (3.6) imply (2.1), (2.2) and (2.3), respectively. The conclusion now
follows by applying Theorem 2.1. =

Theorem 3.2 Suppose that 2 is C?, (3.4) holds, F is continuous and
satisfies the growth condition

(3.7) 1w, 0)|| 2 < alfu]l gz + 0 [v]l L2 pn) + P

for allu € L*(Q), v € L*(Q,R"), where h € Ry and a,b are as in (3.6).
Then problem (3.1) has at least one solution u € HE(Q) N H2(Q).

Proof. The proof is based on Theorem 2.2. Let the space Z from
the general theory be Z := H'(Q,R"). In this case we have S~1(Z) =
H?(9). Since Q is C2, by the Rellich-Kondrachov theorem, the embed-
ding of H(Q,R") into L?*(Q2, R™) is completely continuous, so condi-
tion (2.8) holds. Furthermore, it is well known that if Q is C2, then
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(=A)~1 (L*(Q)) € H? () and the linear map (—A)~! is also bounded
from L? (Q) into H? (2) . Consequently, L~ (L* (Q)) C H? (2), so (2.9)
holds as well. The operator S = V is a continuous operator from
HE(Q) N H?(Q) to HY(,R™), so (2.10) is true. Finally, (3.7) implies
(2.7) and the conclusion follows now by applying Theorem 2.2. =
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