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On the nonlocal initial value problem
for first order differential systems

Octavia Nica and Radu Precup

Abstract. The aim of the is to study the existence of solutions of ini-
tial value problems for nonlinear first order differential systems with
nonlocal conditions. The proof will rely on the Perov, Schauder and
Leray-Schauder fixed point principles which are applied to a nonlinear
integral operator splitted into two parts, one of Fredholm type for the
subinterval containing the points involved by the nonlocal condition, and
an another one of Volterra type for the rest of the interval. The novelty
in this paper is that this approach is combined with the technique that
uses convergent to zero matrices and vector norms.
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1. Introduction

In this paper we deal with the nonlocal initial value problem for the
first order differential system

2 (t) = f(tx(t),yt)
y () =g(tz(t),yt)  (ae on [0,1])

2 (0)+ Y ara(ty) =0 (1.1)
k=1

y (0) + Y ary(ty) = 0.
k=1

Here f,g:[0,1] x R?> — R are Carathéodory functions, t; are given points
with 0<t; <ty < ... <t, <1 and ag, ai are real numbers with

m m
14 ar#0and 1+ Y a #0.
k=1 k=1
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Notice that the nonhomogeneous nonlocal initial conditions

0) + Zakx(tk) =9
k=1

0) + Y ary(te) = o
k=1

can always be reduced to the homogeneous ones (with zy = yo = 0) by the
change of variables 1 (t) := x(t) — a ¢ and ya(t) := y(t) — @ yo, where

m -1 m -1
a= <1 + Zak> and a = (1 + Zak> .
k=1 k=1

According to [2], Problem (1.1) is equivalent to the following integral system
in C[0,1)?

0 =-a3 o | 1) vy ds+ [ 10000 as
:—aZak/ (s,z(s), (s))ds—i—/o g (s,z(s),y(s))ds.

This can be viewed as a fixed point problem in C'[0, 1]2 for the completely
continuous operator T = (T}, T5), T : C'[0,1]* — C[0,1]*, where T} and T
are given by

T ( ffaZak f (s,z(s) ds+/ f(s,z(s),y(s))ds,

Ty (x :faZak/ (s,z(s),y(s ))der/ g(s,z(s),y(s))ds.

0

Operators T7 and T appear as sums of two integral operators, one of Fred-
holm type, whose values depend only on the restrictions of functions to
[0,¢,], and the other one, a Volterra type operator depending on the re-
strictions to [t,, 1], as this was pointed out in [3]. Thus, T} can be rewritten
as Th = T, + Tvy,, where

_a;ak/() f(S,a:(S)aZ/(S))dS—F/O f(S,a:(s),y(s))dS’

if t <ty

o> [ F () p)ds+ [ F (s () p(s) d,
; k/o Y /0 Yy

ift>t,

Tr, (z,y)(t) =




On the nonlocal initial value problem 115

and
0, if t<tpn
Ty, (z,y)(t) = !
v (2, 9)(t) Fs,x(s),y(s))ds, if t >t
t'rn

Similarly, To = Tr, + Ty,, where

S [ s (). ds+ | g(sx(s) u(s) ds,
; k/o 9 y /Og y

if t <ty
sz(x,y)(t) =

—E;Ek/o g(syw(S),y(S))dSJr/o g (s, (s),y(s))ds,

ift >t

and
0, if t<t,

/t g(s,x(s),y(s))ds, if t>tp.

This allows us to split the growth condition on the nonlinear terms f(¢,z,y)
and g¢(¢,x,y) into two parts, one for ¢t € [0,t,,] and another one for ¢ €
[tm, 1], in a such way that one reobtains the classical growth when ¢,, = 0,
that is for the local initial condition 2:(0) = 0. In what follows, the notation
|| ¢[q,p) Stands for the max-norm on C'[a, ]

TV2 (.’ﬂ, y) (t) =

%] o) = MaXee(a) |2(2)]

while |[z([¢, 4 denotes the Bielecki norm

efﬁ(tfa)

=|z(t
||$||c[a7b] z (1) Clab]

for some suitable 6 > 0.

Nonlocal initial value problems were extensively discussed in the lit-
erature by different methods (see for example [2], [3], [5], [6], [8], [10]). The
results in the present paper extend to systems those established for equations
in [3]. The method could be adapted to treat systems of evolution equations
as this was done for equations in [4].

In the next section three different fixed point principles will be used in
order to prove the existence of solutions for the semilinear problem, namely
the fixed point theorems of Perov, Schauder and Leray-Schauder (see [10]).
In all three cases a key role will be played by the so called convergent to
zero matrices. A square matrix M with nonnegative elements is said to be
convergent to zero if

MF =0 as k— ooc.

It is known that the property of being convergent to zero is equivalent to
each of the following three conditions (for details see [10], [11]):
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(a) I — M is nonsingular and (I — M)~' =1+ M + M? + ... (where I
stands for the unit matrix of the same order as M);

(b) the eigenvalues of M are located inside the unit disc of the complex
plane;

(c) I — M is nonsingular and (I — M)~! has nonnegative elements.

The following lemma, whose proof is immediate from characterization
(b) of convergent to zero matrices, will be used in the sequel:

Lemma 1.1. If A is a square matriz that converges to zero and the elements
of an other square matrixz B are small enough, then A+ B also converges to
zero.

We finish this introductory section by recalling (see [1], [10]) three fun-
damental results which will be used in the next sections. Let X be a nonempty
set. By a vector-valued metric on X we mean a mapping d : X x X — R}
such that

(i) d(u,v) > 0 for all u,v € X and if d(u,v) = 0 then u = v;
(i) d(u,v) = d(v,u) for all u,v € X;
(iil) d(u,v) < d(u,w) + d(w,v) for all u,v,w € X.

Here, if z,y € R™, . = (x1,22, ..., Zn), Y = (Y1,Y2, .-, Yn), Dy = < y we mean
x; <y for i =1,2,...,n. We call the pair (X,d) a generalized metric space.
For such a space convergence and completeness are similar to those in usual
metric spaces.

An operator T : X — X is said to be contractive (with respect to the
vector-valued metric d on X) if there exists a convergent to zero matrix M
such that

d(T(u), T(v)) < Md(u,v) for all u,v € X.

Theorem 1.2 (Perov). Let (X,d) be a complete generalized metric space and
T : X — X a contractive operator with Lipschitz matriz M. Then T has a
unique fized point u* and for each uy € X we have

d(T*(ug), u*) < M*(I — M)~ d(ug, T(ug)) for all k € N.

Theorem 1.3 (Schauder). Let X be a Banach space, D C X a nonempty
closed bounded convex set and T : D — D a completely continuous operator
(i.e., T is continuous and T(D) is relatively compact). Then T has at least
one fixed point.

Theorem 1.4 (Leray—Schauder). Let (X,||.||) be a Banach space, R > 0,
Br(0;X) = {u € X : ||lu|| < R} and T : Br(0;X) — X a completely
continuous operator. If ||ul| < R for every solution u of the equation u =
AT (u) and any A € (0,1), then T has at least one fized point.

Throughout the paper we shall assume that the following conditions are
satisfied:

(HI) 14+ ax #0 and 1+ @ #0.
k=1

= k=1
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(H2) f,g:[0,1]xR? — Rissuch that f(.,x,%),9(.,,y) are measurable
for each (z,y) € R? and f(t,.,.),9(t,.,.) are continuous for almost all ¢ €
[0,1].

2. Nonlinearities with the Lipschitz property.
Application of Perov’s fixed point theorem

Here we show that the existence of solutions of problem (1.1) follows
from Perov’s fixed point theorem in case that f, g satisfy Lipschitz conditions
inxand y:

o byl —Z|+bily —7| ifte0,tn]
|f(t,a:,y)—f(t,x,y)| S _ ~ _ . (21)
alr—z|+c|y—7| ift€ [tm,1],
_ Bylo %+ Bily—7 if t€[0,tn]
lg(t,2,y) — g(t,7,7)| < e (2.2)
Cilz—Z|+Cily—7| ifte [tm,]]

for all z,y, 7,7 € R.

Theorem 2.1. If f, g satisfy the Lipschitz conditions (2.1), (2.2) and the ma-
trixz
bitmAr it A

. (2.3)
BlthQ Blthz

converges to zero, then problem (1.1) has a unique solution.

Proof. We shall apply Perov’s fixed point theorem in C'[0, 1]2 endowed with
the vector norm ||.|| defined by

l[ull = (llll Tyl

for u = (x,y), where for z € C'[0,1], we let

21l = max {2l 0,0, 12l ot | -
We have to prove that T' is contractive, more exactly that
1T (u) = T(@)|| < M [Ju— |

for all u = (z,y),u = (z,7) € C[0,1]* and some matrix My converging to
zero. To this end, let u = (x,y),uw = (T,y) be any elements of C [0, 1]2 . For
t € [0,t], if we denote

A =1+ |a|z:|ak|7
k=1
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we have

Ty (2, y)(t) — T1(2,7) ()]

= |—azak/0 f(S’fU(S),y(S))dS+/O f (5,2 (s),y(s)) ds
+aZak f s, T () ds—/ f(s ))ds‘

< A / 1 (5,2 (5),9(5)) — £ (5,7 (), 5(s))] ds

< bt Az — f'c[o,tm] +g1th1 ly — ylc[o t

itm]

Taking the supremum, we obtain that

T (2, y) — T (7, y)‘c[o,tm] < bitimAr |z — f|C[0,tm] + bitmAr |y — mc[o,tm} .
(2.4)
For t € [tm, 1] and any 6 > 0, we have

Ta (2, y)(t) = T1(2,5)(¢)]

= |—a;ak/0 f(s,o:(s),y(s))dw/O f(s,x(s),y(s))ds
—i—a;ak/o f(s,f(s),y(s))ds—/o f(s,T(s),7(s))ds

bitmAr |z =Tl opo4,,) + brtm ALY = Ylepo,r,,]

+/t (c1]z(s)x —Z(s)| +c1ly(s) —H(s)| )ds.

The last integral can be further estimated as follows:

IN

/t (cr]a(s)z —(s)[ + 1 ly(s) —H(s)| ) ds

m

t
= cl/ |z(s) — T(s)] - e 0 7tm) . efls—tm) g
tm

t
+51/ ly(s) —H(s)] - e 0(s=tm) . O(s—tm) gg
t

m
c1 g

C1 g(t— tm
—ft=tm) || —Zlog,, 1 + ?6 - Uleteny

IN

Thus
|T1 (.’13, y) (t) - Tl (Ea y) (t>|
< bitmAile = Tlgg )+ 01tm ALY = Tlep )

Cl _0(t—tm) EI 0(t—tm)
+ 7 e | 1+ 2 e

|z _T||C[tm,1 ly _y”C[tm,l]
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Dividing by e?(*~*m) and taking the supremum when t € [t,,, 1], we obtain
||T1 (ZL’, y) - Tl (T7 y)”c[th] (25)
< bt Ar |£E - f|C[0,tm] +Z1th1 |y - y|C[07tm]

C1 _ 6] _
< 'l Iz = Zl o, + 7 ly = Yllcw,., 1

Now (2.4) and (2.5) imply that

IT3(e.) = @l < (brtcts 4 53) o =21+ (Bits + 5 ) Iy =1

(2.6)
Similarly

o &
1oz, y) - To(z, y>|<(Blt A2+) |x—x||+<Blt A2+> ly -7l

(2.7)
where

m
As=1+a] Y [axl.

k=1
Using the vector norm we can put both inequalities (2.6), (2.7) under the
vector inequality

1T (u) =T (@] < Mo [|u—1ull,

where _ B
bitmAr + % bitm A+ G
Bitm Ay + G Bitm Az + %
Clearly matrix My can be represented as My = My + M;, where

[y
[
w20
0

Since M is assumed to be convergent to zero, from Lemma 1.1 we have that
My also converges to zero for large enough 6 > 0. The result follows now
from Perov’s fixed point theorem. O

)= (2.8)

%‘9 S

3. Nonlinearities with growth at most linear.
Application of Schauder’s fixed point theorem

Here we show that the existence of solutions of problem (1.1) follows
from Schauder’s fixed point theorem in case that f,g satisfy instead of the
Lipschitz condition the more relaxed condition of at most linear growth:

byle|+ by lyl+di ift €0, L]

_ . (3.1)
e lz| + ¢yl + do if t € [tm,1],

Lf(t 2, y)| < {
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Bilz|+ Bilyl+ Dy ifte€[0,tm
|g<t7x,y>|<{ el Bulyl+ Dy 0] (3.2

4 |.’1?|+Cl |y|+D2 ift e [tm71].
Theorem 3.1. If f,g satisfy (3.1), (3.2) and the matriz (2.3) converges to
zero, then problem (1.1) has at least one solution.

Proof. In order to apply Schauder’s fixed point theorem, we look for a
nonempty, bounded, closed and convex subset B of C'[0,1]? so that T(B) C
B. Let x,y be any elements of C'[0,1].

For t € [0,t,,], we have

Ty (2, 9) ()] = ’—azak f (s, (s) ds+/ f (5, (5),y(s)) ds

IN

A [0 ).t s
< bitmAs [zl + bitm AL Yo, + ditm Ad.
Taking the supremum, we obtain that
71 (, y)|c[0,tm] < byt Ay |$|C[0,tm] +glth1 |y|C[O,tm] : (3.3)

For t € [t;n, 1] and any 6 > 0, we have

Ty (2, y)(t)| =

—aZak f (s,z(s) ds—l—/ f(s,z(s),y(s))ds

< blthl |I|C[o,tm] +bit Ay Wlcpo.t,,) + ditmAr

+ / (1 [2()] + 7 [y(s)] + d2 ) ds

< bit,, Ay |x|C[0,tm] +glth1 |y|C[0,tm] + dit,, A + (1 — tm)dg

t
+ Cl/ |:L'(5)| . e_e(s_tm) . ee(s—tm)ds
t

m

t
+51/ ly(s)| - e=0s=tm) . fls=tm) g
¢

m

< bitmAs |2]op 4, +51th1 1Yo, T €0

C1 g(t—t

Cl o(t—tm, "
L o(t—tm) ||x||0tm) 1 + ;e ) Hy“c[tm,l] ’

0

where ¢g = dyt,, A1 + (1 —t,,)ds. Dividing by e 0(t—tm) and taking the supre-
mum, it follows that

+

1Tz Y,y < bitmAr[zlgp,) +blth1 Wlepe,,) — (34)

Hfﬂllc[tm N+ ”y”C[t ]+ co-
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Clearly (3.3), (3.4) give
¢ ~ c -
Tl < (s + 5 ) bl + (Bt + 5 ) Il 420 @9
where ¢y = max {d1t,, A1, co} . Similarly

C ~ C ~
|%mmm(&%@+;)wu(am@+;>m+ah(%)

with Cy = max {D1t,, Az, Co} . Now (3.5), (3.6) can be put together as
Co

Ty (z, T

[T (z, )l < M, (] L]
(T2 () llyll Co
where matrix My is given by (2.8) and converges to zero for large enough
6 > 0. Next we look for two positive numbers R;, Ry such that if ||z| <

Ry, |lyll € Ra, then |Ti(z,y)|| < Ri, ||T2(x,y)|] < Ra. To this end it is
sufficient that

(bitmAL + %) R + (Eﬁmx‘h + %) Ry +¢o < Ry

_ N _ (3.7)
(BitmAs + S Ry + (Blth2 + %) Ry + Co < R,

or equivalently

Ry Co Ry
MO ~ > )
Ry Co Ry
whence
R &
A
R2 CO

Notice that I — Mpy is invertible and its inverse (I — Mg)_l has nonnegative
elements since My converges to zero. Thus, if

B={(z,y) € C[0,1]*: ||z[| < R, [lyl| < R},
then T(B) C B and Schauder’s fixed point theorem can be applied. O

4. More general nonlinearities.
Application of the Leray-Schauder principle

We now consider that nonlinearities f, g satisfy more general growth
conditions, namely:

Sy < bl e 0t 1)
I s (ul), it € 1) |
wy(t,|ul,)  if t €0, tm]
ottt = { a(t)Bz(lul,) if t € [tn, 1], +
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for all u = (z,y) € R?, where by |u|, we mean the Euclidean norm in R
Here wy, ws are Carathéodory functions on [0, ¢,,,] x R4, nondecreasing in their
second argument, o € L! [t,;,, 1], while 81,32 : R4 — R, are nondecreasing
and 1/p1,1/B2 € Lj,.(R+).

Theorem 4.1. Assume that conditions (4.1), (4.2) hold. In addition assume
that there exists a positive number Ry such that for p = (p1, p2) € (0,00)*

b 1
&[T atdel ez o
0 1 N
. ) implies |p|, < Ro (4.3)
1
9—2/0 wa(t, |pl,)dt = 5
and
[e%s) dT /1
—— > a(s)ds, 4.4
re BU(T)+B2(T) ~ i, ) 4
tm 2 tm 2 1/2
where R* = <A1/ wl(t,RQ)dt> + (Ag/ wg(t,Ro)dt) ‘| .
0 0

Then problem (1.1) has at least one solution.

Proof. The result will follow from the Leray-Schauder fixed point theorem
once we have proved the boundedness of the set of all solutions to equations
u = AT'(u), for A € [0,1]. Let w = (z,y) be such a solution. Then, for
t € [0,t,,], we have

[z = [ATi(z, ) (@) (4.5)

Al—a) a kf(s,a?(s), (s))ds+ tf(s,at(s), (s))ds
kZ=1 k/o Y /0 Y

< (140> |> " F (sv (5) (o)) ds
( kz::l k /0 Yy
. / 1F (5, u(s))| ds

< Al/omwl(s, fu(s)]. )ds.

Similarly
t'rn
()] < A / wals, Ju(s)],)ds. (4.6)
0

Let p1 = [Z|cj9,4,.1 5 P2 = [Ylc(o,r,,) - Then from (4.5), (4.6), we deduce
t’Wl
p1 < Al/ wi(t, |pl,)dt
0

tn
p1 < Al/ wi(t,|pl,)dt.
0
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This by (4.3) guarantees
ol < Ro. (4.7)
Next we let t € [y, 1]. Then

()] = IATl(w y)(t )\

*azak fsx der/fS:ﬂ

IN
=
c\ﬁ_

3
&
~
=
N
IS8
53
_|_
=
%
8
©
a
V)

< Al/o o (t Ro)dt + /m a(s)Bu(Ju(s)],)ds
= . ¢1 (t)
and similarly
wol < A / " walt, Ro)dt + / RICCARORE
= N ¢2(t)
Denote 9(t) := (¢% (t) + ¢3 (t))1/2 . Then

{ ¢1(1) = a(t)B(Ju(®)],) < a(t)Bi(¥ (1)) (48)
Gy (t) = a(t) Ba(|u(t)],) < a(t)B2(1) (1))
Consequently
/ $1(1)81 (1) + (1) o (1)
1(t) P2(t)
< a(t)- 0 B (1) + alt) - o) Bt (1))

IN

a(t) [B1(4 (1) + Ba(¥ (1))] -

It follows that

/ By +52 ())dsﬁ/;a(s)ds.

Furthermore, also using (4.4) we obtain

'ﬁb(t) d7— t 1 [ee} dT
/w(t,,n B+ ) / ols)ds < / s < [ B+ 0 Zom
4.9

Note that v (t,,,) = R*. Then from (4.9) it follows that there exists R; such
that

Y(t) < Ry
for all t € [ty, 1]. Then |z(t)| < Ry and |y(t)| < Ry, for all ¢ € [t,,, 1], whence

Zlop,, ) < B Wlep,, ) < B (4.10)
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Let R = max{Ro, R }. From (4.7), (4.10) we have |z|q ) < Rand [y|q)o 4y <
R. O

Remark 4.2. If w; (t,7) = o (t) Bo (), then the first inequality in (4.3)
implies that Gy (1) < er + ¢ for all 7 € Ry and some constants ¢ and ¢/,
i.e. the growth of Gy is at most linear. However, #; may have a superlinear
growth. Thus we may say that under the assumptions of Theorem 4.1, the
growth of f (t,u) in w is at most linear for ¢ € [0,¢,,] and can be superlinear
for t € [tm,1]. The same can be said about g (¢,u).

In particular, when ¢,, = 0, that is when problem (1.1) becomes the
classical local initial value problem

x = f (taxv y)
¥y =gt,z,y) (ae te]l01]) (4.11)
z(0) =y (0) =0,

our assumptions reduce to the classical conditions (see [7], [9]) and Theorem
4.1 gives the following result:

Corollary 4.3. Assume that

fEwl < a®)Bi(lul,),

lg (t,u)] < a(t)Ba(Jul,)
for t €10,1] and u € R?, where o € L' [0,1], while 31,02 : Ry — Ry are
nondecreasing and 1/31,1/B32 € L} (Ry). In addition assume that

loc

[ mevmm =, oo

Then, problem (4.11) has at least one solution.

«
(&%
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