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1 Introduction

This paper deals with weak solvability of the Cauchy-Dirichlet problem for
the perturbed Schriodinger equation:

up —iAu=®(u) in Qx(0,7)
u(z,0) = g (x) in Q (1.1)
u=0 on 00 x (0,T).

Here Q C R"™ is a bounded domain and ® is a general nonlinear operator
which, in particular, can be a superposition operator, a delay operator, or an
integral operator. Specific Schrédinger equations arise as models from several
areas of physics. The problem is a classical one (see [2-6] and [11]) and our
goal here is to make more precise the operator approach based on abstract re-
sults from nonlinear functional analysis. More exactly, we shall precise basic
properties, such as norm estimation and compactness, for the (linear) solu-
tion operator associated to the nonhomogeneous linear Schrédinger equation
and we shall use them in order to apply the Banach and Schauder theorems to
the fixed point problem equivalent to problem (1.1). A similar programme
has been applied to discuss nonlinear perturbations of the heat and wave
equations in [8-10].
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Compared to [8-10], here all spaces consist of complex-valued functions.
Thus L2 () is the space of all complex-valued measurable functions u with
Jo lu (z)|? dz < oo endowed with inner product and norm

(o) = [ w@)v@dn, ful: = ( / |u<x>|2dx)é.

Also the Sobolev space of complex-valued functions H} (2) is endowed with
inner product and norm

"\ Ou v 1
(uvv)H(} :/Q <;8xkazk> dx, \u|Hé = (u7u)Hé.

As usual by H~! (Q) we denote the dual of H{ (Q), that is the space of all
linear continuous complex-valued functionals on H} (€2) . The duality between
H} () and H™1(Q) is defined as follows: for f € H~1(Q) and u € H} (Q),
(f,u) stands for the valued of f at w; in particular, if f € L} (), then
(f,u) = [ fudz, and if f € L*(Q), then (f,u) = (f,u) 2. Recall that —A
is an isometry between spaces Hg () and H~! () (see, e.g., [1] and [8]).

Throughout this paper by Ax and ¢y, (k = 1,2, ...) we mean the eigenvalues
and eigenfunctions of —A. Thus

—Adr = A\pgr  in Q
o =0 on 0.

If we assume that |¢p|,. = 1, then the systems (¢x);~ (\/%gbk) Loy M€
2 1

orthonormal and complete in L? () and Hg (2), respectively.

2 The nonhomogeneous Schrodinger equation
in H1(Q)

First we need the following lemma, the version for complex-valued functions
of a result from [8], which is a generalization to H ! () of Parseval’s relation
and of the completeness property of eigenfunctions ¢;. We include its proof
for the sake of completeness.

Lemma 2.1 (a) For any u € H~1(Q), one has

= (u,¢x)px (in H'(Q)) (2.1)
k=1
and -
> 5 w60 = fufy-» 22)
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(b) If uwe L*0,T; H (%)), then

oo

=Y (w¢x)dr  (in L*(0,T; H(Q))).

k=1

Proof. (a) We use the fact that —A is an isometry between spaces H{ (Q)
and H=' (Q). Thus, if u € H~(Q), then (=A) " 'u € H} () and equality
(2.1) is equivalent to

= (u,00) (-A) Mg (in Hj ().

k=1

Since (~A) " ¢p = - and (u, dy) = ((—A)‘1 u,¢>k)H1 , the last equality

0
can be rewritten as

(—A) u= Z ((_A)l u, \/1/\7@)[{1 \/%@ (in Hj ().
k=1 0

But this equality is true since the system (ﬁqﬁk) is complete in H} ().
Equality (2.2) is equivalent to Parseval’s equality in H} (Q2) for the func-
tion (—A) ' u.
(b) According to (2.2) one has

B3 = ; Aik l(w(t),¢n)]® forae tel0,T].

Thus the problem reduces to the convergence in L' (0, T') of the sequence of
partial sums. This happens by the Lebesgue dominated convergence theorem
since the partial sums are dominated by the function ¢ ~ |u (.)|7,_1 belonging
to L1 (0,T). m

Remark 2.1 If the eigenfunctions ¢y are normalized in L? (), then:

(i) one has
1

|¢k|L2 =1, |¢k|Hé = \/>\7k-7 |¢k|H—1 — ﬁ;

(ii) the systems (o), (\;%) . (VAkor) are othonormal and complete in

L?(Q), Hi (Q) and H~! (), respectively;

(iii) due to the embeddings L? () C H} (Q) € H~1(2) and to the com-
pleteness of the system (@) in all the three spaces, the Fourier series
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of a function u € L2 (Q) with respect to the three systems from (ii), in
L2 (Q), HE (Q) and H~! (), respectively, that is

D (wdk) pa by Y <U, j%)m \;b)%’ > <ua \/Eébk)HA VAkor,

are identical and can be written as > (u, @) ¢, where by (u, ¢y) we
mean the action of u as an element of H~! (Q) over ¢;. Note that the
scalar product in H~! () is given by

(U, 0) gy = ((—A)_lu,(—A)_lv)

Hp

Consider the Cauchy-Dirichlet problem for the nonhomogeneous Schrédin-
ger equation
ug —iAu=f in Qx(0,7T)
u(z,0) =g (z) in Q (2.3)
u=0 on 99 x (0,7).

We shall apply Fourier’s method. For the first result, we shall work uni-
tary in one of the spaces H} (Q), L? (), H~'(Q2), which is denoted by
V, endowed with the corresponding inner product (.,.),, and norm |.|;, and
we shall assume that |¢y|,, = 1 for every k. We already know that the system
of eigenfunctions (¢y) is complete in each of the three spaces. In what follows
the notation C* ([0,7];AV) is used to denote the space of all functions u
with (=A) ' u e C1([0,T];V).

Theorem 2.1 Assume that g € V and f € C([0,T];V). Then there exists
a unique function u € C ([0,T];V)NC*([0,T); AV) with u (0) = g and

u (t) —iAu(t)=f(t) in AV (t€][0,7T]). (2.4)

In addition
¢
wl <2(lof+e [ Ir@kas), tep. @)
0
Proof. (a) We look for a solution in the form
w(t) =Y up (t) o (2.6)
k=1
If we formally replace into (2.3) we obtain
. t .
ug (t) = e Mty + / e*”"“(tfs)fk (s)ds (2.7)
0

where fi (t) = (f (), ¢x)y and gr = (g, )y -
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(b) Series (2.6) defines a function v € C ([0,7];V). Indeed its uniform
convergence reduces to the uniform convergence of the series a real functions

S ug (8)]° . We have
2 <|gk|2 ([ 1eas) ) (23)

2 (1 +1 [ 15 as).

Thus the uniform convergence of 3" |uy (£)|? is reduced to the convergence
of the series of numbers 3" |gx|* and ZfOT | /% (s)|? ds. According to Parse-
val’s relation, the sum of the first series is |g\%, while of the second one
fOT £ (s)[3 ds since f € C([0,T];V).

(c) u e C1([0,T]; AV). We have to prove that

Jure (1)1

IN

IN

vi=(=A)""ue CH([0,T];V).
One has .
v =Y w0 (A b= Y L 1) o,
k=1

Thus the problem is to show the uniform convergence in V' of the series of
derivatives

This reduces to the uniform convergence of the series > /\% [uj, () . We have
k

t
), (t) = —i)\ke_l)‘ktgk + fi (t) —idg / e_l)"“(t_s)f;€ (s)ds.
0

Then

1 3 !
w0 < % (Rlal 415 OF 0 [ 156 as)
k k 0

IN

3 (|gk2+j§|fk o+ [ 1 <s>2ds).

So we are finished since 3" |gx|> = |g|%, and S |fx )2 = |f (t)|%/ uniformly
on [0,77].

(d) Identity (2.4) follows if we pass to the limit in the corresponding
identity for partial sums.

(e) Uniqueness. Assume uy, uy are two such functions. Then u := uy —us
satisfies u (0) = 0 and o’ (t) —iAu (t) = 0 in AV, ie., (=A) " o/ () +iu (t) =
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0 in V. Denote v := (—A) " w. Then v (0) = 0 and v’ (¢) +iu () = 0 in V. In
particular, this gives
' (1), v (®)y +i(u(t),v(t)y =0

Observe that (u (t),v (t));, € Ry (verify for each space L? (), Hg (2) and
H~1(Q)), and that

Re (0! (1), 0 1)y = 5510 (%

Hence 4 |v (t)|%, =0on [0,7]. Thus |v (t)|%, is constant and since v (0) = 0,
we have v (t) = 0, hence u = 0, that is u; = us.

(f) Relation (2.5) is an immediate consequence of (2.8). m

If f is less regular in  and more regular in ¢, then we have:

Theorem 2.2 Assume that g € H} (Q) and f € C* ([0,T]; H™* (Q)) . Then
there eists a unique function uw € C ([0,T]; Hj (Q2)) N C* ([0,T]; H~* (2))
with v (0) = g and

u () —iAu(t)=f(@) in H Q) (t€][0,1]).
In addition

0Ol <4 (los = O+ F O+ [ 17 6 as)
and .
o <3 (lolly +17 O+ [ 17 @fds). (29)

Proof. As above we look for a solution in the form (2.6), where this
time we assume that |¢x|,» = 1. Hence in (2.7), fp (t) = (f(¢),¢x) and
gr = (g, ¢r) . First note that using derivative f, wuy (t) can be written as

t
() = gk [N (5)ds
0

, [t . !
— e—z)\ktgk _ /\Lk/ (e—z)\k(t—s)) flc (S) ds
0

. . - t
e e AURE Cl A

(a) u e C([0,T]; H} (€2)) . This reduces to the uniform convergence of series
S Ak Jug (£)]? which follows from the estimation

g Jug (8)]?

1 1 ¢
Dy (|gk|2 + 5 0 + 57 1 O + jk / L (5) ds)

IA

IN

s 1 s 1 5 b1, 2
4(Ak|gk| 4 U OF + 12 0) +t/0 AL ds).
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(b) uwe C*([0,T]); H* (Q)) . Follows from the estimation

2

1 1 . t
— W @) = — |—idee Mg+ f () — i) / e M9 £ (s) ds
Ak Ak 0
1 ) t . / 2
= 3 —i)\ke_”"“tgk—i—fk (t)—/ (e_”"‘(t_s)) fr(s)ds
k 0
1 t ?
= —ihge Mrtg e f, (O)—|—/ eii)"“(tfs)f,g (s)ds
k 0
g 1 2 b, 2
< 3 Ak lgkl +)\7|fk(0)| +1 )\*|fk(3)\ ds | .
k 0 Ak
]

We shall associate to the Cauchy-Dirichlet problem with ¢ = 0 for the
Schrédinger equation, the following solution operator:

S+ (0,7 HTHQ)) = C([0,T]; HH(Q)),
foe C(o0TIsH-H () = Sf € C([0,T]; H™ (),

(SHE) = D w(®) b, |l =1,
k=1

up (t) / e MU fi(s)ds, S () = (f (1), 1)

0

Hence Sf is the unique function u satisfying the conditions of Theorem 2.1,
for g = 0.

3 Properties of the Schrodinger solution
operator

3.1 Norm estimations

It follows from (2.5) and (2.9) that the solution operator S is a linear con-
tinuous self-mapping of

C([0,T];Hy (), C([0,T];L?(Q2)) and C ([0,T]; H " (Q)).
Also
S(Cct([0,7];H 1 (Q))) c C([0,T]; H () nC* ([0,T]; H ' (Q)).
Theorem 3.1 (i) Let f € C([0,T];V). Then for every t € [0,T),
(S Oy < V2 flp20,0v) - (3.1)

Here, as above, V is any of the spaces L* (), H} () and H=1(Q).
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(ii) Let f € C* ([0,T]; H™'(2)). Then for every t € [0,T],

(S Oy <12 (1F O+ 1 a0 0)

and ) ) )
(S O <3 (15 O + 1 om0

Proof. (i) Simple consequence of (2.5).
(ii) Use (2.9) and

ﬂﬂzﬂ@+£ﬂ@ﬂ&

whence .
PO <2 (OB +o [ 17 G as).

3.2 Compactness

This subsection deals with the complete continuity of the solution operator
S. We shall also use the following result (see [8] and [12]) :

Lemma 3.1 Let X, B and Y be Banach spaces with the inclusion X C B
compact and B C'Y continuous. If a set F is bounded in LP(0,T;X) and
relatively compact in LP(0,T;Y) where 1 < p < oo, then F is relatively
compact in LP(0,T; B).

Theorem 3.2 (i) The solution operator is completely continuous from
C([0,T]; HE (Q)) to C([0,T]; LP(Q)) for every 1 < p < 2*.

(ii) The solution operator is completely continuous from C1([0,T]; H=1(Q))
to C([0,T]; LP (Q)) for every (2*) < p < 2*.

Proof. (i) Obviously, if M is a bounded subset of C([0,T]; H} (£2)), then
SM is bounded in C([0,T]; Hg (Q2)), as shows Theorem 2.1. Consequently,
SM is also bounded in C([0,T7]; LP(2)), and for each t, (SM) (t) is a bounded
subset of Hg (), thus relatively compact in LP (£2) . It remains to prove that
SM is equicontinuous in C ([0,7];LP (?)). To this end, let f € M and
u = Sf. We have

t 2 t
lug (£) — ue (¢)° = / e~ M=) £ (s) ds §|t7t’\/ | £ ()] ds.
t/ t/

It follows that

T
u®) —u @)y <le-t1 [ 1763
0



Nonlinear Schrodinger Equations 713

This together with |u (t) —u ()|, < Clu(t) —u (t/)|Hé proves the equicon-
tinuity of SM.

(ii) If M is bounded in C([0,T]; H L(Q)), then SM is bounded in
C([0,T); H} (Q)) and in C’l([O T] H~1()). This implies that SM is rel-
atively compact in C ([0,7]; H~* (Q)) . Then, from Lemma 3.1, we deduce
that SM is relatively compact in C([0,7]; LP (2)). m

4 Nonlinear Schrodinger equations

4.1 Applications of Banach’s fixed point
theorem

Our first existence and uniqueness result for the semilinear problem (1.1) is
established by means of Banach’s fixed point theorem.

Theorem 4.1 Let g € L? (Q) and ® : C ([0,T]; L* (2)) — C ([0, T]; L* (Q))
be a map for which there exists a constant a € Ry such that the following
inequality holds for all u, v € C ([O,T]; L? (Q)) :

[@(u)(t) = @(v) ()| > < alut) —v(t)|. for every t€[0,T].  (4.1)
Then there exists a unique function
ue C([0,7]; L*(Q)) nC* ([0, T]; AL*())
such that

{ u (t) —iAu(t) =@ (u) (t) in AL?(Q), for every t€[0,7T],
u(0) = go.

Proof. Let uy be the solution of problem (1.1) corresponding to ® = 0.
We have to solve the fixed point problem

w=1p+(So®)(u), ueC([0,T];L(%)).

The conclusion will follow from Banach’s fixed point theorem once we have
shown that the operator

A:C([0,T]; L% () = C ([0,T];L* (), A(u) =ug+ (So®)(u)

is a contraction with respect to a suitable norm on C ([0, T];L? (2)) . Let
u, v e C([0,T];L?(Q)). We have

[A() () = A@) (D)7 = [S(@(u)—®(@v) (1)
< 2P (u) = @ ()72 (041202 -
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Let 6 > Ta? be a fixed number and consider the norm on C ([0,77;L? (Q)) ,

Furthermore,

| (u) — @ (U)|2L2(o,t;L2(Q))

t
< a? ||u—v\|2/ e ds
0
2
a 2
= ol (- 1)
2
< g =l e
Hence
2 _ ta’ 2 20t
|4 (u) (1) = A(v) )72 < - llu = vf" ™
Dividing by €2t and taking the maximum over [0, 7] yields
VTa
Au)—AW)| < u—v|.
A (u) ()H_\@H I

0

t
a2/ e205e7295 |y (s) — v (8)|ig ds
0

Since VTa/V < 1, the operator A is a contraction on C ([0,T];L? (Q))

with respect to the norm ||.||. m

Example 4.1 Let ¥ : L?(Q) — L?(Q) be a map for which there exists a

constant a € Ry with

(W (u) = ¥ (v)]12) S alu—vlpq) forall u, veL?(Q).

Then the map @ : C ([0,7]; L*(Q)) — C ([0,T]; L* (Q)) given by

@ (u) (t) = W (u(t)

(ueC([0,T);L*(Q), t€0,T))

satisfies all the assumptions of Theorem 4.1.

(4.2)

Example 4.2 Let ¢ :  x C — C be a continuous function such that
¥ (.,0) € L? () and there is a constant a € R, with

v (z,71) =Y (2, 72)| < alm — Tl

for all # € Q and 71, 72 € C. Then the operator ¥ : L? (2) — L? (2) defined

by

U (u)

satisfies the condition from the previous example.

¥ (sul)
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Indeed, we may write

U(uw)=9(,0)+h(,u())
where h (z,7) = ¢ (x,7) = (x,0) . Notice that |h (x,7)| < a|7| (for all z €
and 7 € C), so the superposition operator h (.,u(.)) (see [7]) maps L? (2)
into L? (Q) and |k (., u(.)) —h (v ()| <alu—v|..
Denote
Co ([0,T); HH () = {u e C* ([0,T); H () : u(0)=0}.
Theorem 4.2 Let g € H} () and let
®:C([0,T); Hy () = Cg ([0,T); H* ()

be a map for which there exists a constant a € R such that the following
inequality holds for all u, v € C ([0,T]; Hg (Q)) :

D) (£) = ®(0) (8)] s < alult) —v(t)| for every ¢ € [0,T)
Then there exists a unique function
ue C([0,7];Hy(Q)nC* ([0, T]; H ()
satisfying

{ w(t) —iAu(t) =@ (u)(t) in H-Y(Q), forevery te[0,T],
u (0) = go.

Proof. We have to solve the fixed point problem for the operator A :
C ([0, T]; H} (€2)) — C ([0,T); Hg (), A(u) =g+ (So®) (u). We have

A@w) (1)~ A@) (O = 1@ ) - @) (1)
- 12t/0 | (u) () — @ (v)' (5)| 5, ds

t
< 12ta2/0 |u(s) _U(S)ﬁ{é ds.

As above, if we consider 6 > 6Ta? and norm ||ul| = max;eo 7] (|u (t)|Hé e_(”)
on C ([0, T]; H} (Q)) , we obtain

[A(w) = A(v)]| < a\/?llu =l
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Example 4.3 Let & : C ([0,T]; H} () — C ([0,T); H~*(2)) be a map
for which there is a constant a € R such that

@0 (u) (1) = Do (v) ()| -1 < alu(t) —v (Bl

for all u, v e C([0,T]; Hj (2)) and ¢t € [0,T]. Then the map ® given by

¢WMﬂ=A¢Mw@Ms

satisfies all the assumptions of Theorem 4.2.

4.2 Applications of Schauder’s fixed point
theorem

The next existence results are based on Schauder’s fixed point theorem. The
Lipschitz condition on the nonlinear term ® in Theorem 4.1 is weakened to
a condition of at most linear growth.

Theorem 4.3 Let g € H} (Q), p € [1,2%) and ® : C([0,T]; LP (Q)) —
C ([0, T); H} () a continuous map for which there exists a constant a € R
such that the following inequality holds for every u € C ([0, T]; L? ()) :

|D(u)(t) — <I>(0)(t)\H% <alu(t)|,, forevery te[0,T].
Then there exists at least one function
ue C([0,T]; Hy(Q))nC* ([0, T]; H1())
such that

{ w (t) —iAu(t) =@ (u)(t) in HL1(Q), for every t€[0,7T],
u(0) = go.

Proof. We look for a fixed point of the operator
A:C([0,T) L7 () = C([0,T]; L7 (2)), N(u) = uo + (S0 @)(u).

Theorem 3.2 and the continuity and boundedness of the operator ® guaran-
tee the complete continuity of A. It remains to find a nonempty, bounded,
closed and convex subset D of C([0,T]; LP (Q?)) with A(D) C D. Let u €
C ([0,T]; L (£2)) . As in the proof of Theorem 4.1, one obtains

A @) (1) = A0 (Dl < el Alu) (1) = A(0) (D),
= ¢|S(®(u) = 2(0)) ()| 2
< 2ct|®(u) - P (0)|2L2(0,t;H3(Q)) :

IN
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Since
O LTI R IOICI A

t
< @ [ i

we have
|A(u) (t) — A(0) ()7, < 2a26t/ |u(s)[7, ds.
0

Ifin C ([0, T]; LP (£2)) we consider the norm ||ul| = max;e(o. 7] (Ju (¢)], e71),
then we deduce

14 @) = A < ay/ S Jul].

[A ()|l < [|A(0)]] +a\/§IIUI-

If we choose 6 > a?cT, then we can find a large enough R > 0 such that
|lul] < R implies ||A (u)|| < R. Thus, Schauder’s fixed point theorem applies.
[

Hence

Similarly, we have

Theorem 4.4 Let g € H} (), p € [(2°),2*) and ® : C ([0, T]; L? (Q)) —
C4 ([0, T); H1 () be a continuous map for which there exists a constant a €
R such that the following inequality holds for every u € C ([0,T]; L? ()) :

[B(w)' () = B(0) (1) ;1 < alu(t)], for every ¢ € [0,T].
Then there exists at least one function
ue C([0,T]; Hy(Q)nC* ([0,T]; H ()
satisfying

{ ' (t) —iAu(t) = (u)(t) in H1(Q), forevery te[0,T],
u(0) = go.

Example 4.4 Let & : C ([0,7]; L? (Q2)) — C ([0,T]; H~' (Q)) be a map for
which there is a constant a € Ry such that

@0 (u) (t) = o (v) ()1 < afu(t) —v ()L

for all u, v € C ([0,T); L? (2)) and ¢ € [0,T]. Then the map ¢ given by

@WMﬂ:A®Mwwms

satisfies all the assumptions of Theorem 4.4.
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