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ABSTRACT. In this paper we present compression-expansion fixed point
theorems in cones where the compression and the expansion conditions are
expressed in two norms.
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1 Introduction

Let (E,|.]) be a normed linear space and |.|| will be another norm on E.
Also C C E will be a cone, i.e., a nonempty convex (not necessarily closed)
set with 0 ¢ C' and AC' C C for all A > 0.We shall assume that there exist
constants cq, co > 0 such that

clz| < ||lz|| < exlz| forall z € C. (1)

Hence the norms |.| and .|| are topologically equivalent on C' (but not
necessarily on E).
In [5] the following two theorems are proved:

Theorem 1 Assume 0 < cap < R, ||.|| is increasing with respect to C, that
is ||z + y|| > ||z|| for all z,y € C, and the map N : {z € C: ||z|| < R} — C
1s compact. In addition assume that the following conditions are satisfied:

(h1) |N (z)| < |z| for all z € C with |x| = p,

(h2) [|N (2)|| > ||z|| for all z € C with ||z|| = R.

Then N has at least two fized points x1,x2 € C with |z1| < p < |z2| and
Jal] < B



Theorem 2 Assume 0 < %p < R, |.| is increasing with respect to C, and
the map N : {x € C: |x| < R} — C is compact. In addition assume that
the following conditions are satisfied:

(1) |V (@) < |lall for all z € C with |l2]) = p,

(h2) [N (z)| > |z| for all z € C with |x| =

Then N has at least two fized points x1,x2 € C with ||x1|| < p < [|z2]|
and |xa| < R.

The aim of this paper is to show that similar results are true if the
inequalities in (h1), (h2) are reversed.

2 Main results

Theorem 3 Assume 0 < ca p < R, ||| is increasing with respect to C, and
the map N : D = {xz € C :||z| < R} — C is compact. In addition assume
that the following conditions are satisfied:

(H1) |IN (2)|| > ||z|| for all x € C with |z| = p,

(H2) N (2)| < |z| for all z € C with ||z|| = R

Then N has at least one fized point x € C with p < |z| and ||z| < R.

Proof. Let 0 <e < cip and let N': {z € C: ||z| < R} — C be defined

by
—1
(802 5 (1)) w12
N'(z) = Lzl (HTRH:I:) if |z <p, |z >¢
SN (2a) i Ja| < p, 2] <.

For |z| > p, ||z]| < R, we have

G =)el=e |G )

<R.

Also, ) % H = R and for [|z| < ¢, HRxH < R. Hence N’ is well defined.

It is easy to see that N’ is continuous. In addition, since N is compact
-1

and the coefficients (IIxH + £ o] 1) , ”R” are located between two positive

constants, more exactly

R ' R
1§<+p—1> <= for |z > p
[zl [af c1p



we deduce that N’ is also compact.

Now if x| = p, then N’ (x) = HI”N (”—RH ) . From (H2) we have

¥ (e < ot

Hence |N'(z)| < |z| and so condition (hl) in Theorem 1 holds for N’.

Furthermore, if ||z|| = R, then N’ (z) = ‘%'N (ﬁx) and from (H1),

(gl o

Thus || N’ (z)]] > ||z|| which shows that condition (h2) in Theorem 1 also
holds for N’. Thus Theorem 1 applies to N’. Let xg be the fixed point of
N’ with |zg| > p and ||zg]] < R. If |z¢| = p, then from (1) we deduce that
|zo|| > c1p > . Then N’ (z9) = ”m”N(
fixed point of N. This is however impossible since ||2’|| = R and N has no
fixed points with ||z|| = R as shows (H2). Therefore |z¢| > p. Consequently,

R:Uolsa

2o ), whence 2’/ = = Tl

[[zoll

T = (H%H + ﬁ — 1) xg is the fixed point of N we look for. m

Theorem 4 Assume 0 < %p < R, |.| is increasing with respect to C, and
the map N : {x € C : |z| < R} — C is compact. In addition assume that
the following conditions are satisfied:

(h1) [N (x)| > |z| for all x € C with ||z|| = p

(h2) [|N (2)|| < ||z]| for all xz € C with |x| =

Then N has at least one fized point x € C with p < ||z|| and |z| < R.

3 Example

We shall illustrate the use of Theorem 3 on the two point boundary value

problem
—u"(t) = f(u(t), te€l0,1]
{u(()):u(l):(). 2)

Assume f: R — R is continuous. Then (2) is equivalent to the fixed point

problem
u=N(u), ueCl0,1]



WhereN:C’[O,l]—>C’[0,1],N(u)(t):fOIG(t,s)f(u(s))ds and G is the
Green function G (t,s) =t(1—s)if 0 <t <s <1, G(ts) =s(1—1)if
0<s<t<1. One has

G(t,s) < G(s,s) forallt,se0,1]

1 13
- < - = .
4G(s,s) G (t,s) forallt e [4, ], s €10,1]

These inequalities guarantee that
1 13
u(t) > i |ul, forallte [4, 4] , r€[1,00] (3)

and any solution u of the problem

{ —u" (t)=wv(t), te€]0,1]
u(0)=u(l)=0

with v € C([0,1];R4). Here |u|, stands for the usual norm on L"[0,1].
From (3) we see that for 1 < p < ¢ < oo, we have

L < <
2Ll < lul, < Jul,

whenever u belongs to the cone

N

= {uEC([O,I];R+):u#O, w(t) > S lul, for t € Eﬂ , Te[l,oo]}.

It is easily seen that N : C' — C and N is completely continuous provided
that f (1) > e for all 7 € Ry and some € > 0.

Theorem 5 Assume f : Ry — Ry is continuous and nondecreasing on
R, and there exist p, R with 0 < p < R and 1 < p < q < oo such that:

108 ([ ) a)

f(;l*pp) >4</01 ([4G(t,s)ds> dt) "
4 1

Then (2) has a solution u with p < [ul, and |u, < R.




Proof. We shall assume that f(7) > ¢ for all 7 > 0 and some small
e > 0 (otherwise we take f¢ = f + ¢ instead of f and we use a compactness
argument as € — 0). Let u € C with |u|, = p. Then, for every ¢ € [0, 1], one
has

3

N (1) = /0G(t,s>f<u<s>>ds2/4G<t,s>f<u<s>>ds

f <ip) /;G(t,s) ds.

v

Consequently

]N(u)]pzf(ip> ((/12(;(t,s)d5>pdt>; > p > Jul,

Hence (H1) holds. Furthermore, if u € C and |u[, = R, then

1 1
N < [ 6l ds< f6r) [ 6 ds

It follows that

N (), < f (4R) ((/OlG(t,s)ds>th>; <R<ul,

which proves (H2). m

A similar result can be obtained from Theorem 4.

For related topics and applications of the compression-expansion theo-
rems to integral and differential equations, see [1-6]. For other results based
on the idea of using two norms, see [7].

References

[1] Erbe, L.H. and Wang, H., On the existence of positive solutions of ordi-
nary differential equations, Proc. Amer. Math. Soc. 120 (1994), 743-748.

[2] Granas, A. and Dugundji, J., Fized Point Theory, Springer-Verlag, New
York, 2003.

[3] Krasnoselskii, M.A., Positive Solutions of Operator Equations, Noord-
hoff, Groningen, 1964.



[4] O'Regan, D. and Precup, R., Theorems of Leray—Schauder Type and
Applications, Taylor and Francis, London, 2002.

[5] O’Regan, D. and Precup, R., Compression-expansion fixed point theorem
in two norms and applications, J. Math. Anal. Appl., in press.

[6] Precup, R., Positive solutions of evolution operator equations, Austral.
J. Math. Anal. Appl. 2 (2005), no.1, 1-10.

[7] Precup, R., Discrete continuation method for boundary value problems
on bounded sets in Banach spaces, J. Comput. Appl. Math. 113 (2000),
267-281.



