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1. Introduction

Schechter’s localized critical point theorems [14] allow us to establish existence and localization of critical points of a
C!-functional, in a ball of a Hilbert space identified to its dual by using the Leray-Schauder condition on the ball boundary.
Recently, in [9], a version of Schechter’s results was obtained for Hilbert spaces which are not identified to their duals
making possible an easier application to nonlinear equations. Also in [10] (see additionally [6,7,11,12]) we dealt with the
vector method for the treatment of operator systems based on the use of inverse-positive matrices. The aim of this paper
is to combine these two approaches in order to prove the existence and localization of positive nontrivial solutions for
semilinear elliptic variational systems. Our new approach enriches the range of methods in the field (see e.g. [1-5,15]) and
the results extend those for equations established in [9].

Firstly we present the variants of Schechter’s localized critical point theorems for a Hilbert space not identified to its
dual. Consider two real Hilbert spaces, X with inner product and norm (.,.), |.|, and H with inner product and norm ¢{.,.),
I.Il, and assume that X C H, X is dense in H, the injection being continuous. Denote by y4 the best embedding constant
with

lul < yolul forallu e X, (11)

that is yo = sup{|lul|: u € X, |u| =1}. We identify H to its dual H’, thanks to the Riesz representation theorem and we
obtain

XCH=H cX

where each space is dense in the following one, the injections being continuous. By (.,.) we also denote de natural duality
between X and X’, that is (x*,x) = x*(x) for x € X and x* € X'. When x* € H, one has that (x*, x) is exactly the scalar
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product in H of x and x*. Let L be the linear continuous operator from X to X’ (the canonical isomorphism of X onto X’),
given by

(u,v)={(Lu,v) forallu,veX,
and let J from X’ into X be the inverse of L. Then
(Ju,v)=(u,v) forallueX’, veX.

We note that, in particular, when X =H, |.||=].|, one has J =1 and yp=1.

By a wedge of X we shall understand a convex closed nonempty set K C X, K # {0}, with Au € K for every u € K and
A > 0. Thus K has not necessarily be a cone (when K N (—K) = {0}) and, in particular, K might be the whole space X.

In what follows we shall assume that J is “positive” with respect to K, i.e.,

JueK foreveryueK.

For a number R > 0, we denote by Ky the set {u € K: |u| <R} and by 3Ky the set {u € K: |u| = R}. We consider a C!
real functional E defined on X and we are interested to solve the equation E’(u) =0 in Kg.

We shall say that E satisfies the Schechter-Palais-Smale condition, SPS condition for short, in K provided that any se-
quence of elements uy € Kg \ {0} for which

(JE'(uk), ug)

E(ue) — p,  JE'(w) — e

u — 0, (JE (up), u) > v <0

as k — oo, has a convergent subsequence.
We say that E has the mountain pass property in Kg if there are elements vg, vi € Kg and number r such that |vg| <
r<|vi| and

max{E(vo), E(v))} <inf{lE): u e X, |u|=r}.

We denote by Iy the set of all continuous paths connecting vo and vi which do not leave Kg, ie., I'g =
{y € C([0,1]; Kg): v(0) =vp, y(1) =v1}, and by & and mg the following levels of energy

= inf max E(y(t)), mgr = inf E(u).
éR yleFRte[O,)f] ()/( )) R uekp ( )

Also, we say that E is bounded from below in Kg, if mg > —oc.
The main abstract results in [9] are as follows:
Theorem 1.1. Assume that (JE'(u), u) > —vg for all u € K with |u| = R and some vy > 0, E satisfies the SPS condition in Kg and the
Leray-Schauder boundary condition
JEEW)+pu#0 forallue K with|u|=Rand i > 0. (1.2)
If E has the mountain pass property in K, then E has at least one critical point ug € Kg \ {vo, v1} with E(ug) = &g.
Theorem 1.2. Assume that (JE'(u), u) > —vq for all u € K with |u| = R and some vy > 0, E satisfies the SPS condition in Kg and

the Leray-Schauder boundary condition (1.2). If E is bounded from below in Kg, then E has at least one critical point upy, € Kg with
E(um) =mpg.

Remark 1.1.

19 Let N(u) :=u — JE'(u). Then condition (1.2) can be written under the form
u#ANu forallue K with|u|=Randx € (0,1). (1.3)

20 f Nisa compact map in Kpg, then E satisfies the SPS condition in Kg.
30 If all the assumptions of Theorems 1.1 and 1.2 hold, then the two critical points Ug, um are different. If in addition

E(v1) < E(vo), (14)
then up, # vo.
Secondly we recall that a square matrix M of real numbers is said to be inverse-positive if its inverse M~! has all the

elements nonnegative. An invertible matrix M for which I — M has all the elements nonnegative is inverse-positive if and
only if (I — M)* — 0 as k — oo, or equivalently, if the spectral radius of I — M is less than 1 (see [8,10,13]).
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2. Main results

Consider the semilinear elliptic variational system

—Auy = Fy(ug,uz) in$2,
—Auy = Fa(ug,uz) in$2, (2.1)
ui=uy=0 onods2,

where £ is a bounded open set in R* (n > 1), F € C'(R%,Ry) with F(0,0) =0, F; stands for the partial derivative of
F(t1, T2) with respect to 7; (i=1,2), and A is the Laplacian operator. In case that n > 2 we also assume that

Fi(r. ) <@t ™+ byt T
-1 -1
Fo(t1,12) <at)? 4+ bat? 7 42 2
for all 71, 72 € Ry, some aq, az, b1, by, ¢1, ¢ € Ry and some p1, p2,q1,q2 € [1,2%). Here 2* =2n/(n—2) if n > 2 and 2* =00

if n=2.
Let X = H}(£2,R?) with inner product and norm

172
(u, v) =/(Vu1 -VV1 + Vuy - Vvy)dx, lul = </(|Vu1|2 + |Vu2|2)dx)
2 2

and let H = L2(§2, R?) with inner product and norm
172
(u,v) =/(u1v1 +uyvy)dx, lull = (/(u% +u§)dx> .

2 2

We also denote by |.|, the Euclidean norm in R? and by |u|; the norm in LI(£2,R?) (1< q < o0).
Here E: H}(2,R*) — R is given by

1 1
E(u):/<§|Vu1|2+§|Vu2|2—F(u))dx, ueH)(2,R%).
2

One has that E'(u) = (—Auq — F1(u), —Auy — Fo(u)) in H-1(£2, R?),
(Jv,w)=(v,w) forallve H‘1(.Q,R2), we Hg)(.Q.RZ),
and Jv=(—A)"1v, for ve H1(£2,R?). Also N(u) :==u — JE'(u) = Jf(u), where f(u) = (F1(u), F2(u)), and
Jfwy =" fw). (23)

We note that the symbols |.|q, |.|, (.,.), {.,.) and J will also be used for scalar functions, i.e. in respect to the spaces L(£2,R),
H)(22,B), L?(£2,R) and H™1(22,R).

Assume that there are Banach spaces (Xj,|.|x;), (Yi,l.ly;) and (Z;,|.|z;) (i =1,2) and continuous functions 1, ¥2:
Ri — R4 nondecreasing in both variables such that:

Hi(2)c X; and H}(2)CY; compactly; Z;c H '(2) continuously; (2.4)
the map u > F;(u) is continuous from X; x Y; to Z;; and |Fi(u)|, < vi(lu1lx;. luzly;) (2.5)

for i =1,2. Then N is completely continuous from Hé([?, R?) to itself.
Denote by yx;, ¥v;, Yz; the embedding constants corresponding to (2.4), i.e.,

lulx, <yxlul,  luly, <yylul forallue Hi(2) and
[uly-10) < Vz;lulzi forallu e Z;.

Now we consider the cone K in H}(£2,R?), defined by
K ={ueH)(22,R*): u>0inR2}.

Here by u > 0 we mean that u; >0 and u; > 0. If u >0 in £, then f(u) >0 in £2 since f(R%r) C R%r and so, according
0 (2.3), Jf(u) € K. Consequently,

u— JE'(uyeK foreveryuek.
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1

I and denote by ¢ the positive eigenfunction corresponding to the first

Notice that, in our case, (1.1) holds for yp =
eigenvalue Aq, ie.,
Ap+Xr1¢p=0 ing2,
¢$=0 onas2,

¢>0and |¢|=1.
Our assumptions are as follows:

(H1) There exists R > 0 such that

1
Y1(yx; R, 0) < TR, (2.6)
1

1
WZ(Oa VYZR) g V_Ra (27)

Zy

. a1 .
Tle=R, 1 £0, L #0 = {‘”'(VX"“’VY:TZKVZ,.“ for (238)
i=lori=2.

(H2) E has the mountain pass property in Kg, i.e., there exist vg, v1 € Kg, and r > 0 such that |vg| <1 < |v1| and
max{E(vo), E(v1)} < inf E(u). (2.9)
i

Theorem 2.1. Assume that (H1) and (H2) hold. Then (2.1) has at least two distinct nontrivial solutions in Kg.

Proof. We shall apply Theorems 1.1 and 1.2. First we show that (1.3) holds. Assume the contrary. Then u = ANu for some
u=(uq,uz) € K with |[u|=R and 1 € (0, 1). If u; #0 and u; #0, then

up|? = A(N1(u), u1) = A(JF1(u), u1) = A{F1 (), u1)

< |F](U)|H,1(Q)|U]| < VZ1 |F1(u)|zl|u1|

<yz ¥ (lulx,, [uzaly,)luil
< vz (vx, lual, vy, luzl)lul, (2.10)
and so
1
Vi (vxa ], vy, Jual) > —Iuil. (211)
Yz,
Similarly
1
V2(¥x, U1l vy, [ual) > —|ual. (2.12)
Yz,

Clearly (2.11) and (2.12) contradict (2.8). Similarly, using (2.6) and (2.7) we derive a contradiction if u =0 and u; =0,
respectively. Therefore (1.3) holds.
Next we check that E is bounded from below in K. First assume that n > 2. From (2.2) we have

T

F(t1,12) = / Fi(s1,T2)ds1 + F(0, 72)

0
1 T2
=/F1(S1,T2)d51 +/F2(0,Sz)d52
0 0
a _ b
<p—111p1 + b1, lrl+clr1+q—2r§2+czrz. (2.13)
1 2

Let y, be the embedding constant for Hg)(.Q) C LP(£2), i.e, |ulp < yplu] for every u e H(l)(.Q). Then using (2.13), if u € Kg,
we obtain
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1 2 1 2
E(u) = §|Vu1| +§|Vu2| — F(u) ) dx
2

>—/F(u)dx

2

a _ b
> —/(p—%zf] +byud! Yuy +cqup + q—iugz +czu2> dx
1

aj b,

> ——y ) RP = b1yJ'RY — 1R — = y2R2 — R
p1 a2

> —00.

Now assume that n = 1. Let Y, be an embedding constant of H(lj(.Q) C C(£2). Then, for every u € Kg, we have

E(u) > —/F(u)dx> - max  F(1q1, 7o) mes(§2) > —o0.
71,72€[0,co0R]
Q

Hence in any case infg, E(u) > —oco. Thus Theorems 1.1 and 1.2 apply. O

The next results are concerning with some examples for which both conditions (H1) and (H2) are satisfied. We shall first
assume that n > 2. In this case, in (2.4), we take
X; =LPi(£2), Yi=L%(2) and Z;=L%(R)

with p;, g; like in (2.2) and s; = min{pip—_"l, q,-q——i1}' Also, in (2.5), we take

~ pi—1 ™~ qg—-1  ~
Yi(t1, ) =aitf + bty 4G,

where

- pi(1=sj)+s; ~ q; (1=sj)+s; - 1
a; =ajmes(§2) Pisi b;j = bjmes(£2) s Cci =cimes(£2)% .

Theorem 2.2. Let n > 2. Assume that F € C'(R? ,R}), F(0,0) =0, and (2.2) holds for some p1,q2 € [1,2) and p>,q; € [1,2%)
satisfying

@ —-DE2-1D <1 (2.14)
In addition assume that
F(t)=clt|?™ forallt eR2 with0< |tle < To, (215)

wherec, 79 > 0and o > 1,

F A
limsupiz) < (2.16)
ltle—0+ |Tle 2
and
1
5 ctd™! / d()* 1 dx <. (217)

(<)

Then problem (2.1) has at least two distinct positive nontrivial solutions.

Proof. Fix any number B8 with max{2, p1, p2,q1, 92} < B < 2* and choose a d with

) F(7) M
limsup — <d < —
ltle—0+ |Tl¢ 2

From (2.13) and (2.16) we find that there exists a constant cg > 0 with
F(t) <d|t|2 +cqlrll forallt eR%. (2.18)

Then, for every u € K, we have
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|u|?
E(u)=7— F(u)dx
Q
> |u|2 d 2 B
/T_ ( |u|e +Cd|u|e)dx
Q
P 1, B
> — —d—ul*—c ulf
5~ — A5l = cayf

1 1 -
= |u|2(5 —d5 —cayjlul’ 2).

Here yg is the embedding constant for Hg)(.Q, R?) c LP(£2,R?). Since % — d% >0 and B > 2, we can find a small enough
number r € (0, Tp), such that

Ew>n>0

for all u € K with |u| =r and some 5 > 0.
Let vo=0and v; = %(qb,@. Clearly |vg| =0 <1 < 19 =|Vv1]|. Also E(0) = 0. Next (2.15) and (2.17) give
T

2
E(vy) = 5 —/F(vﬁdxg%o—ng / dx)* T 1dx <0.

2 (@<1)

Hence (1.4) and (2.9) hold.
Since p1,qy < 2 one can see that (2.6), (2.7) hold for large enough R. Also, one of the following quantities

~ 1=l g1 o~ o~ _pa=1 I _qa—1, ~
at! +bit) T+ 4 Gt bt + 6

T1 T2

converges to zero as |T|e — oo, proving (2.8). Indeed, three cases are possible if |[T]|, — oco:
(a) 11 = oo and 17 is bounded: then the first ratio tends to zero obviously;
(b) 77 is bounded and t; — co: the second ratio goes to zero;
ppy—1 ppy—1

O — 0, then the second ratio goes to zero; if not, i.e. if b

—— is bounded from
2

(c) both 771, 7 tend to infinity: if
below by a positive number, then

2

1

g1 p2—1 1-@-D@py-1
T T @ -Dpo-1)
1 _ 1 7, @-Dr2-D" _ o
2 2
and so
-1 -1
Tgl T2 0
= 1 —> 0
1 a1
2

Therefore both conditions (H1), (H2) are satisfied. The conclusion now follows from Theorem 2.1. O

Remark 2.1. According to Theorem 2.1 functions F1 and F, are assumed to be sublinear in 71 and 1, respectively. However,
by (2.14), one of them can be superlinear in the other variable.

Example 2.1. Let F :R2 — R be defined by

clrf? for 0 < |7le < 70,
a(|tle — 1002 +3ctd|tle —2c7¢  for|Tle > To

F(r):{

for some a,c, tp > 0. If c7p is sufficiently large, then (2.1) has at least two distinct positive nontrivial solutions. Indeed,
conditions (2.2), (2.14), (2.15) and (2.16) can be immediately checked with p; =¢q; = % for i=1,2 and « = 2, while (2.17)
holds provided that cty is sufficiently large.

The next result deals with the case where both F; and F, have a linear growth in 7y and 13, i.e. pi=¢q; =2 (i=1,2)
in (2.2). Then a non-resonance condition in terms of coefficients a1, az, by, by is necessary.
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Theorem 2.3. Assume all the assumptions of Theorem 2.1 are satisfied except (2.2) which holds with p;i =q; =2 fori=1,2.In
addition assume that matrix

1 aq b]
M:=1——
A \ax by

is inverse-positive. Then problem (2.1) has at least two distinct positive nontrivial solutions u = (u, up) with |u1| < Ry and |uz| < Ry,
where

()= (2)

Proof. First note that for p;=q; =2, yx, = vy, =vzi =12 = Nk We show that condition (1.3) holds without passing
through (H1). Let u = (uq, uy) be any solution in K of u =AN(u) for some A € (0, 1). According to (2.10) we have

1 1 ~
[ug] < A |u1|+b1—|u2|+c1),
1

1
Tﬂ(‘“f Nzri

1 1 ~
[uz| < - |U1|+b2—|u2|+C2>.
1

1
Tﬂ(“w_— Nir)

These can be written in the form

1 1 C1
<|u1|><_<a1 b1>(|”1|)+ (Cj)
[uz] A \az by /) \|uzl VA \ G2
Then
()< (@)
[uz] M ()
that is |u1]| < Ry, Juz| < Ry. Clearly (1.3) is satisfied for every R > ,/R?+R3. O

A better result than Theorem 2.2 can be established for n = 1. In this case, in (2.4) and (2.5), we take

Xi=Yi=Z;=C(2) and vi(t;,2)= max Fi(s1,52).
s1€[0,71]
s2€[0,12]

Theorem 2.4. Let n =1 and 2 = (0, 1). Assume that F € C'(R%,R..), F(0, 0) = 0 and conditions (2.15) and (2.17) hold for some
¢, 7o > 0 and o > 1. In addition assume that

F 1
im ﬂ <= (219)
ltle—0* |T|2 2

and that there exists R > tq such that
max Fq(t1,0) <R,

71€[0,R]

max F»(0, 12) < TR, (2.20)
72€[0,R]

MaXs, e0,r] Fi(s1,82) < 7T
ITle=R, T1#0, . #0 = 52€[0,72] (2.21)
fori=1lori=2.

Then problem (2.1) has at least two distinct positive nontrivial solutions u = (uy, uz) with |u| <R.

Proof. In this case we may take yx, =yy; =1 and yz; = \/Lx_] Indeed, if u € Hé (0, 1), then

1 1
</|u’(s)|ds< (fu’2d5> =|ul.
0 0

Hence |u|o < |u] and so yx; = yy; = 1. Also, if u € L%(0, 1), then

X

[ u'(s)ds

0

N—=

ue =
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TR (V107 [ (1112 S B
H-1(0,1) — X X
@0 veH(l)(O,l) |V| |V| \/)\1

v#£0

If in addition u € Z; = C[0, 1], then [ul < [u]oo and so [uly-1( 1) < \/%_1|u|oo. Hence yz, = J%

From (2.19) it follows that there exists r € (0, Tp) with

1
F(1) < r2<5 — s) for |T]e <.

Let u € K with |u| =r. Since |u|s < |u| =T, we have |u(x)|e <1 for all x € [0, 1]. It follows that

1
r 2 (1 )
Ew=—-— | Fdx> - —-r*| - —¢)=er">0.
2 2 2
0
This together with E(0) =0 and E(7p¢, To¢) < 0 (as follows from (2.15), (2.17)) guarantees (1.4) and (2.9). Finally, (2.20)
and (2.21) guarantees (2.6)-(2.8) since yz, = \/Lﬂ =1 0

Example 2.2. Let F :R2 — R, be defined by

cltly for 0 < |7]e < 70,

F(t)={

mcr(']“’1|'c|e —(m— et for|tle > To

for some ¢, 79 >0 and m > 2. If cr(')"’z is sufficiently large, then (2.1) has at least two distinct positive nontrivial solutions

m—1
mety

. Indeed, conditions (2.19) and (2.15) are obviously satisfied with o« =m — 1, while (2.17)
is sufficiently large. Also, since

u = (u,uz) with Ju| <
holds provided that ct}'

-2

111C'L'('J"’1 7

me|t"27; for 0 < |7]e < To,
Fi(t) =

T for |[T|e > To
we can immediately see that conditions (2.20), (2.21) are fulfilled provided that mcz'(')“_1 < R. Thus, if we assume that
m—1
cr(')“_z > % (in order to have R > 1), we may choose R = mc;’
Example 2.3. Let F :R2 — R, be defined by
cltlg for0<|7le < 70,

F(r):(

a(|tle — )|l +mery M tle — (m — et for|tle > To

for some a,c,790>0; 1<p<2,0<q<2—pand m> 2. If cr(’)"_z is sufficiently large, then (2.1) has at least two distinct
positive nontrivial solutions. Indeed, one has

— -1 A -1 A
pa(|tle — )P~ zlg +qa(tle — T)P|TIe = +mery T - for |T]e > To.

melT |} 2T for 0 < |tle < 70,
Fi(v) =
[Tle

Tle

Then

max_F(z1,0) = pa(R — 70)P " 'RY + qa(R — 70)?RI"! +mer) .
71€[0,R]

Since p + q < 2, we have that
pa(R — 19)P 'R + qa(R — 19)PRI™! ~|—mc1'(’,"_] <mR

for large enough R. Similarly one can guarantee the second condition in (2.20). To check (2.21) take any 7 € Ri with
|Tle =R and 11, T2 # 0. From |t = R, it follows that 71 > % or Ty > %. Assume that 7; > %. Then condition (2.21) is
fulfilled for i =1 provided that

R
pa(R — 10)P"'RY +qa(R — 1)’ RT" +mer) ' <m—

V2

which again holds for large enough R. Similarly, if 7, > 7 then (2.21) is fulfilled for i = 2.
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