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Timişoara

Seria Matematică – Informatică
LVI, 2, (2018), 28– 42

A stop over Jain operators and their

generalizations

Octavian Agratini

Dedicated to Professor Mihail Megan on the occasion of his 70th birthday

Abstract. On the last five decades the interest of the study of
positive approximation processes have emerged with growing evi-
dence. A special place is occupied by the in-depth study of clas-
sical operators. The most eloquent example is Bernstein operator
which represents a permanent challenge for the researches in the
mentioned field.
However, in this synthesis we focused on presenting a class of oper-
ators introduced by G.C. Jain in the 1970s that have long been in
a shadowy cone. In recent years many papers have appeared about
their properties and many generalizations have been analyzed. In
our approach, there is no question of an exhaustive treatment,
but only of collecting some published results that prove the im-
portance of this class through the generous possibilities offered by
the approximation of signals from different function spaces.
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1 Introduction

Set N0 = {0}∪N and ej, j ∈ N0, monomials of degree j, e0(x) = 1, ej(x) = xj,
j ∈ N. The starting point is represented by a Poisson-type distribution with
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two parameters given by

wβ(k;α) =
α

k!
(α + kβ)k−1e−(α+kβ), k ∈ N0, (1.1)

for α > 0 and |β| < 1. By using Lagrange inversion, in [17, Lemma 1 ] was
proved

∞∑
k=0

wβ(k;α) = 1. (1.2)

In what follows, we consider wβ(k; 0) = δk,0, here δk,0 meaning Kronecker’s
delta symbol. Jain [17] introduced and studied the following class of positive
linear operators

(P [β]
n f)(x) =

∞∑
k=0

wβ(k;nx)f

(
k

n

)
, x ≥ 0, (1.3)

where β ∈ [0, 1) and f ∈ C(R+) whenever the above series is convergent.
Due to relation (1.2), the operators have the property

P [β]
n e0 = e0, (1.4)

consequently, they reproduce the constants. Moreover, the following formulas
occur [17, Eqs. (2.13)-(2.14)]

P [β]
n e1 =

1

1− β
e1, P

[β]
n e2 =

1

(1− β)2
e2 +

1

n(1− β)3
e1. (1.5)

Based on relations (1.4) and (1.5), the second central moment for P
[β]
n oper-

ator is given by the relation

(P [β]
n ϕ2

x)(x) =

(
β

1− β

)2

x2 +
x

n(1− β)3
, x ≥ 0,

where ϕx(t) = |t− x|, (t, x) ∈ R+ × R+.

Also, P
[β]
n enjoys the interpolating property in x = 0, i.e.,

(P [β]
n f)(x) = f(0).

In special case β = 0, P
[0]
n , n ∈ N, turn into well-known Szász-Mirakjan

operators, see [26], [21],

(P [0]
n f)(x) ≡ (Snf)(x) = e−nx

∞∑
k=0

(nx)k

k!
f

(
k

n

)
, x ≥ 0. (1.6)
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Studying relations (1.5) or the second central moment for Jain operators
and appealing to Bohman-Korovkin theorem, it can be observed that the
sequence (P

[β]
n )n≥1 does not tend to the identity operator. To become an

approximation process, we proceed as follows. For each n ∈ N, the constant
β will be replaced by a number βn ∈ [0, 1). If

lim
n→∞

βn = 0, (1.7)

then lim
n→∞

(P
[βn]
n ej)(x) = ej(x), j ∈ {0, 1, 2}, uniformly on any compact inter-

val K ⊂ R+. Consequently,

lim
n→∞

(P [βn]
n f)(x) = f(x), uniformly in x ∈ K.

Due to the simple expression, over time, operators defined by (1.6) were
the subject of countless papers. Instead, Jain operators have focused the
researchers’ attention especially in the last decade.
The purpose of this article is to give an overview of what has been recently
investigated as regards Jain operators. The weak point of the work is the
subjective selection of the obtained outcomes, with the author’s assumed
risk of not knowing all the notable published results related to this family
of operators. However, we primarily focused on our own research on the
subject.
In distinct sections we will present approximation properties related to dis-
crete operators P

[β]
n and P

[βn]
n , respectively integral generalizations thereof.

To achieve a fluent exposure, sometimes we have modified the notations found
in various used papers. Another goal followed was that the presentation to
be essentially self contained.

2 Preliminaries

We list the main notations and notions used throughout the paper.
CB(R+) indicates the Banach space of all real-valued bounded and continuous
functions defined on R+. The space is endowed with the sup-norm ‖·‖, where
‖f‖ = sup

x≥0
|f(x)|, f ∈ CB(R+). In connection with the estimation of the rate

of convergence, the following moduli of smoothness play a basic role:

ω1(f ; δ) = sup
0≤h≤δ

sup
x≥0
|f(x+ h)− f(x)|

= sup{f(x)− f(x′) : x, x′ ∈ R+, |x− x′| ≤ δ},
ω2(f ; δ) = sup

0≤h≤δ
sup
x≥0
|f(x+ 2h)− 2f(x+ h) + f(x)|,
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where f ∈ CB(R+).
Another useful tool in estimating the rate of convergence of a sequence of
operators to the function that is approximated is K-functional introduced by
Peetre [23]. If X0, X1 are two Banach spaces with X1 continuously embedded
in X0 (X1 ↪→ X0), the K-functional is defined for any f ∈ X0 as follows

K(f, δ;X0, X1) ≡ K(f ; δ) = inf
g∈X1

{‖f − g‖X0 + δ‖g′′‖X1}, δ ≥ 0. (2.1)

The space of all uniformly continuous real functions on R+ is denoted by
UC(R+). Also, Ck(R+), k ∈ N, denotes the space of all real-valued continu-
ous functions on R+ which are k times continuously differentiable in R+.
Because we are discussing about an approximation process associated with
functions defined on unbounded intervals, it is natural to study it in weighted
spaces, not by considering only bounded functions. In what follows we con-
sider a one-to-one correspondence ρ : R+ → R+, continuously differentiable

on the domain such that
d

dx
ρ(x) ≥ 1, x ∈ R+. Consequently, ρ(0) = 0 and

lim
x→∞

ρ(x) = ∞ hold. Also, let the weight ϕ be defined by ϕ = e0 + ρ2. We

consider the weighted space

Bϕ(R+) = {f : R+ → R : |f(x)| ≤Mfϕ(x), x ∈ R+},

where Mf is a positive constant depending only on f . This space can be
endowed with the norm ‖ · ‖ϕ, where

‖f‖ϕ = sup
x≥0

|f(x)|
ϕ(x)

.

Further, we denote the subspace of all continuous functions in Bϕ(R+) by
Cϕ(R+). Moreover, C∗ϕ(R+) stands for the closed subspace of Cϕ(R+) formed
by the functions f for which lim

x→∞
f(x)/ϕ(x) exists and is finite.

It is worth mentioning that Bustamante and Morales de la Cruz [6] have
shown that the theory of approximation by linear operators in the spaces
C∗ϕ(R+) can be reduced to the same theory for the space C([0, 1]) of contin-
uous functions on the interval [0, 1] endowed with the sup-norm.
In what follows we briefly recall the concept of statistical convergence. It,
originally appeared in Steinhaus [25] and Fast [10] papers, is based on the
notion of the density of subsets of N and it can be viewed as a regular method
of summability of sequences. The density of a set K ⊂ N is defined by

δ(K) = lim
n→∞

1

n

n∑
k=1

χK(k),
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provided the limit exists, where χK is the characteristic function of K. Ac-
tually, the sum of the right hand side represents the cardinality of the set
{k ≤ n : k ∈ K}. A sequence x = (xk)k≥1 is statistically convergent to a
real number L, denoted st− lim

k→∞
xk = L, if, for every ε > 0,

δ({k ∈ N : |xk − L| ≥ ε}) = 0

holds.

It is known that any convergent sequence is statistically convergent, but not
conversely. To become reciprocal true, one can use the result set in 2000 by
Fridy and Khan [11, Theorem 2.2 ]: if the sequence x = (xn)n≥1 satisfies

st− lim
n→∞

xn = L and n∆xn+1 ≥ −c,

for some c > 0 and for every n ∈ N, then lim
n→∞

xn = L, where ∆ denotes

the backward difference. We also mention, Connor [7] proved that statistical
convergence is equivalent to the strong Cesàro summability in the space of
all series with bounded elements. It can be concluded that this type of
convergence can be viewed as a regular method of series summability.

The application of this notion to the study of positive linear operators was
attempted only in 2002 by Gadjiev and Orhan [14] who obtained Korovkin-
type theorems via statistical convergence. Their main result says: if

st− lim
n→∞

‖Lnej − ej‖[a,b] = 0 for j = 0, 1, 2,

then

st− lim
n→∞

‖Lnf − f‖[a,b] = 0,

where (Ln)n≥1 is a sequence of linear positive operators defined on C(J) and
the sup-norm ‖ · ‖[a,b] is taken on the compact [a, b] ⊂ J (see [14, Theorem
1 ]).

Closely related to statistical convergence is A-statistical convergence, where
A = (an,k) is an infinite summability matrix. For a given sequence x =
(xn)n≥1, the A-transform of x denoted by Ax = (Ax)n≥1 is defined by

(Ax)n =
∞∑
k=1

an,kxk, n ∈ N,

provided the series converges for each n. Suppose that A is a non-negative
summability matrix, i.e., an,k ≥ 0 and the matrix transformation of any
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convergent sequence preserves its limit. The sequence x = (xn)n≥1 is A-
statistically convergent to the real number L if, for every ε > 0, one has

lim
n→∞

∑
k∈I(ε)

an,k = 0,

where I(ε) = {k ∈ N : |xk − L| ≥ ε}. We write stA − lim
n
xn = L, see, e.g.,

[12].

3 Properties of the discrete operators

We start the presentation by indicating a Voronovskaja type formula estab-
lished in 2012 by Farcaş [9, Theorem 2.5 ]. The following identity

lim
n→∞

n((P [βn]
n f)(x)− f(x)) =

x

2
f ′′(x), x > 0, (3.1)

takes place for f ∈ C2(R+), assuming both relation (1.7) and a more restric-
tive condition, namely lim

n→∞
nβn = 0.

The rate of convergence inferring the speed at which a convergent sequence
approaches its limit, can be expressed using the first two moduli.

Theorem 3.1. ([2, Theorem 2 ]). Let P
[β]
n , n ∈ N, be defined by (1.3). For

every f ∈ CB(R+),

|(P [β]
n f)(x)− f(x)| ≤ ω1

(
f ;

β

1− β
x

)
+ cω2

(
f ; δn

√
max{x, x2}

)
, x ≥ 0,

takes place, where c is a certain positive constant and

δn =
1

2

√
β2

(1− β)2
+

1

2n(1− β)3
.

Returning at (2.1), we consider

X0 = CB(R+) and X1 = C2
B(R+) = {g ∈ CB(R+) : g′, g′′ ∈ CB(R+)},

both spaces being endowed with the sup-norm. In comparison with the
modulus of smoothness ω2, it takes place: the positive constants c1 and c2
exist such that

c1ω2(f ; δ) ≤ K(f ; δ2) ≤ c2ω2(f ; δ), δ ≥ 0,
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see, for example, [18, Proposition 6.1 ].
Recalling that a function f defined on R+ is locally Lipα on E (0 < α ≤ 1,
E ⊂ R+) if it satisfies the condition

|f(x)− f(y)| ≤Mf |x− y|α, (x, y) ∈ R+ × E,

whereMf is a constant depending only on f , we present a local approximation
valid result for smooth functions.

Theorem 3.2. ([2, Theorem 1 ]). Let P
[β]
n , n ∈ N, be defined by (1.3),

α ∈ (0, 1] and E be a subset of R+. If f is locally Lipα on E, then we get

|(P [β]
n f)(x)− f(x)| ≤Mf (cn(α, β) max{xα/2, xα}+ 2dα(x,E)), x ≥ 0,

where

cn(α, β) =

(
β

1− β

)α
+

(
1

n(1− β)3

)α/2
and d(x,E) is the distance between x and E defined as

d(x,E) = inf{|x− y| : y ∈ E}.

Also, the statistical convergence of Jain operators was studied.

Theorem 3.3. ([2, Theorem 3 ]). Let βn ∈ [0, 1) and P
[βn]
n , n ∈ N, be given

as in (1.3). If [a, b] ⊂ R+ and

st− lim
n→∞

βn = 0,

then, for any f ∈ C(R+), we have

st− lim
n
‖P [βn]

n f − f‖[a,b] = 0.

Using function ρ presented by us in the previous section that enjoys the
properties mentioned there, Olgun, Taşdelen and Erençin [22] defined and
studied the following generalization of Jain operators

(P [β,ρ]
n f)(x) =

∞∑
k=0

f

(
ρ−1

(
k

n

))
wβ(k;nρ(x)), x ≥ 0. (3.2)

This class is useful in approximating the functions of weighted spaces, more
precisely takes place



Vol. LVI (2018) A stop over Jain operators and their generalizations 35

Theorem 3.4. ([22, Theorem 2.3 ]). Let βn ∈ [0, 1) such that (1.7) holds,

and (P
[βn,ρ]
n )n≥1 be given as in (3.2). Then, for any f ∈ C∗ϕ(R+), we have

lim
n→∞

‖P [βn,ρ]
n f − f‖ϕ = 0.

Also, a Voronovskaja type theorem was established.

Theorem 3.5. ([22, Theorem 3.1 ]). Let βn ∈ [0, 1) such that lim
n→∞

βn = 0

and lim
n→∞

nβn = 0. Let f ∈ C(R+), x ∈ R+, and suppose that the first and

second derivatives of f ◦ ρ−1 exist at ρ(x). If f ◦ ρ−1 ∈ B(R+), then we have

lim
n→∞

n((P [βn,ρ]
n f)(x)− f(x)) =

ρ(x)

2
(f ◦ ρ−1)′′(ρ(x)). (3.3)

By choosing ρ as the identity map on R+, the conditions required for it in
Preliminaries are met and identity (3.3) turns into (3.1).
In the paper [1], the authors have been able to achieve a complete asymp-

totic expansion for the sequence (P
[βn]
n )n≥1. In order to present in detail the

established formula, at first step we will inventory the used coefficients.
We recall σ(n, k), the Stirling numbers of the second kind given by explicit
formula

σ(n, k) =
1

k!

k∑
i=0

(−1)i
(
k

i

)
(k − i)n, (3.4)

these numbers counting the number of ways to partition a set of n labeled
objects into k non-empty unlabeled subsets. On the other hand, we consider
the function g defined on C by analytic continuation, where, for z 6= 0, this
function is given as follows

g(z) =
1 + z − eβz

zeβz
.

Hence, it has the power-series expansion

g(z) =
∞∑
ν=0

(
1− β

ν + 1

)
(−βz)ν

ν!
, z ∈ C.

Set

cl,j(β) =

(
∂

∂z

)j
g−l(z)

∣∣∣
z=0

. (3.5)

With the help of (3.4) and (3.5), we define the coefficients

bk,s(β) =
k∑
l=0

s∑
r=k+1

(−1)s−r
(
s

r

)
σ(r, r − l)

(
r − l − 1

k − l

)
cr−l,k−l(β), (3.6)
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where s ∈ N. All sums are to be read as null if the lower index exceeds the
upper one.
For r ∈ N, α > 0 and x ∈ (0,∞). let Wα[r;x] be the class of functions on
(0,∞) satisfying the growth condition f(t) = O(tα) as t→∞, which admit
a derivative of order r at the point x.

Theorem 3.6. ([1, Theorem 1 ]). Let q ∈ N and x > 0. Furthermore, let
(βn) be a sequence of real numbers with 0 ≤ βn < 1 and βn = O(n−1/2) as
n → ∞. Then, for each function f ∈ W 2q[r;x], the Jain operators possess
the asymptotic expansion

(P [βn]
n f)(x) = f(x) +

2q∑
s=1

f (s)(x)

s!

(
βnx

1− βn

)s
+

q∑
k=1

a
[βn]
k (f, x)n−k + o(n−q)

as n→∞, where the coefficients a
[βn]
k (f, x) are given by

a
[βn]
k (f, x) =

2q∑
s=0

f (s)(x)

s!
xs−kbk,s(βn)

and bk,s(βn) is as defined in (3.6).

In the same paper cited, a new Voronovskaja-type result was obtained. As-
suming that the limit

lim
n→∞

√
nβn = γ

exists with a finite value, under the conditions of previous theorem, for each
function f ∈ W 2[r;x] one has

lim
n→∞

√
n((P [βn]

n f)(x)− f(x)) = γxf ′(x), x > 0.

Moreover, if the limit
lim
n→∞

nβn = γ

exists with a finite value, we have

lim
n→∞

n((P [βn]
n f)(x)− f(x)) = γxf ′(x) +

1

2
xf ′′(x), x > 0.

Again, for γ = 0 we reobtain (3.1).
Finally we mention a very recent paper [5] in which the authors generalize the
classical Lupaş operators [19] using Jain’s base defined in (1.1). Among the
established results, they proved [5, Theorem 4.1 ] that the new construction
has the monotony property namely: if f is a convex function on R+, then
the sequence of operators which approximates f is non-decreasing.



Vol. LVI (2018) A stop over Jain operators and their generalizations 37

4 Integral modifications of Jain operators

Various generalizations of Jain discrete operators are known. Best of our
knowledge, the first approach was achieved by Uman and Razi in 1985 who
defined a Kantorovich-type integral modification expressed as follows [28, Eq.
(2.12)]

(K [β]
n f)(x) = n

∞∑
k=0

wβ(k;nx)

∫ k+1
n

k
n

f(t)dt, (4.1)

where f is locally integrable function and the right hand side of relation (4.1)
is finite.
Another integral variant was introduced and studied by Tarabie [27]. The
operators have been called Jain-Beta and defined by the following relation

(J [β]
n f)(x) =

∞∑
k=1

wβ(k;nx)

B(n+ 1, k)

∫ ∞
0

f(t)
tk−1

(1 + t)n+k+1
dt+ e−nxf(0), (4.2)

x ≥ 0, where n ≥ 2 and f ∈ Cϕ(R+) with ϕ = e0 + e21. These operators have
Jain and Beta basis functions in summation and integration, respectively.
For β = 0 the operators J

[0]
n reduce to the mixed Szász-Beta operators inves-

tigated earlier by Gupta and Noor [16].

Among the approximation properties highlighted on J
[βn]
n (n ≥ 2) operators,

we enunciate

Theorem 4.1. ([27, Theorem 4 ]). Let A = (an,k) be a non-negative regular

summability matrix and λ > 0 be fixed. Let J
[βn]
n , n ≥ 2, be defined as in

(4.2), where (βn)n≥2, 0 ≤ βn < 1, satisfies

stA − lim
n→∞

βn = 0.

We get
stA − lim

n→∞
‖J [βn]

n f − f‖ϕλ = 0, f ∈ Cϕ0(R+),

where ϕλ = e0 + e2+λ1 , ϕ0 = e0 + e21.

Further, we present an extension in Durrmeyer sense of P
[β]
n operators which

has appeared in the paper [3]. These operators are designed as follows

(Λ[β]
n f)(x) = e−nxf(0)

+
n

1− β

∞∑
k=1

wβ(k;nx)

Γ(k)

∫ ∞
0

e−nt/(1−β)
(

nt

1− β

)k−1
f(t)dt, (4.3)
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where f ∈ F(R+), the space of all functions f : R+ → R which are integrable

on each compact interval on R+ and for which the relation Λ
[β]
n |f | < ∞

occurs.
For the special case β = 0, from (4.3) Phillips operators [24] are recovered.

By Λ
[β]
n , n ≥ 1, the affine functions are fixed points of these operators, prop-

erty that we do not meet in constructions presented at (4.1) and (4.2). More-
over, for any b > 0 fixed we have

lim
n→∞

Λ[β]
n f = f uniformly on [0, b],

provided f ∈ C(R+) ∩ F(R+). It is interesting to note that for a fixed
0 < β < 1, the genuine Jain operators do not form an approximation process,
instead our integral generalization has this feature.
It is known that several classic positive approximation processes can be rein-
troduced by using concepts of probability theory. Following this path, the
operators defined by (4.3) can be redesigned. We briefly present this ap-
proach.
Let X = {Xt : t ≥ 0} be a stochastic process starting at zero with indepen-
dent stationary increments and, for each t > 0, Xt having a Gamma-type
distribution with the density

ρt(β;u) =
1

(1− β)Γ(t)

(
u

1− β

)t−1
exp

(
− u

1− β

)
1R∗

+
(u),

where 1R∗
+

stands for the characteristic function of the set R∗+.
Let Y = {Y (u) : u ≥ 0} be a Poisson-type process independent of X
and defined on the same probability space. For each u ≥ 0, Y (u) has the
distribution

P (Y (u) = k) = wβ(k;u), k ∈ N0,

where wβ(k;u) is the same as in (1.1). With these data, replacing n ∈ N by

t > 0, the operators Λ
[β]
t can be represented by the relation

(Λ
[β]
t f)(x) = E[f(t−1XY (tx))],

where E denotes mathematical expectation.
Forwards we are studying another property of Λ

[β]
n operators. From the point

of view of approximation theory, the sequence of operators associated to a
function f must converge to approximated element. Usually, for continu-
ous functions defined on a compact, uniform convergence takes place but for
continuous functions defined on an unbounded interval only pointwise con-
vergence occurs. We focus our attention on identifying functions for which
these operators provide uniform convergence on R+. A result in this direction
can be read further.
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Theorem 4.2. ([3, Theorem 3 ]). Let Λ
[β]
n , n ∈ N, be defined by (4.3). Let

f ∈ CB(R+) and f ∗ = f ◦ e2. If f ∗ ∈ UC(R+), then (Λ
[β]
n )n≥1 converges

uniformly to f on R+ as n tends to infinity.

It worth mentioning a previous concern in this direction. For discrete Szász-
Mirakjan operators defined at (1.6), a similar result was first established in
[20, Theorem 1 ]. Also, for integral form with β = 0, i.e. Phillips-Mazhar-

Totik operators, the study of the uniform convergence for (Λ
[0]
t f)t>0 to f on

R+ was achieved in the same paper [20, Theorem 3 ].
We recall that for a general class of linear positive approximation process
designed using series, in [4] have been identified functions for which these
operators provide uniform approximation over unbounded intervals. Among
the special cases are included genuine Jain operators.
The behavior of Λ

[β]
n operators on weighted space C∗ϕ(R+) specified in the

Preliminaries is described in the following

Theorem 4.3. ([3, Theorem 4 ]). Let Λ
[β]
n , n ∈ N, be defined by (4.3). The

following identity

lim
n→∞

‖Λ[β]
n f − f‖ϕ = 0, f ∈ C∗ϕ(R+), (4.4)

holds, where ϕ = e0 + e21.

In fact, relation (4.4) takes place for a general polynomial weight of the form
ϕ = e0 +e2m, m ∈ N fixed. The assertion is based on the one hand on a result
due to Gadzhiev [13, Theorem 2 ] and on the other hand by the expression
of the operator’s moments [3, Lemma 1 ] given by

(Λ[β]
n ej)(x) = (1− β)j

∞∑
k=1

wβ(k;nx)qj

(
k

n

)
, j ∈ N,

where

qj(x) =

j−1∏
s=0

(
x+

s

n

)
, x ≥ 0.

Keeping the same weighted space, investigating deeper Jain-Kantorovich op-
erators, Deniz recently established a Voronovskaja theorem in quantitative
form [8, Corollary 1 ] which we present in the following

Theorem 4.4. Let K
[βn]
n , n ∈ N, be defined by (4.1) and βn ∈ [0, 1) such

that βn = o(n−1) as n tends to infinity.
For any function f ∈ C∗ϕ(R+), ϕ = e0 + e21, which admits a derivative of
second order at the point x > 0, we have

lim
n→∞

n((K [βn]
n f)(x)− f(x)) =

1

2
(f ′(x) + xf ′′(x)).
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It is noteworthy that, using the functions ωβ(k; ·) defined by (1.1), in the
monograph of Gupta and Agarwal [15, pages 60-63 ] we find the construction
of a general integral class of linear positive operators in Durrmeyer’s sense.
This family contains as special cases Phillips operators and Szász-Beta type
operators, see [16].
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