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INTRODUCTION

This paper contains some continuity properties for the point-to-set
mappings; there is not yet a general theory of continuous point-to-set
mappings, but there are different definitions, given by many authors for
specific purposes. The definitions are not generally equivalent and it is
important to know in what cases they mean the same thing.

The continuity for point-to-set mappings was defined by generalizing
some equivalent definitions of the continuity of functions; thus there
were obtained various definitions for the notions of semicontinuity. We
list here the definition for lower semicontinuity, upper semicontinuity and
upper semicompactness and the relations between them. One obtains
different definitions of continuity combining two types of semicontinuity.

Another way to define continuity for a point-to-set mapping is to
reduce the problem to the continuity of functions. This demands to
introduce an adequate topology on a family of subsets of the range; a
point-to-set mapping can be regarded as a function having values in that
family of subsets, any subset being now a point in the new topological
space.

The first chapter of the paper contains a background in topology;
there are listed some topological properties necessary in the following
sections. Chapter II includes the definition of the point-to-set map-
pings and their algebraic properties. Chapter III presents the notions
of semicontinuity and the relations between them. We give there a list
of examples. Chapter IV is dedicated to the study of the continuity of
the point-to-set mappings. It contains various ways to topologize some
families of subsets of the range to obtain suitable definitions for the con-
tinuity of the point-to-set mappings regarded as functions. At the end
of this chapter there are two examples showing the natural way in which



point-to-set mappings arise in mathematical programming and optimal
control.

To make the difference between a function defined on the set X with
values in Y and a point-to-set mapping, we use for functions the notation
f: X — Y and for the point-to-set mappings F': X —o Y.

The paper refers only to the basic continuity properties for point-
to-set mappings and the relations between then. The study could be
extended to other properties of the point-to-set mappings.
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CHAPTER 1
ELEMENTS OF TOPOLOGY

1 Topological Spaces. Definitions
Let X aset and P (X) = {A| A C X} the family of the subsets of X.

Definition 1.1 A topological structure (or a topology) on the set X is
a system T C P (X) which satisfies the following conditions

(T1) 0T and X € T;
(T2) any union of elements in T is an element in T ;

(T'3) any finite intersection of elements in T is an element in T .

Definition 1.2 The pair (X, 7T) formed of a set X and a topology T on
X is called a topological space. The elements of the set X are called
points of the topological space, and the elements of T are called open
sets.

Example 1.1 LetR" = {(z1,...,2,) |z; €R,i=1,n} and T the system
formed of O and the subsets G of R" that satisfy the following condition:
for any x € R", there is I = (a1,b1) X ... X (an, by,) , with (a;, b;) open
intervals, i = 1,n and v € I C G.
Then (R™,T) is a topological space and T is the usual (natural) topol-
ogy on R™. From now on R™ will be considered with the usual topology,
unless there is another specification.

Example 1.2 For X # 0, T = {0, X} satisfies the conditions (T'1) —
(T'3), soT is a topology on X ; it is called the indiscrete topology on X .

Example 1.3 For X # (0, T = P (X) satisfies the conditions (T'1) —
(T'3); the topology is called discrete.

Example 1.4 For X #0, T ={AC X ’EA finite} U {0} is a topology
named the topology of the finite complements.

Definition 1.3 In the topological space (X, T) a neighbourhood of the
point x € X is any subset V' of X which includes an open set containing
x.

Example 1.5 a) X is a neighbourhood for all its points.



b) In (R*",7) a set V C R" is a neighbourhood of x iff there is an n -
dimensional open interval I such that x € I C V.

The following theorems give a characterization of the open sets and
some important properties of the system V (z) of all the neighbourhoods
of x.

Theorem 1.1 A set M is open in the topological space (X, T) iff it is
a neighbourhood of any x € M.

Theorem 1.2 For any point © € X the system V (x) of all the neigh-
bourhoods of x has the following properties

(N1) VW eV (x),zeV

(N2) VeV(x),VCcU=U=eV(x)

(N3) Vne N, VVi,..,.V, e V(zx) =NV, e V(x)

(N4) YV €V (2),3U € V (x) such thatVy e U, V €V (y).

Definition 1.4 A set of neighbourhoods V' (x) of the point x having the
property that for any V €V (x) there is a V' € V' (x) such that V! C V
is called a fundamental system of neighbourhoods of the point x.

Example 1.6 In (R™,7T) the system of all the open n-dimensional inter-
vals which contain the point x is a fundamental system of neighbourhoods

of x.

Definition 1.5 A set F' C X s called a closed set if its complement
CF is an open set.

One can easily prove

Theorem 1.3 The closed sets of a topological space (X,T) have the
following properties

(C1) X and 0 are closed sets
(C2) any intersection of closed sets is a closed set
(C3) any finite union of closed sets is a closed set.

Definition 1.6 Let M C X, X being endowed with the topology 7. A
point x € X is called an adherent point of the set M if for anyV € V (z),
MOV #£0.

The set of the adherent points of M is called the adherence (closure)
of the set M ; it is denoted by M.



We have the following theorem
Theorem 1.4 A set M C X is closed iff M = M.

Definition 1.7 Let X C M, X being endowed with the topology 7. A
point © € X is called a cluster (accumulation) point of the set M if for
any V €V (x) we have VN (M \ {z}) # 0.

The set of the accumulation points of the set M is denoted by M’
and it is called the cluster (derived) set of M.

Remark 1.1 The following equality is true: M = M U M.
Theorem 1.5 A set M C X is closed iff it contains all its cluster points.

Definition 1.8 A point x € M is called an interior point of the set M
if M is a neighbourhood of x.

The set of the interior points of the set M s denoted by Int M and
it 1s called the interior of the set M.

Theorem 1.6 A set M is open iff Int M = M.
Definition 1.9 A set M C X is called dense in X if M = X.

Example 1.7 The set of all rational numbers Q is dense in R endowed
with the usual topology.

2 Basis. Subbasis. The Axiom of Countability

In this section X = (X,7) denotes a topological space, unless there is
another specification.

Definition 2.1 A family B C T is called a basis for the topology T if
any open set G € T is a union of elements from B.

Remark 2.1 We consider that |J B; = 0.

€0

Theorem 2.1 Let X be a topological space, B a basis for the topology on
X and u (B) the family of unions of elements from 3. Then T = u (B).

We have the following characterization of a basis.

Theorem 2.2 Let X be a set; B C P(X) is a basis for a topology on
X iff



a) X=U B

BeB

b) for any By, By € B, By N By is a union of elements from B.

Proof.

1. Let B be a basis. X being an open set, X = |J B. For By,
BeB
By,e BCT,B NBy€eT,so By N Byis aunion of elements from B.

2. Let B C P (X) having the properties a) and b). We show that
u (B) is a topology.

We have obviously 0,X € u (B).

If G; and G, are in u(B), Gi = |UB; and G, = |J Bj, hence

i€l jeT
GiNGe = |J U (B; N Bj); by the condition b) it following that G1NG, €
icl jeJ

u (B).

We have proved that u (B) is a topology, B being a basis for it. If
(X,7) is a topological space, the theorem 1.1 shows that u (B) =7. m

There is a connection between the basis for a topology and the fun-
damental system of neighbourhoods of the points x € X.

Theorem 2.3 A family of open sets B C T forms a basis iff for any
x € X the set B(x) = {B € Blz € B} is a fundamental system of
neighbourhoods of x.

Example 2.1 The family of the n-dimensional open intervals in R"
forms a basis for the usual topology in R™.

Definition 2.2 A family S C P (X) composed of some subsets of the
topological space X is called a subbasis for the topology T if the family
of all finite intersections of elements in S is a basis for T.

Remark 2.2 If S is a subbasis for a topology T, any open set G € T
1s a union of finite intersections of elements in S.

Definition 2.3 A topological space X satisfies the first countability ax-
iom if any point x € X has a countable fundamental system of neigh-
bourhoods.

Example 2.2 a) R with the usual topology satisfies the first countabil-
1ty axiom.

b) Let X = RU{w} where w is not a real number. Let T be the family
of all the open sets in the usual topology on X and of all the sets D
which contain w and have finite complements. Then T is a topology
on X and (X,7T) does not satisfy the first countability axiom.
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Remark 2.3 If X satisfies the first countability axiom, then any point
x € X has a countable fundamental system of neighbourhoods, such that
B; C B ifj >4, i,j € N. Indeed, if {V,|n € N} is a countable
fundamental system of neighbourhoods, the system By = Vi, Bo = Vi N
Va,... has the required property.

Definition 2.4 A topological space X satisfies the second countability
axiom if it has a countable basis. Then X is also called a space with a
countable basis.

Definition 2.5 A topological space X is called separable if there is a
countable subset of X which is dense in X.

The next theorems show the connection between these notions.
Theorem 2.4 Any space with a countable basis is separable.

Theorem 2.5 Any space with a countable basis satisfies the first count-
ability axiom.

We give now an example of separable space with no countable basis.

Example 2.3 Let X be an uncountable set and T the topology of the
finite complements. An infinite set D is dense in (X, 7T ) because it inter-
sects any non-void open set. The intersection of all the open sets which
contain a point xy € X is the set {xo}, because the complement of any
set {x} # {xo} is an open set containing xo. If X has a countable basis
B, the intersection of the sets in B that contain xy will be (| B; = {xo}.
iel
The complement C{xo} = | CB; is a countable union of finite sets CB;,
i€l

so it will be countable; this contradicts the fact that X is an uncountable
set.

Example 2.4 A space which satisfies the first countability axiom, but
does not satisfy the second one.

Let X be an uncountable set with the discrete topology. For any
x € X, the set {x} forms a finite fundamental system of neighbourhoods
of x, but the space has not a countable basis. X is also not separable.

Definition 2.6 A covering of a set M is a family of sets A = { A;|i €

I} such that M C |J A;. The covering is called open if any set A;, i € T
icl

is open. If the set I is finite (countable), the covering A is called finite

(countable). A subcovering of A is a covering A" such that A" C A.



Definition 2.7 A topological space X is called Lindeldf if any open cov-
ering has a countable subcovering.

Theorem 2.6 (Lindeldf) Any open covering of a subset M C X, X
being a topological space with a countable basis, has a countable subcov-
ering.

Proof. Let B be a countable basis of 7 and A an open covering of M.

For any A € A C 7 we have A = |J B;, where [ is at most a countable
i€l

set and B; € B. It follows that M is covered by the subfamily B’ C B

of the sets B; that appear in the union which describes the sets A C A.

For any B’ C B’ we consider a set A" € A such that B’ C A’. The family

of the sets A" determines a subcovering A'C A of the set M. m

Remark 2.4 Th. 2.6 means that any space with a countable basis is a
Lindeldf space.

The next theorem shows a way to construct a basis for a topology
on a cartesian product of topological spaces.

Theorem 2.7 If (X1,77) and (X3, 75) are two topological spaces, then
the family B={A C X1 x X3|A = G1 x Gy, G; € Ty, Gy € T1} is a
basis for a topology T on the set X = X; X Xs.

Definition 2.8 The topology T from Th. 2.7 on X = X3 X X5 is called
the product topology. The spaces (X1,77) and (X3, 73) are the coordi-
nate spaces of the product space X. The product topology is also denoted
by T =T, x T5. One can define is a similar way the product topology
for a finite number of topological spaces.

Remark 2.5 The system S of the sets S1 g, = {x € X1 x Xo|z1 € G1}
and Sy, = {x € X1 x Xa| 2y € Go} where Gy € T and Gy € Ty forms
a subbasis for the product topology on X; x Xo.

3 Separation Properties

Definition 3.1 A topological space X 1is called a Ty-space if for any x,
y € X, x #£y, there is an open set G which contains one point but does
not contain the other one.

X s called a Ty -space if for any x, y € X, x # vy, there are two open
sets G1 and Gy, x € G1, y # Gy and y € G, x # Gs.

X is called a Ty-space (a Hausdorff space) if for any x, y € X, x # v,
there are two open sets G1 and G withx € Gy andy € Gy, GiNGy = 0.



X s called a Ts-space if for any closed set A and x ¢ A, there are
two open sets Gy and Gy, x € G1, A C Gy and G1 N Gy = ().

A topological space which is Ty and T3 is called a regular space.

X is called a Ty-space if for any closed disjoint sets A, B there are
two open and disjoint sets G and Go, A C G1 and B C G,.

A topological space which is Ty and Ty is called a normal space.

X is called a Ty-space if for any A, B C I with ANB =0, ANB =0
there are two open disjoint sets Gy and Gy with A C Gy and B C Gs.

A topological space which is Ty and Tx is called completely normal.

Example 3.1 [31]

1) Topological spaces which are Ty.

a) X ={a,b}, T = {0,{a}, {a,b}}.

b) X = [—1,1] with the topology generated by a subbasis consisting
of the sets [—1,b) for b > 0 and (a,1] for a < 0 (the overlapping
interval topology).

2) Let X be a countable space with the topology of finite complements;
X is then a Ti-space.

3) Topological spaces which are Ts.
a) (R, T) with the usual topology is a Ts- space.

b) Let X = {(x,y) € Q*|y > 0} and an irrational number 0. The
irrational slope topology T on X is generated by e- neighbourhoods
of the form N_ (z,y) = {(z,y) }UB. (x + y/0)UB. (x — y/0), where
B.(z2) ={r e Q||r —z| <e}. Each N, (x,y) consists of the point
(x,y) and two intervals on the rational x-axis centered at the two
irrational points x4y /0; the lines joining these point to (z,y) have
slope 0. The topological space X is Ty (so it is also Ty and Tp),
but has not other separation properties.

4) Let X = |J L; be the union of lines in the plane, where Ly =

i=0
{(z,0)|z € (0,1)} and fori > 1, L, = {(z,1/i)|x € [0,1)}. If
i >0, each point of L; except for (0,1/1) is an open set; the basis
neighbourhoods of (0,1/1) are the subsets of L; with finite comple-
ments. Similarly, the sets U; (x,0) = {(z,0)} U {(z,1/n)|n > i}
form a basis for the points in Ly.

The space X with this topology is T3, but not Ty.
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5) Let X be the set of the real numbers; for each irrational x we choose a
sequence (x;)ien of rationals converging to it in the usual topology.
The rational sequence topology T is then defined by declaring each
rational open, and selecting the sets U, (x) = {x;}2, U{z} as a
fundamental system of neighbourhoods for the irrational point x.

The topological space X is then reqular, but not normal.

6) Let X = {x € Z,|x > 2} together with the topology generated by the
sets of the form U, = {z € X|x divides n} for n > 2. The space
X with the divisor topology is Ty. It is also Ty, but has not other
separation properties.

7) Let X be the closed unit square [0,1] x [0,1]; for the points p =
(s,t) which are not on the diagonal N = {(x,z)|xz € [0,1]}
a fundamental system of neighbourhoods is formed by the inter-
section of X — A\ with an open vertical line segment centered
at p, No(s,t) = {(s,t) € X — Al|t —y| < e}. For the points
(z,x) € A the neighbourhoods are the intersection of X with
the open horizontal stripes less a finite number of vertical lines:
M, (s,s) ={(x,y) € X||y — s| < e, x # x9, 21, ..., x, }. This topo-
logical space, named the Alexandroff square, is normal, but not Ty.

8) The indiscrete topology is Ts, but not completely normal.
9) X =R with T determined by the basis B = {(a,b]| a < b} (the upper

limit topology) is completely normal.
We give now some results that we shall use in the following sections.

Theorem 3.1 A topological space X is a Ti-space iff any one-point set
15 closed.

Theorem 3.2 Any neighbourhood of a cluster point of the infinite set
M in a Ti-space contains infinitely many points of the set.

Theorem 3.3 In a Tz-space any convergent sequence (xy,) has a

unique limat.

neN

Definition 3.2 The sequence (1,,),,cy 15 convergent to the point x if any
neighbourhood V€ V (x) contains all the terms of the sequence, except
for a finite number of them.

11



4 Relativization

In many cases it is necessary to topologize subsets of a topological space,
the topology being related to the initial topology. Let (X, 7) be a topo-
logical space and M C X a subset. In the most natural way, the open
sets in M will be intersections with M of the open sets in X.

Theorem 4.1 The system Ty = {GNM|G € T} is a topology on M.
We can give now

Definition 4.1 The topology Toy = {G N M| G € T} is called the rela-
tive topology of M, M being a subset of X.

Remark 4.1 An open set in the relative topology is not necessarily open
in the total space. So, if we consider in R with the usual topology the set
M = [-1,1], the set (0,1] = M N (0,2) is open in M, but not in R.

However, we have the following result
Theorem 4.2 Any set G € Ty, is open in X iff M is open in X.

The next theorems establish relations between the closed sets of X
and M.

Theorem 4.3 A set ' C M s closed in M iff F = HN M, H being a
closed set in X.

Theorem 4.4 Any closed set in M 1is closed in X iff M is closed in X.
The neighbourhoods in (M, 7;;) are related to those in (X,7) by

Theorem 4.5 A set V. C M is a neighbourhood of x in the space
(M, Ty) iff V.=UnN M, where U is a neighbourhood of x in (X, T).

We obtain from Th. 4.5.

Theorem 4.6 Any neighbourhood of x in (M, Ty) is a neighbourhood
of x in (X, T) iff M is a neighbourhood of x in (X, T).

The next theorems refer to adherence.

Theorem 4.7 A point x € M is an adherent point of the set A C M
in (M, Tyr) iff it is an adherent point for A in (X, 7).

Theorem 4.8 The adherence of a set A in (M, Tur) is the intersection
of M with the adherence of A in (X,T), that is Ayy = AN M.

12



5 Nets

Definition 5.1 Let D # () a set and > a binary relation having the
properties

1) a>bandb>c= a>c (transitivity)

2) a > a (reflexivity)

3) Va,b € D, there exists ¢ € D such that ¢ > a and ¢ > b.
The pair (D, >) is a directed set.

Example 5.1 a) (R, >) and (N, >) with the natural order are directed
sets.

b) (V(x),C) is a directed set, whereV () is the family of all neighbour-
hoods of the point x and A C B means that B includes A.

c) (Py,D) is also a directed set where Py is the family of all finite subsets
of a non-void set M and A O B means that A includes B.

Definition 5.2 A net in X is a function s : (D,>) — X, where (D, >)
is a directed set. We write s (d) = sq.

Definition 5.3 A net s : (D, >) — X is in the set A if s4 € A,
VYd € D. The set is eventually in A if there is an element dy € D such
that for each d > dy, sq4 € A; the net is frequently in A if for each
dy € D, there is d > dy such that sq € A.

If s is frequently in A, the set ' = {d € D|sq € A} has the property
that for each d € D, there is d’ € E such that d’ > d. Such subsets of D
are called cofinal. A cofinal subset of D is also directed by >, because
for a,b € F there is ¢ € D such that ¢ > a, ¢ > b; but for ¢ € D there is
de E,d>c,sod>aand d>b.

We have the following obvious property.

Theorem 5.1 A net s is frequently in A iff a cofinal subset of D maps
in A; this happens iff the net is not eventually in the complement of A.

Definition 5.4 A net s in a topological space (X,T) converges to x in
the topology of X if it is eventually in any neighbourhood of x.

Example 5.2 a) If X is a discrete space, s converges to x iff s is even-
tually in {z}; that is that there is an element dy € D such that for
each d > dy, so = x.

13



b) If X is an indiscrete space, any net converges to any point of X. It
follows that a net may converge to more than one point.

Theorem 5.2 In a topological space X, a point x € X 1is an accumu-
lation point for the subset A of X iff there is a net in A\ {z} which
converges to x.

Proof.

1. Let z be an accumulation point for the subset A; then for each
U € V(x), there is sy € AN (U \ {z}). The family V (x) of the neigh-
bourhoods of z is directed by C, so we obtain a net s which is in A\ {z}.
We show that s is eventually in any neighbourhood of x. Let V € V (z)
and V' C V; it results that sy» € V' C V, so that sy € V for each
VicV.

2. If there is a net in A\ {z} which converges to z, then it has values
in any neighbourhood of x, so A\ {z} intersects any neighbourhood of
r. ®

The next theorems have similar proofs.

Theorem 5.3 A point x € X is in A iff there is a net in A which
converges to x.

Theorem 5.4 A subset A C X is closed iff there is not a net in A which
converges to a point of X \ A.

The following theorem gives a characterization of Hausdorff spaces.

Theorem 5.5 A topological space is Hausdorff iff any net converges to
at most one point.

Proof.

1. Let X be a Hausdorff space and x # y. Then there are U € V (z)
and V € V(y), UNV = (). But a net cannot be eventually in both sets,
and it follows that a net in X cannot converge both to x and y.

2. We assume that X is not a Hausdorff space; let © # y be two
points such that any neighbourhood of x intersects any neighbourhood
of y. Let (V (z),C) and (V (y), C) be directed sets; we define an order
on the cartesian product V (z) x V (y) by setting (U,V) > (U',V’) if
U c U and V C V'. The cartesian product is obvious directed by >.

For any (U,V) € V (z) XV (y) we have UNV # 0; let sy € UNV.
If (U, V') > (U,V), then s,y) € U NV’ CUNV and it follows that
the net (S(U,V)) (V) eV (@) xV(y) COTVErEes to both z and y. It remains that
if any net converges to at most one point, the space is Hausdorff. m

14



Definition 5.5 Let s : (D,>) — X a net and s’ : (D',>') — D a net
in D that satisfies the condition

(1) VYae D,3d €D suchthat ) € D',V > d' = (V') > dl.
The net so s : (D', >") — X is called a subnet of s.

Remark 5.1 The way in which we defined the subnet so s’ implies that
if s 1s eventually in a set A, the subnet s o s is also eventually in A.

Example 5.3 a) Let E C D a cofinal subset, directed by the induced
relation and s : (D,>) — X a net. If s : (E,>) — D is the
identical function on E, sos" will be subnet of s.

b) Another way of obtaining subnets is the following. Let (D',>") be
a directed set and s : (D' >') — (D,>) an isotone function
(s'(a) > ' (b) if a>"b) such that Im s is a cofinal subset in D.
Then so s will be a subnet of s. This way of constructing subnets
1s used in Lemma 5.1.

Definition 5.6 A point x € X is a cluster point of the net s if s is
frequently in any neighbourhood of x.

Example 5.4 a) A net with no cluster point. The sequence (n), .y
considered as a net has no cluster point in the usual topology of R.

b) A net with infinitely many cluster points. For the sequence of all
rational numbers considered as a met any real number is a cluster
point.

Remark 5.2 If a net converges to a point, this is obviously a
cluster point.  But the converse is mot true. For the sequence
—-1,1,—1,-2,—1,3, ... the point —1 s the unique cluster point, but the
sequence fails to converge to —1.

Theorem 5.6 A point x is a cluster point of the net s iff s has a subnet
which converges to x.

In the proof we need the following

Lemma 5.1 Let s be a net, A a family of subsets of X directed by C
such as s is frequently in any member of A. Then there is a subnet of s
which is eventually in any member of A.
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Proof. Let s: (D,>) — X the net which is frequently in any member
of Aand D' = {(d,A)|d e D, A€ A, sq € A}. Then D' is directed by
the relation (d, A) >’ (e, B) if d > e and A C B; indeed, for (d, A) and
(e,B) thereisaC € A, C C Aand C C B,andc€ D,c>d,c> ¢
with s, € C. Then (¢,C) € D" and (¢,C) >’ (d, A) and (¢, C) >’ (e, B).

We define s’ : (D',>') — D by §'(d,A) = d. The function s is
obviously isotone and Im ¢ is a cofinal set in D, because s is frequently
in any member of A. It follows that s o s’ is a subnet of s. The subnet
so s is eventually in any member of 4. m

We give now the proof of Th. 5.6
Proof.

1. Let = be a cluster point for s and A =V (). In this case Lemma
5.1 applies and we obtain a subnet of s which is eventually in any member
of A, that is it converges to x.

2. If x is not a cluster point for s, there is a neighbourhood V of x
such that s is not frequently in V; it follows that s is eventually in CV.
Then any subnet of s is (by Remark 5.1) eventually in CV, and cannot
converge to x. It follows that if there is a subnet of s which converges
to x, then x is a cluster point for s. m

The next theorem gives a characterization of cluster points by means
of closure.

Theorem 5.7 Let s be a net; for any d € D we consider the set Ay =
{se|e > d}. Then x is a cluster point for s iff v € Ay for any d € D.

The connection between subsequences and subnets is given in

Theorem 5.8 Any subsequence of a sequence is a subnet of the sequence
considered as a net. It is not true that any subnet of a sequence is a
subsequence.

Proof. The first assertion is obvious. To prove the second we consider
the next example.

Let (N, >) be the set of all natural numbers with the usual order and
s: N — R defined by s(n) =n, n € N. The net s*os: N — R given by

s*os(n)=n-— [Z] is not a subsequence of s, but it is a subnet. m

6 Continuous functions

Definition 6.1 Let X and Y be two sets. A function defined on X,
with values in 'Y is a subset f of the cartesian product X XY, having
the property that for any x € X, there is ay € Y and only one such that

(z,y) € [.
We denote a function by f : X — Y. Instead of (x,y) € f, one
usually writes y = f (x).
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Definition 6.2 The inverse of the function f: X — Y is a subset {1
of the cartesian product Y x X, given by f~' = {(y,z) € Y x X| (x,y) €

[}

Remark 6.1 Usually f~! is not a function, = (y) being not formed by
a unique point.

Definition 6.3 If A C X, the set f(A) = {f(z)|x € A} is called the
image through f of the set A. If BCY, the set f~'(B) = {xz| f(z) €
B} is called the counter image through f of the set B.

Definition 6.4 The function f is surjective, if f(X) =Y and is one-
to-one if
fla)=f@)=z=21,
that is if card f~{y} <1,VyeY.
The function f is bijective if it is both surjective and one-to-one. If
f is bijective, f~1:Y — X is also a function.

Definition 6.5 Let f : X — Y and g : Y — Z be two functions. The
function go f : X — Z given by go f (x) = g (f (x)) is called a function
of a function (‘composed function).

Theorem 6.1 Let f : X — Y and g : Y — Z functions, A, B, A;,
v € I subsets of X and M, N, M;, j € J subsets of Y. The following
properties are true

(1) ACB= f(A)C f(B)
(1) M C N = f1 (M) C fH(N)

(%f(U&)=UfMﬂ

2) f~ <U Mj) = U 7 (M)

JjeJ JjeJ

® £(na)cnra

el el

(3) f~ <ﬂ Mj) =N f7 (M)

(4) f(A\B) D f(A)\ f(B); it follows that f (CxA) > f(X)\ f(A)

17



4) fFAM\N) = f~H M)\ f7H(M); it follows that f~1 ([:YM) =
Exf_l (M)

fHf(A) DA
5) S (M) c M

FUTMNA) =M f(A); if M Cf(X), f(f7(M)=M
7) (go

Definition 6.6 Let A C X and f: X — Y. The restriction of f to the
set A is a function f|,: A —Y such that f|,(z) = f(x), Ve € A. f
is called then an extension of f|,.

5)

(
(
(6)
(

0= fYgt(0)), VC C Z.

Definition 6.7 Let (X,7x) and (Y,Ty) be two topological spaces. The
function f : X — 'Y 1s called continuous at x € X if for any neighbour-

hood U of f (x) there is a neighbourhood V' of x such that f (V) C U.

Remark 6.2 The function f is continuous at x iff in the above condition
U and V' are members of a fundamental system of neighbourhoods of
f(z) and x.

From now on we shall denote X = (X, 7x) and Y = (Y, 7y). It is
easy to establish the following test of continuity.

Theorem 6.2 The function f : X — Y is continuous at x € X iff for
any neighbourhood U of f (x), f~1(U) is a neighbourhood of .

Definition 6.8 The function f : X — Y is called continuous on X if
it is continuous at any point of X.

The next theorem and its corollary give a characterization of the
continuity on X.

Theorem 6.3 For the function f : X — Y, the following statements
are equivalent

1) f is continuous on X

(1)

(2) forany AC X, f (Z) C f(A)

(3) if M is an open set in'Y, then f~1 (M) is open in X
(4)

4) if M is a closed set in' Y, then f=* (M) is closed in X.

18



Corollary 6.1 Let f : X — Y be a function and S a subbasis of the
topology on'Y'; f is continuous on X iff for any S € S, f~1(9S) is open
mn X.

The next theorem is related to the continuity of the composed func-
tions and of some restrictions; its proof is simple using the test (4) of
Th. 6.3.

Theorem 6.4 Let X, Y and Z be topological spaces. Then the following
statements are true.

(1) If f: X =Y and g: Y — Z are continuous, g o f is continuous.

(2) If f: X =Y is continuous and A C X is endowed with the relative
topology then f|,: A —Y is continuous.

(3) If f: X — Y is continuous and f (X) is endowed with the relative
topology, then f1: X — f(X), f1(z) = f(z) is continuous on X.

Remark 6.3 The image of a closed (open) set through a continuous
function f is not necessary a closed (open) set.
7 Compact spaces

Definition 7.1 A topological space X is called a compact space if every
system of open sets of X which covers X contains a finite subsystem also
covering X.

Example 7.1 R with the usual topology is not compact, but any closed
interval [a,b] C R with the relative topology is compact.

It is well-known the following characterization of compactness.

Theorem 7.1 In a topological space X, the following statements are
equivalent

(1) X is a compact space

(2) Any system of closed subsets of X having the finite intersection prop-
erty (every finite subsystem has a non-void intersection) has a non-
void intersection.

Corollary 7.1 Ifin the compact space X we have Fy D Fy, D ... D F, D

..., where F; are closed and non-void sets, i € N, then () F; # (.
i=1
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Definition 7.2 A topological space is called sequential compact if every
sequence of points of the space contains a convergent subsequence.

Theorem 7.2 In a topological space which satisfies the second count-
ability axiom, the sequential compactness implies the compactness.

Theorem 7.3 In a topological space which verifies the first countability
axiom, the compactness implies the sequential compactness.

By Th. 2.5 we also obtain

Corollary 7.2 In a topological space which satisfies the second count-
ability axiom, the sequential compactness is equivalent to the compact-
ness.

Generally speaking, in a topological space the sequential compact-
ness and the compactness are distinct notions. The compactness can be
characterized in terms of nets.

Theorem 7.4 A topological space is compact iff any net has a cluster
point.

Using Th. 5.6 we obtain

Corollary 7.3 A topological space is compact iff any net has a conver-
gent subnet.

We have also the following result given by Alexander.

Theorem 7.5 Let X be a topological space and S a subbasis of its topol-
oqy. If every covering of X formed by member of the subbasis S contains
a finite subcovering, then the space is compact.

We can define a notion of compactness for subsets of a topological
space.

Definition 7.3 A subset M of the topological space (X,T) is compact
if (M, Tyr), where Ty denotes the relative topology, is compact.

It is easy to prove

Theorem 7.6 A subset M of the topological space is compact iff any
open covering of M with open subsets of (X, T) contains a finite subcov-
ering.
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Theorem 7.7 If M, and Ms are compact sets, MyU M, is also compact.

Remark 7.1 It follows from Th. 7.7 that any finite union of compact
sets 1s compact.

The next theorems give relations between compactness, closure and
separation properties of X.

Theorem 7.8 Any closed subset of a compact space is compact.
Theorem 7.9 Any compact subset of a Hausdorff space is closed.

Remark 7.2 In a compact Hausdorff space, a subset is compact iff it is
closed.

Theorem 7.10 A compact Hausdorff space is T3 and Ty.

The continuous functions defined on compact spaces have special
properties described below.

Theorem 7.11 If f : X — Y is a continuous function on the compact
space X, then f (X) is compact.

Remark 7.3 The compactness is an invariant of continuity.

Theorem 7.12 Let X be a compact space and Y a Hausdorff space. If
f: X =Y s continuous, then f is closed.

At the end of this section, we give a theorem due to Tychonoff, which
can be proved using Th. 7.11, Remark 2.5 and Th. 7.5.

Theorem 7.13 A topological product space is compact iff the spaces of
coordinates are compact.

Remark 7.4 The theorem of Tychonoff is true for any product space
(the product being not necessary finite).
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8 Metric spaces

Definition 8.1 For a given set X, we call a distance or a metric on X
a function d : X x X — R having the properties

(1) d(z,y) =0 z=y
(2) d(z,y) =d(y,x), Yo,y € X
(3) d(x,z) <d(xz,y)+d(y,2), Vr,y,z € X (the triangular inequality).

Remark 8.1 From (1) - (3) it follows that d (z,y) > 0, Vz, y € X.
The couple (X, d) is called a metric space.

Example 8.1 1) (C,d) where C denotes the set of all complex numbers
and d (21, z9) = |21 — 22| is a metric space.

2) (R™,d) with d (z,y) \/Ez L y:)? is a metric space; d is called
the euclidian metric.

3) Cla,b], the set of all continuous functions defined on |a,b] with real
values, with d(f,g) = maxgecp |f (x) — g (x)| (the Tchebycheff
metric) is a metric space.

4) Let (X,d) be a metric space and 2% the family of the non-void
bounded closed subsets of X and D (A, B) = max {sup inf d(z,y),

zeAYEB

sup inf d(x,y)}, VA, B € 2% (the Pompeiu-Hausdorff metric).

yEB €A

Then (2X, D) is a metric space (see §1, Ch. IV).

Definition 8.2 Let (X,d) be a metric space. The number d(z,y) is
called the distance between x and y. The distance from the point x to
the set A C X, A # () is the number d (z, A) = inf{d (z,a)|a € A}. The
distance between the non-void sets A and B is the number d (A, B) =
inf{d(a,b)|a € A, b € B}.

Definition 8.3 The diameter of the non-void set A is d(A) =
sup{ (d(z,y)|z, y € A}. The set A is called a bounded set if d(A)
18 finite.

Definition 8.4 An open (closed) ball of center = and radius r (z €
r > 0) is the set B(z,r) = {y|d(x,y) < r} (respectively B (z,r) =
yld(z,y) < r}. A sphere of center x and radius r is the set S (z,r) =

{yld(z,y) =r}.

.
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We will topologize now the metric space with a topology determined
by the metric d.

Definition 8.5 A set G C X is called open if G = 0 or if for any
x € G, there is a positive number r such that B (z,7) C G.

Theorem 8.1 The family 7 of the open sets defined above determines
on X a topological structure.

Remark 8.2 1) The family B of all the open balls of the metric space
(X, d) is the basis of a topology on X.

2) The system { B (x,r)|r > 0} is a fundamental system of neighbour-
hoods of x in the topology determined by d.

3) All metric spaces satisfy the first countability axiom, because
{B(z,q)] ¢q€Q,q>0} is a fundamental countable system of
netghbourhoods for x.

4) For AC X, A#0, we have d(z,A) =0 iff v € A.

The distance function (the metric) has the following continuity prop-
erties.

Theorem 8.2 The function d : X x X — R is continuous.

Theorem 8.3 If M C X is a fixzed non-void set, the function d (-, M) :
X — R is continuous.

The continuity of the functions defined between metric spaces can be
characterized in the following way.

Theorem 8.4 (Heine) Let f : (X,d) — (X', d') be a function; f is
called continuous at the point x € X iff for any sequence (x,),, .y which

converges to x, the sequence (f (vn)),cn converges to f(z) €Y.

The metric spaces have important separation properties, like the fol-
lowing ones.

Theorem 8.5 Any metric space is T;.
Theorem 8.6 Any metric space is T5.
Theorem 8.7 Any metric space is normal.

We have also
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Theorem 8.8 A metric space which is separable has a countable basis.
It follows by Th. 2.4.

Corollary 8.1 A metric space (X,d) is separable iff it has a countable
basis.

The compact metric spaces have all the properties of compact spaces,
but in this case the compactness can be characterized in a peculiar way.

Definition 8.6 In the metric space (X, d) an e-net is a finite set N. C
X having the property that d (z, N.) < e, Vx € X.

It follows easily

Theorem 8.9 If the metric space (X,d) has an e-net, then X is
bounded.

Definition 8.7 A metric space is totally bounded if for any e > 0 the
space possesses an £-net.

Remark 8.3 From Th. 8.9 it follows that any totally bounded space is
bounded.

The following theorems contain a characterization of totally bound-
edness.

Theorem 8.10 A metric space (X,d) is totally bounded iff for any e >
0 there is a finite covering of the space with sets of diameter smaller than
€.

Theorem 8.11 Any totally bounded metric space is separable.
We have by Th. 8.8.

Corollary 8.2 Any totally bounded metric space satisfies the second
countability azxiom.

There is the next relation between totally boundedness and sequential
compactness.

Theorem 8.12 A sequential compact metric space is totally bounded.

Definition 8.8 The metric space (X,d) has the Bolzano - Weierstrass
property if any infinite set has an accumulation point.
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The next theorem gives some tests of compactness for metric spaces,
which are joined to those more general from Th. 7.1.

Theorem 8.13 In a metric space (X,d) the following conditions are
equivalent

(1) The space is compact.
(2) The space is sequential compact.

(3) The space has the Bolzano-Weierstrass property.
An important class of metric spaces in the class of complete spaces.

Definition 8.9 A sequence (xy),cy 0 a metric space (X, d) is called a
fundamental sequence (or Cauchy sequence) if for any e > 0 there is a
natural number n. such that d (x,,, r,) < e, Vm,n > n..

Remark 8.4 A sequence is fundamental iff for any ¢ > 0 there is a
ne € N such that d (z,,x,.) < e, ¥n > n..

We have the following

Theorem 8.14 Any convergent sequence in a metric space X is funda-
mental.

Remark 8.5 The converse of Th. 8.1/ is not true. Indeed, if in (X, d)
we have a sequence converging to xg, in the space (X \ {xo},d"), d'
being the related metric, this sequence does not converge. But it is a
fundamental sequence.

We give now

Definition 8.10 A metric space in which any fundamental sequence is
convergent is called a complete space.

Example 8.2 C, R" and C'[a,b] with the metrics of Ex. 8.1 are com-
plete. The set of rational numbers with the related metric is a non-
complete space.

The totally boundedness and compactness of a metric space can be
characterized using the fundamental sequences and the completeness.

Theorem 8.15 A metric space is totally bounded iff any sequence has
a fundamental subsequence.
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Theorem 8.16 A metric space is compact iff it is complete and totally
bounded.

Corollary 8.3 A closed subset of a complete space is compact iff it is
totally bounded.

Definition 8.11 A function f : (X,d) — (Y,d') is called uniformly
continuous on X if for any € > 0 there is n > 0 such that for any
x,y € X with d(z,y) <n, we have d' (f (z), f (y)) <e .

Theorem 8.17 If (X,d) is a compact metric space and f : (X,d) —
(Y, d') is continuous, then f is uniformly continuous.
9 Connectedness

Definition 9.1 A topological space is called connected if it cannot be
represented as a union of two closed, non-void, disjoint sets. A space
which is not connected is called disconnected. A subset M C X is called
a connected set if (M, 7yr) is connected topological space, Ty being the
relative topology on M.

Definition 9.2 The sets A and B are called separated if J (A, B) =
(AnB)U(ANB) =0.

The connectedness can be characterized in the following way.

Theorem 9.1 A set M C X is connected iff it cannot be represented as
a union of two non-void and separated sets.

The connected sets have also the following property.

Theorem 9.2 If a connected set M is included in the union of two
separated sets, then M 1is included in one of those sets.
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CHAPTER II
POINT-TO-SET MAPPINGS. GENERALITIES

1 Point-to-set mappings, semi-univocal mappings,
functions

The notion of function, which requires for any element of the domain an
element and only one of the range, is too restrictive and it excludes some
of the most frequent correspondences in mathematics. Thus, if we want
to establish a correspondence between a complex number and the n-root
of that number (n > 2, n € N), we observe that to one number there
correspond more than one number of C. Precisely the correspondence
¢/ C—P(C), ¥/z = {t € C[t" = 2} associates to one element of C a
subset of C, not a single element. We call then {/- a point-to-set mapping.
Another reason which determines a study of the point-to-set mapping is
the asymmetry between functions and their inverses; one knows that the
inverse of a function is not a function, but an object of another nature
- and it will be called a point-to-set mapping. Of course, the function
will be a special case of point-to-set mappings, where the image of any
element of the domain is a set which contains one element and only one.
So, the point-to-set mappings are a natural generalization of functions.
The algebraic properties of functions are similar to those of point-to-set
mappings; they are the subject of this chapter.
Let X and Y be two sets, X # 0.

Definition 1.1 A point-to-set mapping (multifunction) or, briefly, a
mapping defined on X with values in'Y is a function F : X — P (Y),
where P(Y) = {A| A C Y} is the family or all the subsets of Y. It is
denoted by F : X — Y. The set F () is called the image through F of
x.

The effective domain of F is D (F) = {x € X| F (z) # 0}, and the
range of F' is R(F) = |J F (v).

zeX

Definition 1.2 The set I'(F) = {(z,y) € X x Y|y € F(x)} is called
the graph of the mapping F : X — Y.

Definition 1.3 If the point-to-set mapping F : X —o Y satisfies the
condition card F' (x) =1 for any x € X, the mapping is called a single-
valued mapping or a function. We will denote the mappings by capital
letters, and the functions by small ones.

Definition 1.4 A point-to-set mapping is called semiunivocal if F' (z)N
F (2') = 0 implies that F (z) = F (2/).
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Fig 1

It is obvious that a function is also a semi-univocal mapping.

Example 1.1 A semi-univocal mapping which is not single-valued.
Let F: R"\ {0} — R", F (z) = {A\z| A > 0}.

Definition 1.5 A mapping F : X — Y 1is called one-to-one if for any
x, ' € X, v # 2’ we have F (z) N F (2') = 0; F is surjective (onto) if
R(F)=Y.

Any one-to-one mapping is a semi-univocal one.

Example 1.2 A semi-univocal mapping which is not injective.
Let F: X — Y, F(x) = A, where A # () is a fived subset of Y.

Definition 1.6 The inferior inverse (or, briefly, the inverse) of the
point-to-set mapping F : X — Y is the mapping denoted by F'~ : Y —o
X and given by F~ (y) ={z € X|y € F(x)}.

The effective domain of F~ is R(F').

For BCY, B # () we denote F~ (B) = {x € X|F (x) N B # 0}.
We admit that F~ () = (.

Example 1.3 Let F' : [0,1] — [0,1] given by F (x)
F~(y) = [y,1], Vy € [0,1]. We have also F~ ([%,%]
F~([0,1]) =[0,1]. The graph of F is given in Fig.1.

[0,z]. Then
— [3.1] and

~—

Definition 1.7 The superior inverse of the mapping F' : X — Y s
Ft:P(Y)— P(X) given by F* (B) ={x € D(F)|F(x) C B}. We
put conventionally F* () = (.
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Example 1.4 For F in example 1.8 we have F* ([}1, %]) =0 and
F([0,3]) = [0.4]-

Remark 1.1 It is true that F* (B) C F~ (B), VB CY.

Remark 1.2 For the function f: X — Y we have f~ (B) = fT(B) =
f71(B).

2 Properties of the point-to-set mappings related
to set operations

We will prove in this section some results for point-to-set mappings sim-
ilar to those of Th. 1.6, Ch. I.

In the following we will consider a point-to-set mapping F': X —o Y,
some subsets of X denoted by A, B, A;, i € I and some subsets of Y
denoted by M, N, M;, j € J.

Theorem 2.1 (1) AC B= F(A) C F(B)
(') M C N = F~ (M) C F~ (N) and F* (M) C F* (N).

Proof. (1) Let y € F'(A): it means that there is an element € A such
that y € F (z). Because of A C B, we have x € B and y € F (), i.e.
y € F(B).

(1') Let x € F~(M): then F(x) N M # (. Because of M C N
we obtain F'(z) "N # 0 and z € F~ (N). If 2 € F* (M), we have
x € D(F) and F (x) C M; it follows that x € D (F') and F (x) C N,
hence x € F*(N). m

Theorem 2.2 (2) F (U Ai> = F(4)

el i€l

(2') F~ (U Mj) = U F~ (M) and F* (U Mj) > U Fr(M).

jeJ jeJ jeJ jeJ

Proof.(2)y€F<UAi><:>EIx€UAZ-,yGF(:E)@EIiOG[,
i€l i€l
dreA,,yeF(x)edipel,ye F(A,) <yelJF(A)
i€l
2)zeF | UM, | e F()nN UMj>7é@(:)EIjOGJ,F(:E)ﬂ
jE€J jeJ
Mjo%wﬁajoej,l’eF_(Mjo)@l’EUF_(Mj).
jeJ
v e FH(M,) & Jjo € J, z € F* (M) < Jjo € J, x € D(F),

F(z)cMjy,=x€D(F),F(x)c UM, zecF* UM]> u

jed jedJ
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Remark 2.1 The inclusion for F* in (2’) is generally strict. Indeed,
if for F' from example 1.3, we denote M; = [O,ﬂ and My, = [%,%],
we obtain F* (M;) = [0,1] and F* (M) = 0. We have F* (M;) U
FT (M) = [0,%].

But M UM, = [0.3] and £ (0.3]) = [0.2] 5, [0.4]

Theorem 2.3 (3) F ( N Ai> C N F(4)

el el

(3") F~ (ﬂ Mj) C () F(M;) and F* (ﬂ Mj) = [ F7(M;).

jeJ jeJ jeJ jeJ

Proof.()yGF(ﬂA)@EIxEﬂAi,yeF(x)@WGI,EIxEAi,
iel iel
yeF(x)=>Yiel,ye F(A) s ye ) F(A).
iel
(3’)x€F‘<ﬂMj><:>F(x)ﬂ<ﬂMj)7&@:>Vj€J,F(a:)ﬂ
jeJ jeJ
M #0&eVjeJ, xe F (M) xe (| F (M).
jeJ
reFt| N M)exeD(F),F(x)C (Mj<xeD(F)and
jeJ jeJ
ViedJ, Fz)CM;eVjedJ, zeFt(M;)exe () FF (M) =

jedJ

Remark 2.2 a) The inclusion in (3) is generally strict.

Let F : ]0,5] — [0,5] given by

~ J0,z],z €[0,2] U3, 5]

F(I)_{[O,l],xE(Q,S) ’

whose graph is given in Fig.2.

For Ay = [0,3) and Ay = (2,5] we have F(A;) = [0,2] and
F(Ay) = [0,5], hence F (A1) N F(Ay) = [0,2]. But Ay N Ay = (2,3)
and F((2’3)> = [07 1] Cx [ ]

b) The inclusion in (3/) related to F'~ is also strict.

For F given in a) and M, = [5,3], My = (1,2] we have F~ (M;) =
[2.5] and F~ (M) = (1,2] U [3,5]; F~ (My) N F~ (M) = (1,2] U [3,5].

But My My = (1,2] and F~ ((1,2]) = (1,3]U[3,5] C» F~ (My) N
F~ (MQ)

Theorem 2.4 (4) F(A\ B) D F~ (A)\ F(B)

F+(£\,[))F(M\N) DF (M)\F (N)and F-(M\N) C Ft (M) \
We 'obtam from (4) that F (CxA) > F(X)\ F(A), F~ (CyM) C

D(F)\F~ (M) and F* (CyM) C D(F )\F+( ).
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Fiz 2

Proof. (4) ye F(A)\F(B) < ye F(A)andy ¢ F(B) = dzr € A,
yeEF(r),r¢ B&Jdre A\B,ye F(x)=ye F(A\B).

4) x e F- (M d F(z)y "N =
)< Fx)NM+#1
F(m)ﬂCyN:>F(
xeF~(M\N).

r € FT(M\N)#0 < xe D(F), F(x) C M\ N <& x € D(F),
F(r)cM,F(z)ClyN=2e€ Ff(M)\F*(N). =m

J\NF"(N) & F(x) " M # () an
and F(z) CCyN & F(2)NM # 0 and F (z) =
)N (MNCyN) #0 < F(z)Nn(M\N) # 0

Remark 2.3 All the inclusions in Th. 2. 4 are strict.

a) For F defined in Remark 2.2 a), A = (2,5 and B = [0,3) we
have F (A) = [0,5], F(B) = [0,2] and F (A) F( ) (2,5]. But
A\ B =13,5] and F(A\ B) =[0,5] D F(A)\

b) For F defined in Example 1.3, M = [O 4} = [
F~ (M) =[0,1] and F~ (N) = [4,1}, hence F~ (M) \ F~
But M\ N =0,%) and F~ (M \ N)=[0,1] D>, F~ (M) \

For the same F, we have F* (M) = [0,1] a

FrMAN) = [0,3) Cp FFOD\FF(N).

Remark 2.4 If I' is surjective, then F ([:XA) D Cy F (A); if it is bijec-
tive, F (CxA) =Ly F (A).

Theorem 2.5 (5) A C F~ (F(A)) AND(F)C F*(F(A))
(5) F(F-(M))DMNR(F); F(F*(M))c M.

Proof. (5)zr € A= F(zx)NF(A)#0 < xe F (F(A)
reAND(F)<xzeD(F),r€e A=zxe€D(F), F(r) CF(A) <
v € F* (F(A))
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BYye MNR(Y)e dre X,ye MNF(zx) = dr € F” (M),
ye F(r)eye F(F (M)).

ye F(FT (M) 3zre Ft(M),ye F(x) & 3x € D(F), F(x) C
M,ye F(x)=ye M. m

Remark 2.5 All the inclusions in Th. 2.5 are generally strict.

a) For F defined in Example 1.3 and A = [1,3] we have F (A) =
[0.2]; F~ (F(A)) = [0,1] 5 A; F* (F(4)) = [0.3] 52 AN D(F) =
A.

b) For the same F and M = [1,2] we have F~ (M) = [1,1] and
F(F- (M) = [0.1], MAR(F) = [3,5].

Now for F defined in Remark 2.2 a) and M = [O, g}, we obtain
Ft (M) =10,3) and F (F* (M))=10,2] C. M.

Theorem 2.6 (6) F(F~ (M)NA) D MNF(A); F(Ft(M)NnA) C
MNF((A).

Proof. ye MNF(A) & v € A,y € F(z),y € M = Jo € A,

yeEF(x), Fae)NM #0<=3eec Az e F (M),ye F(x) & Jx €
F-(M)NAjyeF(x)eye F(F (M)nA).
y € F(FT(M)NA) & dx € FF(M)NA, y € F(z) & Jz €

AND(F).
Fx)cM,ye F(z)=yeMandye F(A)eye MNF(A). m

Remark 2.6 The two inclusions in Th. 2.6 are strict.

For F defined in Example 1.3, M = [}1,%], A= [0, %] we have
F(A)=10,2], hence M N F (A) = [1,3].

But F~ (M) = [1,1] and F- (M) N A = [},3]; we obtain
F(F~(M)NnA)=[0,2] >, M NF(A).

For F defined in Remark 2.2 a), M = [O, g}, A = [2,4] we have
F(A) =10,4] and M N F (A) = [0,2]. We obtain similarly F* (M) =
0,3) and F* (M)NA=12,3), hence F(FT (M)NA)=1[0,2] C M N
F (A).

Remark 2.7 The statements (1)-(6) in Th. 1.6, Ch. I are consequences
of the theorems proved here, because of Remark 1.2.

3 Operations with point-to-set mappings, proper-
ties

The images through a point-to-set mapping being sets, we can define
operations with the point-to-set mappings according to the operations
which can be done with the images through the respective mappings.
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Definition 3.1 Let I, I3 : X — Y point-to-set mappings.

The union of the mappings F1 and Fs is a mapping denoted by Fy U
F2 X —oY gz’ven by (Fl U F2> (.I') = F1 (l') U F2 (.%')

The intersection of Fy and F5 is a mapping denoted by F1NFy : X —o
Y given by (Fy N Fy) (z) = Fy (x) N Fy ().

The cartesian product of F| and Fs is a mapping denoted by Fy x F5 :
X — Y XY given by (Fy x Fy) (z) = Fy () x F (z).

The composed of F': X — Y and G : Y —o Z is a mapping denoted
by GoF: X — Z given by (Go F) (z) = G (F (x)).
Theorem 3.1 For F', Fi, [, : X —o Y, G:Y — Z and A C X we
have
(1) (FLUF)(A) = Fi (A)UF (A)
(2) (F1NFEy)(A) C Fi(A)NFy(A)
( ) (Fl X Fg) (A) C F| (A) X Fy (A)
(4) (GoF)(A)=G(F(4))
Proof.

(Hye (FHUR)(A) @ dre Aye (FUFR)(z) & dre A y e
Fy(z) UFy () &y e FiL (A)U Fy (A)

2) ye (FiNk)(A) e dreAjye (FiINE)(r)< drA ye Fi(x)N
Fy(r)=yec (A NF(A)

(3) (y1,92) € (F1 x Fy) (A) & Jz € A, (11,42) € (F1 X ) (z) &
SdweApeh(@),peh(E@ =necl(A),rch(4) <
& (y1,92) € F1(A) X Fy (A)

(4) (GoF)(A) = ng(GoF) (z) = ngG(F(I)) = GILEJA(F(OC)) =
G (F (A)).

Remark 3.1 The inclusions (2) and (3) are generally strict.

Let Fy, Fy : [0,1] —o [0,1] given by Fy(x) = [0,z] and F>(z) =
0,1 —z|, Vx € [0,1]. Then

1

(FNF) @) =47" j Pg(]%? e

For A = [1,2] we have Fy (A) = F, (A) = [0, 2], so Fy (A)NF3 (A) =
[0, 2] on the other side, (F1 N F>) (A) = [0,1] € Fi (A)N F>(A). On
the same conditions, (2,3) € Fy (A)x Fy (A) but (2,3) ¢ (Fy x F3) (A),
so (F1 x Fy) (A) C Fy (A) x Fy (A).
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Remark 3.2 If we apply (4) of Th. 3.1 for functions, we obtain (7) of
Th. 6.1, Ch. I; so this theorem is entirely a consequences of the results
for point-to-set mappings applied in the special case of functions.

Definition 3.2 A mapping F' : X — Y is called constant if F' (z) = C,
Vo € X, where C is a fized subset of Y.

A constant mapping F' satisfies the condition (FFNG) (A) = F(A)N
G (A), VG : X — Y a point-to-set mapping and A C X.

Definition 3.3 The point-to-set mapping idy : X — X, idx (z) = {z}
1s called the identical mapping of the set X.

The next two theorems show that the intersection and the cartesian
product of mappings preserve the properties of semi-univocal or one-to-
one mappings.

Theorem 3.2 If Fy, F5 : X — Y are semi-univocal, then Fy N Fy and
Fi x Fy are also semi-univocal.

Proof.

(FiNF) (z)N(FNE)(2) # @éFl()ﬂFl(’)#wanng(a:)ﬂ
F ()£ 0= Fi(x)=F (2) and Fy (z) = Fy (2') = Fy (z) N Fy (z) =
Fl(x’)ﬁFQ( ! :><F10F2>($):(F1HF2)( ,)

(Fi x F) (z) N (F1 x Fp) (2) 0 = (M) xF(z)N
(01 x F2 ) 0= 1y (2017 () £ 0 £ ()1 (o) 0
Fi(x) = Fi(2) and Fy(z) = Fy(2') = Fi(z) x Fy(z) = Fy(2)) x
Fy (2) = (F1 x Fy) (z) = (F1 x Fy) (2).

Theorem 3.3 If one of the mappings Fy, Fy : X —o Y 1is one-to-one,
the mappings Fy N Fy and Fy X Fy are also one-to-one.

Proof. Let F| be one-to-one and = # 2’ two points of X. F} being one-
to-one, Fy (x) N Fy (') =0, s0 Fy (z) N Fy (/)N Fy () N Fy (2') =0, i.e.
(F1NFy) () N (Fy N Fy) (2') = 0. Tt follows that F; N Fy is one-to-one.

Similarly, we obtain from F (z)NFy (2') = () that (Fy (z) N Fy (27)) x
(Fy (x) N Fy (2") = 0, and then (Fy (z) x Fy (z)) N (Fy (2') x Fy (2')) =
(). Tt follows that (Fy x Fy) (z) N (Fy x Fy) (2') = 0, and F}; x Fy is a
one-to-one mapping. ®

The two inverses of a mapping have the properties mentioned in the
following theorems, where F': X — Y is a mapping having D (F') = X.

Theorem 3.4 For M C Y we have
(5) CxF~ (M) =F* (CyM); CxF+ (M) =F~ (CyM).
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Proof.

1 €lxFF(M) & 2e€ X, Fo)NM =0 & 2 € D(F) = X,
F(z)clyM <z e FT(Cy M)

v e lxFt*(M) o re X, v ¢ Fr(M) & 2 € X, Iy € F(x),
y¢MeosreX,yeFa),yelyMere X, Fz)NlyM #0 <
reF (CyM). =

Theorem 3.5 The sets M CY for which F* (M) = F~ (M) are called
pure sets and form a complemented lattice M.

Proof.

If M € M we have also y M € M because applying Th. 3.4 we
obtain F* (Cy M) =CxF~ (M) =CxF+ (M) = F~ (CyM).

For My, My € M, we have F'~ (M; U M) = F~ (My) U F~ (M) =
F+ (Ml) UF+ (MQ) Cc F* (Ml U Mg) (by Th. 22) and F'* (Ml U Mg) C
F~ (MU M,), hence F'~ (M; U M) = F* (M; U M,). It follows that
M; U My € M.

We have also M; N M, € M, because Cy (M; N My) = Cy M; UCy M.
[ |

We have proved in Th. 2.5 that generally A C F~ (F'(A)). The next
theorem establishes the properties of the sets for which the relation takes
place with equality:.

Theorem 3.6 The subsets A C X for which F~ (F (A)) = A are called
stable and form a complemented lattice A.

Proof. We first prove that CxyA € A, if A € A. We have obvi-
ously CxA C F~ (F ([:XA)). Let now z € F~ (F ([:XA)), so F(z)Nn
F (CxA) # 0. It follows that there is 2’ € Cx A with F (z) N F (2/) # 0.
It we had z € A, then F (/) N F(A) # 0 and 2/ € F~ (F(A4)) = A,
which is a contradiction. We obtain that = ¢ A, hence x € Ly A and the
inverse inclusion is also proved.

Let now Ay, Ay € A; F~ (F(A1UAy)) = F~ (F(A)UF (Ay)) =
F~(F(A))UF~ (F(Ay)) = AjUAy, s0 AJUAy € A (we used Th. 2.2).

It follows easily that for A;, Ay € A we have also A;N A, € A. =

Theorem 3.7 The function f : P(X) — P(X), f(A) = F" (F(A)) is
a closure function, in the sense that the following conditions are fulfilled

(6) AC f(4)
() AC B = f(A)C f(B)
(8) F(F(A) = f (A).
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Proof.

(6) follows from Th. 2.5, because X = D(F).

(7) follows from Th. 2.1.

To prove (8), we apply (6) and (7), so A C f(A) = f(4) C
f(f (A)). For the inverse inclusion, let x € f(f(A)), but z ¢ f(A).
Because = ¢ f(A), thereisy € F(x),y ¢ F'(A). From z € f(f(A))
we obtain F'(z) C F(f(A)); but y € F(x) and y € F (f (A)). There
is then t € f (A) with y € F (t), so F'(t) C F(A) and y € F (t), hence
y € F'(A), which is a contradiction. It remains that our assumption was
false and = € f(A), hence f(f (A)) C f(A). From the two inclusions
we obtain f (f(A)) = f(A). m
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CHAPTER III

SEMICONTINUITY OF THE POINT-TO-SET
MAPPINGS

If F/: X—Y is a point-to-set mapping and X, Y have a topolog-
ical structure, it is natural to try to find some continuity notions for
F. Continuity ideas for point-to-set mappings appeared since 1926, in
the papers of W. A. Wilson [35], L. S. Hill [12] and W. Hurewicz [14],
for some special cases. In the years 1932-33, K. Kuratowski [16] and
G. Bouligand [5] gave more general definitions. There followed other
definitions given by many authors to be most adequate to the problems
they studied. A historical exposition of the development of the theory
of point-to-set mappings in the first half of our century was done by B.
Mec. Allister [19].

It is not yet established a unitary terminology for the notions of
continuity and semi-continuity. In recent times, some papers as [30]
study the relation between the various definitions given already and they
propose new names and new types of continuity. In the following we will
take into account the trials made in time by the mathematicians for
elaborating more adequate definitions and discovering the connections
with the earlier ones [1, 6, 28, 29, 32].

The definitions admitted here are those assumed by Berge [1] which
pretend very few conditions on the mapping F'. For example, it is per-
mitted to exist points where the image through F' is the void set. The
notion of upper semicompactness is that given by W. Sobieszek and P.
Kowalski [30].

1 Lower semicontinuity

Let X and Y be topological spaces and F' : X—oY a point-to-set map-
ping.

Definition 1.1 The mapping F is called lower semicontinuous (l.s.c.)
at xg € X if for any open set U C Y with U N F (xg) # 0 there is a
neighbourhood V' of xq such that F (x) NU # () for any x € V.

With the notations given in Ch. II, the condition in the definition of
l.s.c. at x( is equivalent to the fact that for any open set U C Y with
xo € '~ (U) there is a neighbourhood V' of zy such that V' C F~ (U).

If F(z9) =0, then F is Ls.c. at .

K. Kuratowski gave the next definition using sequences.

Definition 1.1’ The mapping F with D (F) = X 1is lower semi-
continuous at vy € X if for any sequence (an)nGN convergent to the
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limit xo, and for any y € F (xo) there is a sequence (Yn), oy convergent
to y and satisfying the condition y, € F (x,), Vn € N.

The two definitions are not generally equivalent. The next theorems
study the relation between these definitions. In Th. 1.1 - Th. 1.4 F is
supposed to satisfy the condition D (F') = X.

Theorem 1.1 IfY satisfies the first countability axiom a mapping l.s.c.
at xqo in the sense of D.1.1 is also l.s.c in the sense of D.1.1".

Proof. Let (x,),.y be convergent to zyp € X and y € F (zy). We will
obtain the sequence (¥,,),,cy required in D.1.1°. By the first countability
axiom, there is a countable fundamental system of neighbourhoods of v,
with U1 C Ux (Remark 2.3, Ch. I). We have obviously Uy N F (z0) # 0,
Vk € N. Using D 1.1 we obtain for every Uy a Vi, € V (xg) such that
UkmF<I’) #@, Ve e V.

Because x, — 9 (n — 00), there is { Ny }xeny with Niyq > Ny such
that for any k& we have x,, € V}, for n > Nj.

Let now k = 1. For n € {1,2,...,N;} we choose arbitrarily y, €
F (z,),and forn € {N;+1, N1+2, ..., No} we choose yn,+; € F (xn, 1)
Ui, i € {1,2,..., Ny — N1 }. An analogous procedure applied for any k
leads us to the sequence (y,,), oy With y, € F'(x,). We prove now that
Yo — Yy (n — 00).

Let W be a neighbourhood of y; there is then £ € N such that
Uy, C W. From the way of obtaining (y,), .y We have y, € Uy C W,
Vn > Ny, and the convergence of (y, ),y is proved. m

Theorem 1.2 If X satisfies the first countability axiom, then a mapping
l.s.c. at xy in the sense of D.1.1°is also l.s.c. in the sense of D.1.1.

Proof. We suppose that F'is l.s.c. at zq in the sense of D.1.1” but not in
the sense of D.1.1. There is then an openset U C Y, UNF (zg) # 0 such
that for any neighbourhood V' of x( there is © € V with F (x) N U = 0.
Let V,, a countable fundamental system of neighbourhoods of xy, with
Vi1 C Vy, Vn € N. By the assumption we made, for any n € N there is
x, € V, such that F (z,)NU = (). We have of course x,, — xo (n — 00).
Let y € F (z9) NU. By D.1.1’ there is y,, € F (z,,), yn — y (n — ),
which contradicts the fact that F (z,) N U = 0, Vn € N. Tt follows
that our assumption was false, and the l.s.c. at x( in the sense of D.1.1’
implies the l.s.c. in the sense of D.1.1. =

Corollary 1.1 If X and Y satisfy the first countability axiom, the two
definitions of l.s.c. at. xo are equivalent.
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Remark 1.1 If I is a single-valued mapping, D.1.1 represents the con-
tinuity in the sense of Cauchy, and D.1.1° that in the sense of Heine.

Theorem 1.3 [32/ A point-to-set mapping F is l.s.c. at xq in the sense
of D.1.1 iff the following condition is satisfied:

(1) for any net z : (D,>) — X convergent to xg and any y € F (zo) and
U eV(y), there is dy € D such that for d > dy, F (xq) NU # 0.

Proof. 1. Let F be Ls.c. at xy in the sense of D.1.1 and = a net
convergent to xg. Let y € F (o) and U an open neighbourhood of y.
Because F' is l.s.c. at xg, there is V' € V (xq) such that F (z) N U # 0,
Vo € V. x being convergent to xg, there is dy € D such that z; € V,
Vd > dy;. Therefore, we have F (z4) NU # 0, Vd > dy.

2. We suppose now that F is not l.s.c. at xy. It follows that there are
y € F(x9) and U € V (y) such that for any V € V (z¢) there is xy € V
with F (xy) N U = (. We consider the net = : (V (x),D) — X, where
we choose zy € V with F (zy) NU = 0; it is obvious that = converges
to xy. For the net z, the point y € F (z9) and U € V (y), the condition
(1) is not fulfilled. Then the condition (1) implies the Ls.c. at zo. ®

Remark 1.2 If F: X —o fulfils the condition
(2) for any net x : (D,>) — X convergent to xy and yo € F(xo) there
is anety: (D,>) —Y convergent to yo, yq € F (x4), Vd € D,
then the condition (1) is also true.

Indeed, for any U € V(yo), from the convergence of the net y to
Yo, we obtain that there is a dy € D such that yq € U, Vd > dy. But
yq € F (24), hence F (zq) NU # 0.

We have then

Theorem 1.4 If the mapping F : X — Y satisfies the condition (2),
then F' is l.s.c. at xqy in the sense of D.1.1.

We will consider in the following l.s.c. mappings in the sense of the
definition with neighbourhoods.

Definition 1.2 The mapping F' : X — Y 1is called lower semicontinu-
ous (Ls.c.) if it is l.s.c. at any point xy € X.

The next two theorems gives characterizations for the global 1.s.c.

Theorem 1.5 The mapping F' : X—Y is l.s.c. iff for any open set
GCY,theset {r e X|F(z)NG #0} =F (GQ) is open in X.
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Proof. 1. Let F be l.s.c. and G C Y an open set. If F~ (G) = 0,
it is obviously open; let now F~ (G) # 0 and zo € F~ (G). We have
F (x9) NG # () and by the definition of l.s.c. at xg, there is V € V (x)
with F'(x) NG # 0, Vo € V. It follows that V' C F~ (G), so F~ (G) is
a neighbourhood of every point of it, so it is an open set.

2. Let now F~ (G) be an open set for any open set G C X. If
xo € X is a point for which F (xg) = 0, F is Ls.c. at xq. If F (z9) # 0,
we consider an open set U C Y such that UNF (zg) # 0, so xg € F~ (U).
The set F~ (U) is open and F () NU # 0, Vx € F~ (U) and it follows
that F'is l.s.c. at xy. Because xy was chosen arbitrary in X, F' is l.s.c.
[

Theorem 1.6 The mapping F : X — Y s l.s.c. iff for any closed set
HCY, the set {x € X|F(x) C H} is closed in X.

Proof. The proof is obvious using Th. 1.4 and the fact that
Cx (F-(G)={2eX|F(z)NG=0}={re X|F(x) c(yG}. =

The property of 1.s.c of mappings is related to the selection theorems.

Definition 1.3 Let F' : X—Y be a mapping with D (F') = X. A selec-
tion of the mapping F' on the set X is a continuous function f : X — Y
satisfying f (x) € F (x), Vo € X.

E. Michael gives in [10] the following result.

Theorem 1.7 If F' : X — Y is a point-to-set mapping for which for
any o € X and yo € F (x0) there are a neighbourhood V € V (xq) and
a selection f for F|,, with f (zo) = yo, then F is Ls.c.

Proof. Let zp € X and U C Y an open set with U N F (z) # 0;
hence there is yo € U N F (xg). For xy and yo we find a neighbourhood
V € V(zo) and a selection for F|,, with f(z¢) = yo. Because of the
continuity of f, the set f~ (U) = {zx € X|f(x) € U} is open. Let
V=V nf~(U); V'is non-void (x € V') and it is a neighbourhood of
To. Let now x € V'’ be an arbitrary chosen element; we have z € V' and
f(z) € U. Because x € V we obtain f (z) € F (), and it follows that
UNF (x) #0, Ve € V' and the definition of the Ls.c. is satisfied. m

2 Upper semicontinuity and upper semicompact-
ness

Let X and Y be topological spaces and F' : X—oY a point-to-set map-
ping.
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Definition 2.1 The point-to-set mapping F is called upper semicontin-
uous (u.s.c.) at xg € X if for any open set U C Y with F'(x9) C U there
is a neighbourhood V' of x¢ such that F' () C U for any x € V.

Remark 2.1 If F (xg) = (0, F is u.s.c. at xq iff there is V € V (xp)
such that F (V') = 0.

Definition 2.2 The mapping F is called upper semicompact (u.s.co.)
at vo € X if F is w.s.c. at xg and F (z9) is compact.

Definition 2.2’ [29] The mapping F : X — Y with D(F) = X is
u.s.co. at xg € X if for the sequence (x,), .y convergent to xy and y, €
F (x,) there is a subsequence (Yn, ),y convergent to a point yo € F (xo).

In Th. 2.1 - Th. 2.4, which establish the relation between the differ-
ent definitions, we will consider F': X — Y with D (F) = X.

Theorem 2.1 If F is u.s.co. at xq in the sense of D.2.2, then it is also
u.s.co. at xqy in the sense of D.2.2’.

Proof. We suppose that F' is u.s.co. in the sense of D.2.2 but not in the
sense of D.2.2°. Then there is a sequence (x,),,.y convergent to ro and
there are the elements y,, € F'(z,,) such that for any y € F' (x¢) there is
an open neighbourhood U (y) of y containing at most a finite number of

members of the sequence (y,),cy- We have F'(zo) € |J U (y).
yeF (z0)
Because F (z¢) is compact, we obtain a finite covering such that

F (z0) C UU(%) yi € F(x0),i=T1,p.
It follows that only a finite number of the members of the sequence

(Yn)pey can be in U = U U (y;). F being u.s.co. in the sense of D.2.2,

there is V' € V (x9) such that F(z) C U for any x € V (z9). Because
T, — To (n — o0) there is ny € N such that =, € V, ¥n > ny, hence
F(z,) C U, ¥Yn > ny. It follows that y, € U, VYn > ny, which is in
contradiction with the fact that only a finite number of the members of
(Yn)pey are in U. It follows that the assumption we made was false and
the theorem is proved. m

Theorem 2.2 If X satisfies the first countability axiom and Y the sec-
ond countability axiom, then F' is u.s.co. at xy in the sense of D.2.2 iff
it is u.s.co. at xo in the sense of D.2.2°.

Proof. Using the result given in Th. 2.1 we have to show that the
u.s.co. at xg in the sense of D.2.2” implies that in the sense of D.2.2.
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By Th. 7.2, Ch. 1, it is sufficient to show that F'(xg) is sequential
compact and its compactness will then follow. Let (), cn, ¥n € F (20),
n € N; for z,, = xo, Yn € N, we have y,, € F (z,,) and x,, — 29 (n — 0).
Applying D.2.2” we obtain that there is a subsequence (yn, ),y conver-
gent to a point xy € F' (xo), hence F'(z) is sequential compact.

We suppose now that F' is not u.s.co. at zy in the sense of D.2.2,
so it is not w.s.c. at xy. Then there is an open set U with F'(zq) C U
such that for any V € V(o) there is x € V with F(z) € U. We
obtain the existence of y € F'(x), y ¢ U. If {B,},en is a fundamental
system of neighbourhoods for z¢ with B, 1 C B,, Vn € N then we can
choose (Yn),eny and (zy),cy such that z, € By, y, € F(v,), yn ¢ U.
By Definition 2.2’ from z,, — 2y (n — o0) it follows that there is (y,, )
subsequence of (y,),,cy convergent to yo € F (x0). But from y, ¢ U we
obtain yy ¢ U, contradiction with F' (o) CU. =

We can give a characterization of u.s.co. at xy using nets.

Theorem 2.3 The mapping F' is u.s.co. at xy in the sense of the D.2.2
iff the following condition is satisfied:

(1) for any netx : (D, >) — X convergent to xo and for any yq € F (z4),
there is yo € F (o) cluster point for the nety: (D,>) — Y.

Proof. 1. We suppose that there is = : (D,>) — X convergent to x
and y : (D,>) — Y with y; € F (x4), ¥d € D such that any yo € F' (xo)
is not a cluster point for y. Then there is U (y9) € V (yo) open set such
that y is not frequently in U (yp), i.e. there is dy € D with yq ¢ U (yo)
for d > dy. We have then F (z9) C | U () and let Uy,...,U, a

YoEF (o)

finite covering. There is d’' such that for any d > d', y4 ¢ U = O Us.

=1
Because F' is u.s.co. at xg, there is a neighbourhood V' € V (x¢) such
that F'(z) C U, Vo € V. The net = being convergent to xy, there is
d € D such that for any d > d’, x4 € V, hence F' (z,;) C U. It follows
that y; € U, Vd > d’, which is a contradiction. So the condition (1)
most be fulfilled.

2. Let now suppose that condition (1) is satisfied. We prove first
that F' (o) is a compact set. Let y; € F (x¢) and x4 = o, Vd € D,
where (D, >) is a directed set. There is then yg € F () cluster point
for y and by Th. 7.4, Ch. I, F'(x¢) is compact.

We suppose now that F' is not u.s.c. at xg. There is an open set U
with F'(z9) C U such that for any V € V (z¢) there is z € V with
F(z) ¢ U. We construct a net = : (V(29),D) — X, xy being the
element of V' whose existence was just proved. Because F (zy) € U,
there is yy € F (zv) N CyU. Therefore, for any V € V (z¢), yv ¢ U.
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yo € F (o) being a cluster point for y : (V(z9), D) — Y, it follows
that for any V' € V (z¢) there is W C V, with yy € U, which is a
contradiction. So F'is u.s.c. at xo. m

Using the result of T.5.6, Ch. I, the above theorem may be reformu-
lated like this.

Theorem 2.4 The mapping F' is u.s.co. at xo in the sense of D.2.2
iff for any net x : (D,>) — X and for any nety : (D,>) =Y, ys €
F (x4),Yd € D, there is a subnet of y convergent to an element of F (x).

From now on we will consider the notions in the sense of D.2.1 and
2.2.

Definition 2.3 The mapping F' : X — Y 1is called upper semicontinu-
ous (upper semicompact) and is denoted by u.s.c. (u.s.co.) if it is upper
semicontinuous (semicompact) at any point ro € X.

Theorem 2.5 The mapping F : X — Y is u.s.c. iff for any open set
G CY, the set {z € X|F(x) C G} =M is open in X.

Proof. 1. Let F': X — Y an u.s.c. mapping and G C Y an open set. If
M = () it is obviously open. We suppose now that M # () and take zq €
M arbitrarily. Because F' is u.s.c. at xg, there is V' € V (zy) such that
F(z) C G,VYx € V. Therefore VC M and M contains a neighbourhood
of any of its points, being an open set.

2. Let us suppose that for any open set G C Y, the set M is open in
X and prove that F' is u.s.c.

Let zp € X and G C Y an open set, I'(z9) C G; we have then
ro € M. Because M is open, it is a neighbourhood for x,. For any
x € M, we have F' () C G, and the condition of u.s.c. at z is satisfied.
]

Using Th. 2.5 we obtain obviously.

Theorem 2.6 The mapping F' : X — Y s u.s.co. iff it is pointwise
compact (F (xg) is a compact set for any xo € X ) and for any open set
G CY, the set {z € X|F (z) C G} is open in X.

The next two theorem are consequences of Th. 2.5 and Th. 2.6.

Theorem 2.7 The mapping F': X —o Y s u.s.c. iff for any closed set
HCY, theset {x € X|F(z)NH # 0} = F~ (H) is closed in X.

Theorem 2.8 The mapping F' : X —o Y w.s.co. iff it is pointwise
compact and it satisfies the condition of Th. 2.7.
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The last theorem of this section contains an important property of a
1.8.c0. mapping.

Theorem 2.9 If F : X — Y is w.s.co., the image F (K) of a compact
set K C X is also a compact set.

Proof. Let {G;|i € I} an open covering of the set F' (K). Forany z € K
the set F'(x) is compact and can be covered by the union of a finite num-
ber of G;’s, let this finite union be G,. Then ({z € X| F (2) C G.}),ex
is an open covering for K. If M, denotes the set {z € X| F'(2) C G} we
obtain that there is a finite covering of K, M,,, ..., M, . It follows that
Gy, -, Gy, will form a finite covering of F'(K); but every G,,,j = 1,p
is a finite union of G, i € I, hence F' (K) has a finite covering obtained
of {G;|i € I}. Therefore F'(K) is a compact set. ®

3 Closure

The closed mappings were studied in detail, by Berge [1]; some authors,
like K. Kuratowski, named these mappings upper semicontinuous.

Definition 3.1 The mapping F' : X — Y is called closed at zg € X
if for any yo ¢ F (xq) there are two meighbourhoods V- € V (xy) and
U eV (y) such that for anyx € Y, F (z)NU = (.

Remark 3.1 If F (zq) = 0, then F is closed at xq iff there is V € V (xg)
such that F () =0, Vz € V.

Another definition of closure is given in [29)].
Definition 3.1’ The mapping F : X — Y with D (F) = X 1is closed
at o € X if for any sequence (x,),cy converging to xo and (yy)
converging to o, where y, € F (z,), Yn € N, we have yy € F ().

neN

Remark 3.2 The definition 3.17 is that given by Kuratowski for u.s.c.

Theorem 3.1 If F is closed at xo in the sense of D.3.1, the set F' (zo)
is closed.

Proof. We prove that Cy F (7¢) is open in Y. If Cy F (z0) = 0), it is ob-
viously open. Let now y € Cy F (x4). The condition of D.3.1 guarantees
the existence of V' € V (xp) and U € V (yo) such that F (z) N U = 0,
Vo € V. Tt follows that U C Cy F (), hence Cy F (z0) is open in Y. Tt
follows that F' (zg) is closed in Y. m

In the Theorems 3.2 - 3.4 we suppose that D (F) = X.
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Theorem 3.2 If the mapping F' : X — Y 1is closed at xq in the sense
of D.3.1, then it is also closed in the sense of D.3.1°.

Proof. Let F be closed at x, in the sense of D.3.1, (xg),,.y a sequence
converging to xo and (y,),cy & sequence converging to o, where y, €
F(z,), Vn € N. We have to prove that yo € F (z9). We suppose
that yo ¢ F (20). Then there are two neighbourhoods V € V (z4) and
U € V(yo) such that F(x)NY = ), Vo € V. Using the convergence
of (z,),cy We obtain that there is ng € N such that =, € V, ¥n > ny.
Then F (z,) NU = 0, Vn > ng and it follows that y, € U, VYn > ny,
contradiction with y,, — yo (n — 00). It follows that F is also closed at
To in the sense of D.3.1°. m

Theorem 3.3 If X and Y satisfy the first countability axiom, F is
closed at xq in the sense of D.3.1 iff it is closed in the sense of D.3.1°.

Proof. Using the above theorem, we have to prove only that the closure
in the sense of D.3.1” implies that in the sense of D.3.1.

Let F' be closed in the sense of D.3.1’ but not in the sense of D.3.1.
There will be yo ¢ F (x¢) such that for any neighbourhood V' € V (z9)
and U € V (yo) there is € V such that F (z) NU # (. Let {B,}nen
and {Up,}neny fundamental systems of open neighbourhoods of zy and
Yo, with B,,; C B, and U,,; C U,, Vn € N. For any n € N there
is x, € B, such that F(x,) N U, # ), hence we can find a sequence
(Yn)pen such that y, € F(z,) N U,. It is obvious that z,, — zy and
Yn — Yo (n — 00). The definition 3.1 leads us to yo € F (zo) which is a
contradiction with our assumption. m

The next theorem gives a characterization of closure in the terms of
nets.

Theorem 3.4 The mapping F' : X — Y is closed at xy in the sense of
D.3.1 iff the following condition is satisfied:

(1) for any nets x : (D,>) — X andy : (D,>) — Y converging to xo,
respectively yo, with yq € F (x4), ¥d € D, it follows that yo € F (x9).

Proof. 1. Let F be closed at zg, z : (D,>) — X converging to o,
y: (D,>) — Y converging to yo such that y; € F(x4), Vd € D, but
Yo ¢ F (x0). Because F' is closed at zg, there are two neighbourhoods
V € V(xg) and U € V(yp) such that for any z € V, F(z) NU = 0.
But the net x is convergent to xg, so there is dy € D such that for
d > dy, g € V. Then, for d > dy, we have y; ¢ U (since y; € F (z4)),
contradiction with the convergence of y to yo. It follows that (1) is
satisfied.

45



2. We prove now that (1) implies that F' is closed at z5. We suppose
that F' is not closed at z, so there is yo ¢ I (20) such that for any V' €
V(zg) and U € V (yo) there is z € V with F (x) NU # (. Let V (z0) X
V (yo) be directed by the inclusion. We choose zyy € V and yypy €
F(zyy) NU. The existence of yyy is guaranteed by the assumption
that F'is not closed at z.

The net = is convergent to xy. Indeed, for W € V(zg), there is
do = (W,Y) such that for any (V,U) > (W,Y) (i.e., VC Wand U CY)
we have zyy € V C .

Similarly, y is convergent to yo; let U" € V (o). Then there is dy =
(X, U’) such that for any (V,U) > (X,U’) (i.e. V.C X and U C U’) we
have Yvu € F (il?V7U) NnNUcUCcCU.

The nets z and y satisfy the hypothesis of (1), so we obtain y, €
F (z0) which is a contradiction. It follows that F' is a closed mapping.
[

Definition 3.2 The mapping F': X — Y s called closed if it is closed
at any point xg € X.

Theorem 3.5 The mapping F' : X — Y s closed (in the sense of
Definition 3.1) iff the graph T (F) of F is a closed set in X X Y.

Proof. The condition from Definition 3.1 is equivalent to the fact that
for any (zg,y0) there are two neighbourhoods V' € V (xg), U € V (yo)
such that V' x U C [T (F) and the theorem follows immediately. m

In the following we consider closed mappings in the sense of D.3.1.

Theorem 3.6 If{F;|i € I} is a family of closed mappings F; : X — Y
then F': X — Y given by F = ([ F; is also a closed mapping.
iel

Proof. Let 2y € X, yo € Y \ F (x¢); from the definition of F' (zy) it
follows that there is an index i € I such that yy ¢ F; (zo). We obtain then
two neighbourhoods V' € V () and U € V (yo) such that F; (V)NU = 0.
It follows that F(V)NU = 0 and F is a closed mapping. =

The next theorems study the relation between closed mappings and
1.8.CO. Ones.

Theorem 3.7 IfY is a Hausdorff space, any u.s.co. mapping F : X —o
Y s closed.

Proof. Let F': X — Y be u.s.co. and yo ¢ F (z9); because F' (z9) is
compact and Y is a Hausdorff space, there is in Y an open set G with
F(x9) C G and a neighbourhood U € V (zg) such that GNU = 0.
Because F is u.s.c. thereis V' € V (zy) such that for any z € V' we have
F(z) C G, hence F (x)NU = 0. So F is a closed mapping. m
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Theorem 3.8 Let Y be a Hausdorff space. If Fy : X — Y s a closed
mapping and Fy : X — Y s a u.s.co. mapping, then F' = Fy N Fy is
u.S.Co.

Proof. F (z) = F\ (x)NFy (z) C F5(z) is a compact set. We prove that
Fis us.c.

Let o € X and G open set with F'(xy) C G; we prove that there
is V€ V (z¢) such that F/ (V) C G. If F,(xy) C G, this will be surely
true, because Fy in ws.c. If Fy(z0) € G, let K = Fy () N CyG # 0.
For any y € K we consider U (y) € V(y) and V, € V (x) such that
F (V,)NU (y) = 0. The set K being compact, there will be yy, ..., y, € K

such that U (y1),...,U (y,) cover K. Let U (K) = |J U (y;); there will
=1

be a neighbourhood V' € V (z¢) such that for z € V', we have F» (V) C
U (K)UG. Let now V =V, (x¢)N...NV,, (2o)NV’'. We have F; (V (z0))N
U(K)=0and Fy(V (x9)) C U (K)UG, hence (F; N Fy) (V) C G. This
proves that F'is u.s.c. m

Corollary 3.1 IfY is a compact Hausdorff space, a u.s.c. mapping is
closed iff it is u.s.co.

Proof. 1. Let F': X — Y be closed. We consider Fj : X — Y given
by Fo(z) =Y, Vo € X, which is obviously u.s.co. By Th. 3.8 above,
F = F N Fy is u.s.co.

2. Let F': X — Y be u.s.co. By Th. 3.7 we obtain that F'is closed.
|

Theorem 3.9 If X is a compact Hausdorff space and F : X — X is a
u.s.co. mapping with D (F) = X, then there is a compact set K # () in
X such that F(K) = K.

Proof. We consider the sequence X, F (X), F?(X),... of compact sets
(by Th. 2.8) which are also non-void. If a member of the sequence is
equal to its successor, the theorem is proved. We suppose that any two
consecutive members are different.

Because X D F (X), it follows that F(X) D F?(X) etc. so the
sequence is decreasing; by Cor. 7.1, Ch. T we have K = (| F" (X) # 0.
n=1

Obviously K is a compact set an K C F" ! (X) for any n € N, hence
F(K)C F"(X)C K and F (K) C K.

To prove inverse inclusion, let x € K then there is z,, € F" (X)
with © € F (x,), Vn € N. The sequence (z,), .y regarded as a net in
X will have a subnet convergent to xg by Cor. 7.3, Ch. I. Because
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only a finite number of the members of the subnet are not in F™ (X), it
follows that o € F™"(X), Vn € N, so g € K. By Th. 3.4 we obtain
x € F(x9) C F(K). So, the inclusion K C F (K) is also proved and
F(K)=K. =

4 Examples

The first examples of this section are concrete and prove that the no-
tions of semicontinuity and closure are independent. We give then some
generic examples.

Example 4.1 A w.s.co. closed mapping which is not l.s.c.[32].
Let X =Y =1[0,1] and F : X — Y given by

L [Oahee Y
A )_{{1—%(1—96)}, v e [L1]

and having the graph of Fig.1.

N

(0v1) T /

v

Figure 1:

F is obvious u.s.co. and closed; it is not l.s.c., because for G = (%, 1)
we have F~ (G) = [3,1); it is not open in X.

Example 4.2 A [.s.c. closed mapping which is not u.s.c.[32].

Let X =Y = R> and F : X — Y gwen by F(z,y) =
{(2,t) € R?|t = y} which acts like in Fig.2.

F is not u.s.c.; we consider U = {(z,y) € R} — 1 < xy < 1}, i.e.
the set of points situated between the graphs of the equilateral hyperbolae
xy =1 and zy = —1. We have F ((0,0)) C U, but any open set which
contains (0,0) contains also points (x,y) for which F (z,y) € U.
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P(x?‘,y ) (0.y,)

Figure 2:

Example 4.3 A u.s.c and l.s.c. mapping which is not closed.
Let X =Y ={(z,y) eR}| - 1<z<1,-1<y<1}and F: X —o
Y given by

1
F(z,y)={(zt) e R*| 22+ < Z}
The way of acting of F' s illustrated in Fig.3.

y y

P(xo,yo) -

Figure 3:

F is not closed, because T' (F) = X x {(z,t) € R} 22 +1* < 1} is not
closed in X x X.

The next examples are general and contain in fact families of point-
to-set mappings which have some of the studied properties.

Example 4.4 Let X,Y be topological spaces and F': X — Y a continu-
ous function. Then F : X —o Y given by F (x) = {f (x)} is u.s.co. and
l.s.c.

F is obviously pointwise compact and F~ (A) ={z € X|F (x)NA #
0y ={z e X|f(x)e A} = f~1 (A). Then f~'(A) is closed (open) if A

49



is closed (open) (by Th. 6.8, Ch. I). Applying Th. 2.7 and Th. 1.4 it
follows that F' is u.s.co. and l.s.c.

If Y is a Hausdorff space, F is also closed. Let yo # f(xo) and
U€eV(w),V eV(f(xy)) such that UNV = 0. For V€ V(f (z0)),
there is V' € V (z9) with f(x) € V for any x € V'. We have then, for
anyz € V', F(z)NU = .

Example 4.5 [26] Let X be a compact space and Y a Hausdorff one,
f: X =Y a continuous function. Then the mapping F : Y —o X given
by F (y) ={z e X| f(z) =y} is u.s.co.

Y being a Hausdorff space, the sets having one element are closed; f
is continuous, so F (y) = f~! (y) is a closed set in the compact space X .
It follows by Th. 7.8, Ch. I that f~*(y) is compact, so F is pointwise
compact.

We prove that F is u.s.c. using Th. 2.6. Let H C X a closed set;
then F~ (H) ={y e Y|F(z)NH #0} ={y e Y[f' (y) N H # 0} =
{yeY|IweH f(z)=y}=f(H).

By Th. 7.18, Ch. I, f (H) is closed and then F' is u.s.c.

Example 4.6 [1] Let f : X x Y — R a continuous function and F :
X —o Y given by F(x) = {yeY|f(z,y) < 0}. Then F is a closed
mapping.

If yo & F (xg), we have f(xg,yo) > 0. f being continuous, there are
V eV(xg) and U € V (yo) with f(z,y) >0 for anyz € V andy € U,
so F(V)nU = 0.

If (X,d) is a metric space and X\ : X — R a continuous function
the map F': X — X given by F'(z) = {y € X|d(z,y) — A(z) < 1} is

closed.

Example 4.7 [26] Let X be a metric space and F : X — X a mapping
whose values are non-void bounded closed sets. If F' is Lipschitz in the
sense that D (f (z), f (y)) < ad (z,y), Vr,y € X, then F is closed.

X being a metric space, the first axiom of countability is satisfied and
by Th.3.4 the two definitions of closed maps are equivalent. Let x, — x
and Y, — Y, Yn € F (z,). We have

d(y, F (x)) < d(y,ynzjood (Yns F'(2)) < d(y,yn) + D (F (z2), F (7)) <

d(y,yn) + ad (x,,z) — 0

and it follows that y € F (x) = F (x), hence F' is closed map.

Example 4.8 [8] Let (X, d) be a compact metric space having the fixed
point property and C(X) = {f: X — X| f continuous} endowed with
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the Tchebycheff metric. Let F': C'(X) —o X given by F (f) = F}, where
F; denotes the set of the fixed points of f. The values of F' are non-void
and compact, and F' is u.s.co.

Fy is a closed subset of a compact space, so it is also compact. We
prove that F is u.s.c. Let U C X an open set with F(f) C U and
§ = inf{d(x, f(z))|x € CxU}. We have § > 0, excepting the case
U = X, when obviously F'(g) C U, Yg € C(X). Let Bs(f) be the
open ball of center f and radius 6 in C (X). If g € Bs(f), we have
I|f —gl| <0. We show that F' (g) C U.

Let a* € F (g); we suppose that x* ¢ U. Then

0 <d(a”, f(2%) =d(g ("), f(«") < [If —gll <9,
contradiction. It follows that x* € U and F is w.s.c.

Example 4.9 [27] Let (X,d) be a metric space and F' : X — X a
mapping with non-void compact values. If F' is contractive in the sense
that D (F (z),F (y)) < d(x,y),Yz,y € X, x #y, then F is u.s.co.

F' being pointwise compact, we have to show that it is also u.s.c.

Letx € F~ (H)\F~ (H) and (zn),,cn withgi_)rgloxn =zx,z, € F~(H),
T, # x for any n € N. Because x,, € F~ (H), it follows F (x,) N H # ();
let y, € F(z,) N H.

We have d(yn, F' (z)) < D (F (z,), F (x)) < d(x,,x) and
,}an}od(y”’F(x)) = 0.

But d (y,, F (x)) = 61%{ )d(yn,y) = d (yn, ), with z!, € F (x) (the

Yy X

infimum is taken at x,).
The sequence (x),),cy 18 entirely in the compact F (x), so it has a

/
subsequence (), reny Convergent at xo € F' ().
k—o0

We have d (yn,, 20) < d (yny, 2}, ) +d (2, ,20) — 0. It follows that
klim Yn, = To € F ().

Because y,, € H and H is closed, vo € H, hence F' (x)NH # 0. We
have then © € F (H), contradiction with our hypothesis. It follows that
F-(H)=F"(H) and F~ (H) is a closed set.

Remark 4.1 If F' is not pointwise compact it is possible that F is not
u.s.c., even if it is contractive.

Indeed, let F : R* — R? given by F (z,y) = {(2,t) e R*| ¢t = 1y}. A
similar proof as at Ex. 4.2 shows that F' is not u.s.c., but

D (F (,9), F (1) = 5y~ 1] < /(=2 + (y 1) for (2.) # (=,1).
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5 Properties of semicontinuous and closed point-
to-set mappings

The first properties of this section are related to the operations with
mappings. For a family F; : X — Y, i € I of mappings, let |J F; : F —o
i€l
Y be the mapping given by (U E) () = U Fi (x). Similarly, M £; :
iel i€l iel
X — Y will be given by (ﬂ E) () = () F; (z). These mappings are
i€l iel
called the union (respectively the intersection) of the family F;, i € I.

Theorem 5.1 The union F'= |J F; of a family of l.s.c. mappings is a
i€l
[.s.c. mapping.

Proof. Let G C Y be an open set. We have F~(G) =
{zeX|UF@)NG#0}=UF (G),so F~(G) is an open set and

i€l icl
Fislsc m

Theorem 5.2 The intersection F = (| F; of a family of u.s.co. map-
iel
PINgs 18 @ u.S.co. Mapping.

Proof. Let ig € I; using Th. 3.6 we obtain that Fy = ({ F|i € I\{io}}
is a closed mapping. By Th. 3.8 it follows that ' = Fy N F}, is u.s.co.
as the intersection of a closed mapping with a u.s.co. one. m

Remark 5.1 In Th. 3.6 we proved that the intersection of a family of
closed mappings is closed.

Theorem 5.3 The intersection F' = (| F; of a finite family of l.s.c.
i=1
mappings Fy : X —o Y, i =1,n is generally not a l.s.c. mapping.
Proof. Let G C Y be an open set. We have F~ (G) =
{reX|NFi(x)NnG # 0} € () F, (G), so it is not necessarily an
=1 =1

open set and F' may be not l.s.c. m

Theorem 5.4 The union F = |J F; of a finite family of u.s.co. map-
i=1

pings F;: X — Y, i=1,n is also a u.s.co. mapping.

52



Proof. For any x € X, the set F'(z) = U F;(x) is compact as

a finite umon of compact Sets For the Open set G C Y, we have
{:CEX]UF()CG} ﬂ{xeX]Fi(x)CG}, so it is an open

i=1
set and F 1s u.s.co. |

Theorem 5.5 The union F' = |J F; of a finite family of closed map-
i=1
pings Fy; - X — Y, i=1,n is also a closed mapping.

Proof. Let 2o € X and yo € Y \ F (z). We have yy ¢ F (), hence
Yo & Fi(z0), i = 1,n. The mapping F}, i = 1,n being closed, there are
U €V (y)and V; € V (z0) with F; (V;))NU; =0, i = 1,n. Let U = n1 Ui
and V = (n] Vi.

BecaquTaIV c Vi, i = 1,n we obtain by Th. 2.1, Ch. II that
F, (V) C F; (V;); we have then F' (V') C U F; (V;). Tt follows F (V)NU C

-

(F; (V) = Lnj (F; (V;))NnU) =0, and F is closed. m
i=1

=1

Remark 5.2 The proofs of Th. 5.3, 5.4 and 5.5 show that the properties
of these theorems are not generally true for infinite families of mappings.

Theorem 5.6 The cartesian product F = [[ F; of a finite family of
i=1
l.s.c. mappings F; : X — Y; is a l.s.c. mapping F': X — [] Y given by
i=1
F(z)=(F(z),.., F,(z)) forany x € X.
Proof. Let G C Y an open set; G will be a union of elementary open
sets BF = H G*, G* being open sets in Y;, i = 1,n.
WehaveF‘(Ek):{xEX!HFi() H A0} = ﬂ ( )
i=1 i=1
) = U ( ) is

keK

We obtain that F'~ (E"“) is an open set, so F'~ (G

open; it follows that F'is l.s.c. m

Theorem 5.7 The cartesian product F' = [[ F; of a family of u.s.co.
i=1

n
mappings F; : X — Y; is a u.s.co. mapping F : X — [[ ;.
i=1
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Proof. We give the proof for n =2,s0 F': X — Y; x Y. By Th. 7.13,
Ch. I, F;(x) and F;(x) being compact sets, it follows that F'(z) =
Fi (x) x Fy (z) is a compact set for any = € X.

Let G C Yy xYyand a € {z € X| F(z) C G} (if this set is void, it is
obviously open). The set F' (a), being compact and closed in GG, can be
covered with a finite number of elementary open sets included in G, let
then be E', E?, ..., EP.

For (y1,92) € F (a), let E () = U{E*| E* 1 ({n}  Fa (a)) # 0}
and E (y2) = U{| E*¥| E* N (F} (a) x {y}) # 0}. By the projection of
E (y1) on Y3 we obtain the open set moF (y1); when y; varies we obtain
a finite number of such sets. The situation is similarly for 7 £ (y2). Let
Gl = m 7T1E (yg) and Gg = ﬂ 7T2E (yl)

y2€Fs(a) y1€F1(a)
The set £ = G x GGy is an elementary open set in Y and {z € X|

Fi(z) x Fy(x) CE}y={x e X|Fi(z) C Gy} N{x € X|F;(z) C Gy},
so it is an open set in X.

From F'(a) C E C G, we have a € {x € X|F| (z) x Fy(x) C E} C
{z € X|F(z) C G}, and the set {z € X|F () C G} being a neigh-
bourhood for any of its points is open. It follows that F'is u.s.co. m

Theorem 5.8 The cartesian product F = ] F; of a family of closed
i=1

mappings F; : X — Y; is a closed mapping F : X — [] Vi.
i=1

Proof. Let zp € Y and yo ¢ F (x0), yo = (Y1, ..., Yn); there is then an
index ¢ € {1,...,n} such that y; ¢ Fj(xg), let i = 1. Because F; is a
closed set, there is V € V (zg) and Uy € V (y1) with F; (V)N U; = 0.
Theset U =U; XY x..xY €V (y) and F(V)NU = 0 (because of
Fy (V)NU = 0), hence F is closed. m

The next theorems show that the composed mapping has the same
properties as the initial ones.

Theorem 5.9 Let I} : X—oY and F5 : Y —o Z l.s.c mappings. Then
the composed mapping ' = Fyo Fy : X —o Z is a l.s.c. mapping.

Proof. Let G C Z be an open set and F'~ (G) ={z € X|Fy0 F; (X)N
G# ={reX|R(F(@@)NG#0} ={reX|F(x)NF (G) #
0} = Fy (Fy (G)). Because Fy and F, are Ls.c. mappings, F~ (G) is
an open set and F is l.s.c. m

Theorem 5.10 Let F; : X — Y and F5 : Y — Z u.s.co. mappings.
Then the composed mapping F' = Fyo Fy : X — Z is a u.S.co. mapping.
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Proof. For x € X, F'(x) = F, (F; (x)) is a compact set, because Fj ()
is compact and for the u.s.co. mapping F, one can apply Th. 2.9.

For G C Z open set, we have {z € X|F, o Fy(z) C G} =
{z e X|Fi(x) C M} = N, where M = {x € X|F(z) C G} is an
open set, so N is also open. It follows that F'is a u.s.co. mapping. =

The Theorem 2.9 shows that u.s.co. mappings preserve the com-
pactness; this is not generally true for the Ls.c. and u.s.c. mapping (Ex.
4.3). The next theorem is related to a class of mappings preserving the
connectedness.

Theorem 5.11 Let F': X — Y be a l.s.c. (u.s.c.) mapping. If F is
pointwise connected, then F(C) is connected for any connected set C'.

Proof. Let F be ls.c. Suppose that F'(C) is disconnected, so there
are two non-void connected sets A; and As with F'(C') = A; U As,
Al HZQZQ, ZlﬂAg :® Let BZ:{IG C|F(ZB) CAZ},’L:m

We have obviously By U By C C. For x € C, we have F' (z) C A; or
F (z) C Aj, because F' (z) is connected. It follows that C' = By U Bs.
We have B; #0,i=1,2, for A; #0,i=1,2.

Let x € By and y € F'(z). Suppose that F'(x) C Ay; then y € A;
and form A; N Ay = () we obtain an open neighbourhood U € V () with
UnN Ay = (. F being a l.s.c. mapping, there is V € V() an open
neighbourhood with F'(z) N A; # 0, Vz € V. For any z € C NV we
have F (z) N Ay # 0 and F (z) C A;. It follows that V N By = 0, so
Bi1 N By = . Similarly one shows B; N By = (), contradiction with the
connectedness of C. It follows that F'(C') must be connected.

Let now F be u.s.c and F' (C) disconnected. For A; and A, defined
above we put B; = {z € C| F (z) C A;}, i = 1,2. We have obviously
BiUBy, C C. For z € C, we have F'(x) C Ay, or F(x) C As, so
C = ByU By; A; # () implies B; # 0,1 =1, 2.

Let x € By; then F (z) ¢ A; C CyAs. Because Ly A is open and
F (z) c Cy Ay we have that there is V € V (z) with F (z) C Ly A, for
any z € V. Let z € V N By; then F (2) C [y Ay and F (2) C Ay C A,
which is a contradiction. It follows that V N By = 0, and By N By = 0.
Similarly, B; N B, = (), contradiction with the connectedness of C. It
follows that F'(C') is a connected set. m

At the end of this section we give the maximum theorem whose
preliminary results shows the connection between the semicontinuity of
functions and of certain mappings.

Definition 5.1 Let (X,7) be a topological space and R endowed with
the usual topology. A function f : X — R is called lower (upper)

semicontinuous at g if for any e > 0 there is a neighbourhood V€V (z¢)
such that f (zo) —e < f(x) (f (z) < f(xo) +¢€) for anyx € V.
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These notions for functions were given in 1899 by R. Baire.

Theorem 5.12 If f : X XY —o R is a lower semicontinuous function
and F : X — Y is a Ls.c. mapping with F (z) # 0, Vo € X, then the
real valued function M : X — R, M (z) = sup{f (z,y)|y € F(x)} is

l.s.c.

Proof. Let zyp € X and € > 0; the definition of M (zy) implies the
existence of yy € F'(z9) such that f (zo,y0) > M (29) — 5. The function
f being l.s.c. there is V' € V(xy) and U € V (yo) such that for any
('Tvy) eV x U, f(xay) > f<x07y0) o % > M(x()) - &

Because F'is a l.s.c. mapping, thereis V' € V () with F (z)NU # 0,
Ve e V' . For x € VNV' we have M (z) > M (z9) — ¢, and M is lower
semicontinuous. W

Theorem 5.13 If f : X XY — R is an upper semicontinuous func-
tion and F : X — Y is a u.s.co. mapping with F (x) # 0, Vo € X,
then the real valued function M (z) = sup{ f (z,y)|y € F (x)} is upper
$emicontinuous.

Proof. Let zp € X and € > 0; f being upper semicontinuous, for any
y € F(xg) there is V, € V (z¢) and U, € V (y) such that for (z,2) €
V, x U, we have f (z,z) < f (zo,y) +&.

F (z0) being a compact set, it can be covered by a ﬁnite number of

neighbourhoods Uy,, ...,U,,. For V = ﬂ V,, and U = U U,, we have
reV,yelU= f(z, y)<maxf(mo,y,)—l—5<M(x0)+6

1=1n

For U we obtain V' € V (z) such that € V' implies F' () C U, so
zeV'NVand M (z) = m;x(x)f(m,y) < M (xp) +¢. m
yer(z

Theorem 5.14 (the mazimum theorem) Let f : Y — R a continuous
function and F : X — Y a l.s.c. and u.s.co. mapping with F (x) # 0,
Ve € X. Then the function M : X — R, M (z) = max{f(y)|y €
F(x)} is continuous and ®(z) = {y € F (z)| f(y) = M(x)} is a u.s.co.
mapping ¢ : X —o Y.

Proof. By Th. 5.12 and Th. 5.13 above it follows that M is a continuous

function. The mapping G : X — Y, G (z) ={y € Y| M (z)— f (y) <0}
is closed (Ex.4.6). It follows that ® = F NG is w.s.co., by Th. 3.8. m

o6



CHAPTER IV
CONTINUITY OF THE POINT-TO-SET MAPPINGS

Definition 1 The mapping F': X — Y is called continuous at ¢y € X
if it is l.s.c. and u.s.c. at x.

Definition 2 The mapping F : X — Y is called continuous if it is
continuous at any point v € X.

The values of F' being sets, the point-to-set mapping F' may be con-
sidered as a function having the values in a family of subsets of Y. It
is then possible to define a topology on families of subsets of a given
set and to study the point-to-set mappings as functions. It was in 1905
when D. Pompeiu [25] defined a metric on the set of non-void bounded
closed subsets of the complex plane. The one who introduced a similar
metric for arbitrary metric spaces was F. Hausdorff; because his book
[11] published in 1914 was well-known, the metric is usually called the
Hausdorff metric.

Later, in 1921, L. Vietoris defined the topology which has now his
name, demanding no more than the initial space be a metric one [33].
There are also other topologies necessary to characterize the semi-conti-
nuity of point-to-set mappings [10, 23].

1 The Hausdorff metric

Definition 1.1 Let (X, d) a metric space and 2% the family of the non-
void bounded closed subsets of X. For A, B € 2% we take, according to
the definitions given by Pompeiu and Hausdorff

p(z, B) =inf{d(z,y)|y € B}
p(y, A) = inf{d (v,y)| v € A}.

We denote p(A,B) = sup{p(z,B)|lz € A} and p(B,A) =

sup{ (y, A)| y € B}.
It is called the Hausdorff distance of the sets A and B the number

D (A, B) = max{p (A, B),p (B, A)}.

Remark 1.1 Defining D (A, B) = inf{d(z,y)|z € A, y € B} we do
not obtain a metric, because D does not satisfy the triangular inequality.
Indeed, for the subsets of R A = {0}, B = [1,2] and C = {3} we have
D(A,B)=1,D(B,C)=1and D (A,C) = 3.

Theorem 1.1 The function D : 2% x 2X — R is a metric.
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Proof. We have D (A, B) > 0 for any A, B € 2% because the infimum
and supremum are taken for non-negative numbers.
19 Let D (A, B,) = 0. Then sup p (z, B) = 0 and sup p (y, 4) = 0 so
€A yeB

ACB=DBand BC A= A. It follows then A = B.
" D(A,B) = D (B, A) follows immediately from the definition.
"D(A,C)<D(AB)+ D(B,C).
d being a metric, we have d (z,2) < d(z,y) +d(y, 2), Vz,y,z € X.
Using the properties of the infimum and supremum, we obtain

inf{d(z,z)|z € C} < d(z,y) +inf,ec d(y, 2)

p(z,C) <d(z,y)+p(y,C) <d(z,y) + D (B,C)

p(z,C) <inf{d(z,y)|ly € B} + D (B,C)=p(z,B)+ D (B,C) <
D(A,B)+ D (B,C)

sup{p (2, )| € A} < D (A, B) + D(B,C)
p(A4,C) < D (A B)+ D(B,C).

We obtain similarly p (2, A) < D (C,B)+D (B, A) and sup{p (2, 4)| z €
C}y<D(A,B)+ D(B,C).

It follows p (C,A) < D(A,B)+ D (B,C),so D (A,C) < D(A,B)+
D (B,0).

We have proved that (2X , D) is a metric space. m

Theorem 1.2 For A, B € 2% we have the equivalence

{AC%@)

DB see gy (a

where V. (A) = {x € X|p(z,A) <e}.

Proof. D(A,B)<e<p(A,B)<candp(B,A) <ec&

eVreA YyeB:p(z,B)<candp(y,A) <e<=Vye B, Vz €
A,

zeV.(B)andye V. (A) & ACV.(B)and BCV.(A). =

Theorem 1.3 If B is a compact set, then A C V. (B) iff V (z)N B # ()
for any x € A.

Proof. ACV.(B)eVre A p(z,B)<eeVreA,

inf{d(z,y)|ly € B} <eeVre A Jy € B:d(x,y0) < e (B being
a compact set) & Vr € A, Jyo € Vo ()N B & Ve e A, V. ()N B # 0.
]

Because a point-to-set mapping may be considered as a function with
values in 2V, it is important to study the properties inherited by (2X , D)
from (X, d). To prove the inheritance of the compactness we give at first
two lemmas.
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Lemma 1.1 If (X,d) is totally bounded, (2X, D) is totally bounded too.

Proof. Let ¢ > 0. We prove that there is an e-net in 2%. Putting
¢ = 5, we obtain in X an ¢’-net A = {ay, ..., a,}. It follows that for any
x € X there is a; € A with d(z,a;) < ¢'. Let Hy, ..., H; be the system
of all the non-void subsets of A. This system forms an e-net in 2.
Indeed, let M € 2%; let i be the index of the subset H; = {z € A|
d(z,M) < 5'} Because d(x, M) < €', for any © € H;, we have that
p(H;,M) < ¢'. Fory € M arbitrarily chosen, there is a; € A with
d(y,a;) < €'; from the construction of H;, we have a; € H;. It follows
that d(y, H;) < € for any y € M, hence p(M,H;) < ¢'. The fact
that p(H M) < ¢ and p(M, H;) < ¢ implies D (H;, M) < &' < &, so
{H,},_13 is an e-net in 2%; the space 2¥ is then totally bounded. m

Lemma 1.2 If the space (X, d) is complete, (ZX, D) is also complete.

Proof. Let (A4,),.y be a fundamental sequence in 2% and A = {z € X]|
YV €V (x),Yny € N, 3n > ng such that VN A, # 0} (A is the superior
limit of the sequence of sets in the sense of Kuratowski).

We shall prove that A is the limit of the sequence (A,), .y in the
space (2%, D).

Let ¢ > 0 and ¢’ = /3. The sequence (A,), .y being fundamental,
there is n. € N such that D (A4,, A,.) < &’,¥n > n.. We prove at first
that D (4, A,) < 2¢.

a) Let © € A; for n defined above, there is a number n > n. such that
B (z,€")NA, # 0; hence we obtain a,, € A, with d (z,a,) < &'. It follows
that p (2, A,.) =d(z, A,.) < d(x,a,)+d(an, Ay.) <&+ D (An, Ay) <
2¢’, 50 p(x, A,.) < 2’ for any x € A.

b) Let x € A,,_. We denote ny = Ner jok, considering ny, > ny_;.

We obtain z,,,, ©,,,... in the following way:

Ty =T € Apy = Ap.

For z,, € A,,, we take Ty, ., € Apy, 1y d (Tng,y, Ty ) < 5 (this is possi-
ble, (Ay), oy being a fundamental sequence).

We have d (2, Ty,) < 25—;, Vm >k, k> 0. It follows that (z,, ),y
is a fundamental sequence in the complete space (X, d), so there is y =
khj& Ty, € A.

For k = 0, we have d(x,,,,z) < 2¢, Vm € N. When m — oo, we
obtain d (y,x) < 2¢’. It follows that p (z, A) = d (z, A) < 2/, Vz € A,

The results from a) and b) imply that D (A4, A4,_) < 2¢'.

Forn > n. we have D (A, A,) < D (A, A,.)+D (A, An) < 2+ =
eso D (A, A,) < € and the sequence (A,),, .y converges to A in (2%, D).
u
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Using Lemma 1.1, Lemma 1.2 and Th. 8.17, Ch. I we obtain.

Theorem 1.4 If the metric space (X,d) is compact, then (QX,D) is
also compact.

2 The Vietoris finite topology

In this section are exposed some topologies on systems of subsets of a
topological space (X, 7). The chosen system is the family of the non-
void closed sets, which will be denoted by 2%. One could topologize
similarly the system A (X) of the non-void subsets of X, but the ob-
tained topological space would not have suitable separation properties.
So, in this section 2% denotes the non-void closed subsets of X.

An important topology on 2% is the Vietoris finite topoligy. To
introduce this topology, we give the following definition.

Definition 2.1 Given the system (A;),_1;
define the set (Ay,..., A,) = {M €2X| M C U Ay, MNA #0, i=
i=1

of non-void subsets of X, we

Theorem 2.1 The sets (Ay, ..., A,), with A;, i = 1,n non-void open
subsets of the topological space X form a basis for a topology on 2.

Proof. We prove the theorem using Th. 2.2, Ch. L.

Let M € 2%, we have M € (X), so 2¥ C (X). It follows that
2X = (X).

Let now U = (Al,...,An> and V = (By, ..., B;,). We denote A =

UA and B = UB We have U NV = {M e€2¥|M C AN B,

=1 Jj=1

UUAnBUANB), MAANB; £0), j =

-
i=1j=1

ILm, MN(ANB)#0, i=1,n

(A1NB,..,A,NB,ANBy,...,.ANB,). m

Definition 2.2 The topology generated by ((Ax, ..., A,)) is called the Vi-
etoris finite topology.

Before studying the properties of this topology, we introduce two
other topologies on 2%, which will serve to characterize the semiconti-
nuity of mappings.
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Theorem 2.2 The sets {A € 2X| A C U}, where U is an open set in
X form a basis for a topology on 2X.

The proof is analogous to that of Th. 2.1.

Definition 2.3 The topology generated by the basis considered in Th.
2.2 1s called the upper semi-finite topology.

Theorem 2.3 The sets { A € 2X‘ ANU # 0}, where U is an open set
in X form a subbasis for a topology on 2%.

The theorem is proved showing that the system of the finite inter-

sections of the considered sets determines a basis, following the method
from Th. 2.1.

Definition 2.4 The topology generated by the subbasis considered in Th.
2.3 1s called the lower semi-finite topology.

In the following we consider some important properties of 2% en-
dowed with the Vietoris finite topology.
The next two theorems give a method to construct closed sets in 2.

Theorem 2.4 If A € 2%, the set { E € 2X| E C A} is closed in 2%.

Proof. If A € 2%, it is a closed set and CxA is open; but
Cox{Ec2X|E Cc A} = {E' €2¥|E'n(xA # 0} = (X,[xA), so
it is open. It follows that the set mentioned in the theorem is closed. =

Theorem 2.5 If A € 2%, the set { E € 2| EN A # 0} is closed in 2~ .

Proof. If A is closed, [xA is open; Cox{E€2X|EN A # 0} =
{E" € 2| E' c CxA} = (CxA), hence the given set is closed. m
We give in the following some separation properties for 2.

Theorem 2.6 The space 2% is T.

Proof. Let A, B € 2%, A # B; there is then z € B\ A (or x € A\ B).
We have B € <X, [:XA> and A ¢ <X, [:XA>; because <X, EXA> is open
in 2%, it follows that 2% is T,. =

Theorem 2.7 If X is a Ti-space, 2% is T} too.

Proof. Let A, B€ 2%, A+# Bandz € B\ A. X being Ty, {z} is a
closed set (Th. 3.1, Ch. I), so Cx{z} is open in X. The next sets, which
are open in 2%, <X, EXA> and <[:X{x}> fulfil the conditions:

Be (X,CxA), A¢ (X,CxA) and A € (Cx{z}), B¢ (Cx{z}).

It follows that 2% is a Tj-space. m
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Remark 2.1 The fact that 2~ is T} does not imply that X is Ty. Indeed,
for X = {z,y} endowed with the indiscrete topology (which is not T} ),
2X = (X)) is a T} -space.

The next theorem gives a fundamental system of neighbourhoods of
{z} € 2%, X being a T}-space.

Theorem 2.8 If (Uy),c4 15 a fundamental system of neighbourhoods of
v € X, then ((Ua))aca 8 a fundamental system of neighbourhoods of
{z} in 2%, X being considered Tj.

Proof. Let V € V ({x}) in 2%; there is then an open set U such that
{z} € U C V. Theset U is a union of elements of the basis <A1, .. An]>
JE€ J SO there is an index j € J such that x € A;, ¢« = 1,n;. We obtain

x € ﬂ A;, so ﬂ A; € V(). Because (U,),4 is a fundamental system

1=

of neighbourhoods of z, there is & € A such that x € U, C ﬂ A;.
We prove that (U,) C V; indeed, for M € <Ua> we have M C
U, C ﬂAZ,SOMﬂA #0,i=1,n; and M C UA It follows that

M e <A1, .y Ap, ) CU CV and the system (<Ua>)aeA is a fundamental
system of neighbourhoods for {z}. m

Until the end of this section we consider that the topological space
X is Tl-

Theorem 2.9 The topological space X is Ty iff 2% is a Hausdorff space.

Proof. 1. Let X be a T space and A, B € 2%, A# B, v € B\ A (or
x € A\ B). For x and A there are two open sets U and V such that
ACcU,zeVand UNV = 0. We have then A € (U), B € (X,V) and
(UYN{(X,V) =0, so 2% is a Hausdorff space.

2. We suppose that X is not 7T, so there is M € 2% and z ¢
M such that = and M cannot be separated with open sets in X. We
consider the sets M and M U {z}, which are elements in 2%. Let G
and G’ arbitrary open sets in 2% with M € G and M U {z} € G
We have G = U(Ay, ..., A,) and G’ = U(By,..., By,). It follows that

M C UA = Aand x € B;, j = 1,m. X being not T3, we have

ANB; ;é 0, 7 =1,m. We have GNG' = U ({44, ..., A,) N (B, ..., B,)) =
<A1ﬂB SA,NB,AN By, ..., AN B,,) # 0, so 2% is not Hausdorff.
It follows that XisT;. m
The next theorem concerns the compactness of the spaces X and 2%,
generalizing Th. 1.4 where X and 2% are metric spaces.
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Theorem 2.10 The topological space X is compact iff 2% is compact.

Proof. 1. Let X be a compact space. For the open sets A and B,
with B C A we consider K (A,B) = {C€2¥|[C C Aor CNB #
0}. The system (K (A, B)) 4 per is a subbasis of the topology on 2%,

n

because (Ay,...,A,) = K (G A,,(D) N <ﬂ (X,Ai)). We prove the
i=1

i=1

compactness of 2% using Th. 7.5, Ch. L.
Let (K (Aa, Ba)),ea & covering of 2. For z € X, we have {z} € 2%
(X is supposed to be T1) and there is o € A such that © € K (A,, Ba) ;
it follows that = € A, or x € B, and, because of B, C A,, © € A,.

We have then X = [J A,; X being a compact space, there is a finite
acA

subcovering (A;),_5. We show that (K (A;, B;)), i = 1,n is a finite

covering of 2%.
Let M € 2%;if M ¢ A;, i = 1,n, we have M NCxA; #0, i =1,n,

hence () CxA; # 0, contradiction with X = (J A;. It follows that
=1 =1
there is ¢ € {1,...,n} with M C A;, so M € K (A;, B;). We have
2X = |J K (A;, B;) and so 2% is compact.
i=1

2. Let 2% be compact and (U,),., an open covering of X. Then
((X, Ua))uea is an open covering of 2%, so it will have a finite subcovering
(X, Ui))i—1- Then (U;) is a finite covering of X, hence X is a
compact space. H

i=1n

Corollary 2.1 The space X is compact Hausdorff iff 2% is compact
Hausdorff.

Proof. 1. Let X be a compact Hausdorff space; by Th. 7.10, Ch. I,
X is T3. Th. 2.9 and 2.10 imply then that 2% is a compact Hausdorff
space.

2. We consider now that 2% is a compact Hausdorff space. Using
Th. 2.9 and 2.10, it follows that X is compact and T3; X being also 77,
it follows that X is also Hausdorff. m

If X satisfies one of the axioms of countability, it does not follow
generally that 2% has the same property. However, the space K (X) =
{E e2X ‘ E compact set} with the finite Vietoris topology preserves
these properties, as the next theorems show.

Theorem 2.11 The space X satisfies the first countability axiom iff
K (X) has the same property.
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Proof. 1. Let X satisfy the first countability axiom; by Remark 2.3,
Ch. T any z € X has a fundamental system of open neighbourhoods
(B; (7));en With B; (z) C Bj (x),4 > j. Let M € K (X); for any i € N,
the family (B; ()),c,, is an open covering for M, and we can obtain
a finite covering (B; (i)),_15m;- We prove that the countable system
(Bi (Tik)) p—1msen Produces a fundamental system of neighbourhoods
for M.

Let (Ai,..,A,) be a neighbourhood for M € K (X), so

M c U Aj; there will be than an index ¢ € N such that

j=1
M < (Bi(zi),...,Bi(Tim;,)) < (Ai,..,A,), hence the system
((Bi (z41) 5 .-s Bi (Tim,)) );en 15 @ countable fundamental system of neigh-
bourhoods.

2. Let K (X) satisfy the first countability axiom; then for any =z € M,
{z} has a countable fundamental system of neighbourhoods, let this
be ((Bi1, ..., Bim,));en- We show that <Bik>k=m,z’eN is a fundamental
system of neighbourhoods for x, which is also countable.

Let V € V(z); we have {z} C V, so there is (B, ..., Bim,) C (V)
and containing {z}. This inclusion shows that there is a set B;; C V, so
(Bik)j—17m; has the required property. m

Theorem 2.12 The space X satisfies the second countability axiom iff
K (X) has the same property.

Proof. 1. Let X satisfy the second countability axiom and (B5;),.y a
countable basis. We show that the system B = ((Bi, ..., Bim,;)) , which
is countable, generates a basis in 2%.

It suffices to prove that the sets (Aj,...,A,) are unions of some
elements in B. Indeed, (Ai,...,A,) can be written as a union by
M e K(X), M € (Ay,...,A,) of elements like (B, ..., Bis,) chosen
such that M C UT;I Bij,M N By; # 0, j = 1,m; (it is possible since M
is compact).

2. Let ((Bi1, ..., Bim,));en @ countable basis in K (X). We show that
(Bij) j—17m; is a basis in X. By Th. 2.3, Ch. L, (Bjj),_15;- is a basis iff the
class of the sets B;; which contain any x € X is a fundamental system
of neighbourhoods for x.

Letz € X andV € V (z); we have {z} C V,so {z} € (Bj, ..., Bim,) ,
C (V), for i € N. It follows that there is B;; such that x € B;; C V and
X satisfies the second countability axiom. m
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3 Characterizations of the continuity for point-to-
set mappings

The first statement of this section refers to the continuity of point-to-set
mappings which are defined between metric spaces.

Theorem 3.1 Let X and Y be metric spaces and K (Y') the family of
the non-void compact sets in Y; F : X — Y a point-to-set mapping
with compact values, such that F (x) # (0 for any v € X. Then F is
continuous iff the function f : X — K (Y) given by f(z) = F(x),
for any x € X is continuous, K (Y') being endowed with the Hausdorff
metric.

Proof. 1. Let the point-to-set mapping F' be continuous. For an arbi-
trary xp € X and ¢ > 0, we have obviously F (zo) C Int V. (F (z0));
F being u.s.co. at zp, there is n > 0 such that d(x,z9) < 7 im-
plies F'(z) C Int V. (F (o)) C V.(F (xo)). We have for = satisfying
d(z,z0) < n that F (z) C V. (F (x0)).

F (x¢) is a compact set, so we can choose y1, ..., y, € F (o) such that
F(xo) C U, Int V.5 (y;). F being ls.c. at xg, we obtain 7 such that
for © € X with d (z,2¢) <1’ we have Int V.5 (y;) N F (z) # 0, i = 1, n.
Then V. (y) N F (z) # 0, Vy € F (20). Applying Th. 1.3 it follows that
F (z9) C Vo (F (x)), for x with d (x,z0) < 17/

For any = € X with d(z,29) < min{n,7n'} we have
D (F(x),F (x9)) =D (f(x), f(x)) < e, hence f is a continuous func-
tion.

2. Let now f be a continuous function. We consider xg € X and G
an open set in Y with F (z9) C G. Let ¢/ = inf{d (F (z0),2)|z € [y G}
and ¢ < &'; then V.(F (z9)) C G. f being continuous, there is n > 0
such that d (z, o) < n implies F' () C V. (F (z0)) C G, so F is u.s.co.

If G is an open set with GNF (xq) # 0, there is then yo € F (20)NG.
We obtain € > 0 such that V. (yo) C G; f being continuous, it follows
that there is n > 0 such that d (z,z¢) < n implies F () N VL (yo) # 0,
hence F (z) NG # (). Tt follows that F is l.s.c. m

This theorem and Th. 8.17, Ch. I give

Corollary 3.1 If X and Y are metric spaces and X is compact, any
continuous point-to-set mapping F' : X —o Y is uniformly continuous, in
the sense that for any e > 0 there is n > 0 such that d (x,z") < n implies
D(F (z),F(2)) <e.

The next theorems refer to point-to-set mappings defined between
arbitrary topological spaces.
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Theorem 3.2 The mapping F : X — Y which is pointwise closed with
F (z) # 0 for any x € X is continuous iff the function f : X — 2Y given
by f (x) = F (x) is continuous, 2¥ being endowed with the finite Vietoris
topology.

Proof. 1. Let F be continuous and G C 2 an open set, hence G =
U B;, where B; = (A, ..., Aip,). Because f~1(G) = f! (U Bi) =
ZLEJI f71(By), it is sufficient to prove that f~ (B;) is open in X.ZGI
' We have f1(B) = {z € X|f(r) € By} = Ud{reX|/@) =
€b;

AAC U Ay, AN A £0, j=Tom).

It aljlztlhe sets in the union are void, f~!(B) is open. Let now x
be an element of the set corresponding to the index i. We have then

F(z) = f(x) C UAU, F being u.s.c., there is V5 € V (z) such that

f(Vo)=F (W) C L:JlAz‘j-

For j = 1,n; we have F (z) N A;; = f(x) N Aij # 0; F being ls.c.
there will be V € V(x) such that f (2') N A; # 0 for any 2/ € V.

Let V = ﬂ we have obviously V' € V(z) and for any 2’ € V

we have f(2') C UAJ, f@)ynv, £ 0, j=1n, It follows that

V C f1(B;) so f ( B;) is an open set. We obtain by Th. 6.3, Ch. I,
that f is continuous.

2. Let f be continuous. We show that F' is u.s.c. and ls.c. Let
o € X and U C Y an open set with F (x¢) C U. Then F (xg) € (U); f
being continuous, V = f~! ((U)) is an open set with zg € V. Let z € V,
so f(z) € (U); it follows that F' (z) = f (x) C U, hence F is u.s.c.

Let now 29 € X and U C Y an open set with F' (zo) N U # 0, so
F (z9) € (U,Y). Because f is continuous, V = f~1((U,Y)) is open in
X and obviously zg € V. Let now x € V; we have f (z) € (U,Y), hence
f(x)NU # 0. Because f (x) = F (x) we obtain that F is l.s.c. m

The next two theorems have analogous proofs.

Theorem 3.3 The mapping F : X — Y which is pointwise closed with

F(z) # 0 for any v € X is w.s.c. iff the function f : X — 2V is
continuous, 2¥ being endowed with the upper semifinite topology.
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Theorem 3.4 The mapping F : X — Y which is pointwise closed with
F(z) # 0 for any v € X is Ls.c. iff the function f : X — 2V is
continuous, 2¥ being endowed with the lower semifinite topology.

If F' is pointwise compact and we denote by K (X) (respectively
K (Y)) the family of the non-void compact subsets of X (respectively
Y') endowed with the finite Vietoris topology, we obtain

Theorem 3.5 If I': X — Y is continuous and pointwise compact, then
the function F : K (X) — K (Y) given by F (A) = F (A) is continuous.

Proof. The fact that F (A) € K (Y) is a consequence of Th. 2.9, Ch.
I11.

We show that F~!(B) is an open set, B being an element of the
basis. Let B = (41, ..., A,,). We have

F1U(B) = {M € K (X)|F (M) C J A, F(M)N A #0, i = T,n} =

(M e K (X)|F(M)c OAi,F(MjﬂAi#@, i = Tn).

i=1

Let L = {z € X|F(z) C A} and Ly = {z € X|F(z)n A # 0},
=1

i = 1,n; these sets are open in X, by Th. 2.5, Ch. IIl and Th. 1.5,
Ch. IIL. We obtain F-1(B) = {M € K (X)|M C L, MNL; #0, i =
1,n} = (L) N (X, Ly, ..., L,), which is an open set in K (X). It follows
that the function F' is continuous. m

4 Point-to-set mappings in mathematical program-
ming and optimal control

The mathematical programming is a domain where point-to-set mapping
appear frequently. W.I. Zangwill [7, 36] looks to be the first who ap-
plied constantly the idea of the point-to-set mappings in mathematical
programming.

One finds point-to-set mappings even in the algorithms for linear
problems. For example, let us consider the Simplex method and suppose
that the point x was generated, so it is a basic feasible solution of the
linear system of inequalities. We have now to generate the next point y,
which is also a basic solution. This successor is not well-defined, because
the variable which enters the basis can be chosen in different ways. The
same ambiguity concerning the successor of a point appears in other
algorithms too. So we are obliged to consider methods which generate a
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point y from a certain set. The set of all possible successors for a point
x will be well determined.

Point-to-set mappings are of greater importance in the problems of
nonlinear programming. We analyze first a general problem of nonlinear
programming and we insist then on an example.

The general problem of the nonlinear programming is this: let the
continuous function f : R" — R be minimized on the set of the points
r € R™ which satisfy the system of inequalities g; (z) < 0, i = 1,m.
The set F'={z € R"|g; () <0, i =1,m} is called the feasible set (we
suppose F' # ()). A point 2z € F which minimizes f is called an optimal
point for the considered problem.

The problems of this type are usually solved by algorithmic methods.
An algorithm is an iterative procedure, which determines a successor
xpy1 for a point xy already obtained. Sometimes it is possible to define
a function h : R™ — R"™ such that xy,1 = h(zx). This function defines
then the iterative procedure. In lots of cases such a function cannot
be defined, because for a given x there is not a unique value h (z). In
these cases it is necessary to introduce point-to-set mappings. Sometimes
the procedure depends on the number k of the iterations already made.
There is a large class of algorithms where this dependence does not
appear; the procedures are then called antonomous.

We can describe now an iterative autonomous method generated by a
point-to-set mapping H : R" — R”. For a given o € R", let us suppose
that 21, ..., x; have been generated. If H (z;) = ), the procedure stops.
If H(zy) # 0, any y € H (xx) is a possible value for 241 and we obtain
the successor xy11 € H (zy).

Some of the simplest algorithms refer to the finding of the uncon-
strained minimum for a function f : R” — R. An important class of
such algorithms, named the unconstrained feasible directions algorithms,
is a class of convergent algorithms. Any algorithm in this class has a con-
tinuous function b : R” — R™ which serves as a direction. For a point
Tk, the successor xp,; is generated by maximizing f in the direction

If \7f (x) denotes the gradient of f at x, a point = is called a so-
lution if \7f (z) - b(x) = 0. We define a point-to-set mapping H :
R™ — R™ taking y € H (x) iff y is an optimal solution for the prob-
lem min{ f (z + tb(x))|t > 0}.

The unconstrained feasible directions algorithm is then described as
follows. If z; is a solution, the procedure stops. If not, we consider a
successor 1 € H (x) and we test if it is a solution.

The convergence is assured if the following conditions are fulfilled:

19. either the problem has no solutions, or the set {z € R"| f (x) <
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f (zg)} is compact for any xy € R".

20, if 2 is not a solution, then y € H (z) implies f (z) < f ().

An example of unconstrained feasible directions algorithm is the
Cauchy method for the case when f is a convex and differentiable func-
tion, and b = v/f. We consider that the set {z|f () < f(zo)} is
compact for any xy € R".

We consider the point-to-set mappings G : R" — R" G (z) =
{yeR"y = 2+t f(x),t € (0,400)} and H : R — R,
H(z)={yeG@)|f(y) = gg(n) f(2)}. The point-to-set mapping H

is the one that describes the algorithms, in the sense that z;1 € H (xy).

Theorem 4.1 The point-to-set mapping G : R* — R", G(x) =
{yeR"y = z+tv f(x),t € (0,+00)} is l.s.c. and closed on
R*\{z e R"[ v f (z) = 0}.

Proof. We prove first that G is Ls.c.

Let z, — x9(k — o0) and yy € G (xg); we prove that there is
a sequence (Yi)pen> Yo € G (), Yv — ¥o. DBecause yo € G (x0),
we have yo = w9 + to ¥ f (z9). For any z;, we obtain G (xy) =
{yly = o+t f(zx)}. We choose a sequence (ti),cy, tx — to,
tr > 0 and consider v, = zx + tx 7 f () € G (xx). It follows that
klglc;lo Yp = khﬂrgo (2 +te 7 [ (2)) = 2o + to 7 f (o) = yo. The sequence
(Yk)pen has the required properties.

We prove that G is a closed mapping.

Let 2y — xo(k — o0) and v € G (2x), Y — Yo. We prove that
Yo € G (x9). The fact that xx — o, yp — Yo and yx = xp + tp v f (zk)
implies t 7 f (xx) — yo — xo. We obtain than t; <7 f (x9) — yo — w0,
hence there is a to such that to <7 h (z9) = yo — xo and t, — to (k — 00).
It follows that yo = 2o + to 7 h (z0) € G (29) and the proof is over. m

Theorem 4.2 The point-to-set mapping H : R" — R™ given by H (z) =
{ye G(2)| f(y) = min f(z)} is a closed mapping on R\ { z € R"|

z€G(x)
v/ (x) = 0}.

Proof. We prove that x; — zo, yx — yo and y, € H (xy) imply 3o €

H (), which is equivalent with yo € G (z) and f (yo) = ran(n : ().
yeG(zo

Because G is a closed mapping, it follows immediately that yg

S

G (z9). We suppose now that f(xg) # Héi(n)f(y), so there is 2z, €
yeG(zo

G

G (zo) such that f (yo) > f (20). We have now z — xg, 29 € G (x0) ;
being l.s.c., there is a sequence (2;),cn, 2x € G (T), 2 — 20- f (20)
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,}1_{{)10]‘ (z1) > /}1—{20]6 (yx) = f (v0), contradiction with f (vo) > f(20). It
follows that H is a closed mapping. m

Point-to-set mappings appear also in the problems concerning the
optimal control. We give an example of optimal control [18] and we
indicate a continuous point-to-set mapping related to it.

An optimal control problem includes:

1. the process. The process connects the state x (t) and the controller
u (t) by means of a differential equations system

Hi=At)z+B({t)u+v(t),
where A (t) is a nxn matrix, B (t) a nxm matrix and v (t) a column vec-
tor in R™, all of them being measurable on R; their norms |A (t)|, |B ()]
and |v (t)| are integrable on any compact interval of R.

2. the initial and target states. The initial state xg is given and the
target state is a fixed set (G. Sometimes the target state is a compact
set G (t) which varies when ¢ € |19, 7].

3. the class of the admissible controllers A.  This is com-
posed of bounded measurable functions defined on an interval
[to, t1] (to < t; < +00) with values in a non-void set 2 C R™. An answer
or a solution x (t) is an absolutely continuous function z (¢) defined on
[to, t1] with values in R"™ which satisfies the system (1), with = (¢y) = z¢
and x (t1) € G (t1).

4. the cost (objective) functional. It is an accepted criterion for the
efficiency of the control u from A. If A is the class of the controllers
that take xg in the final state, the cost is often defined by

(2) C(u) = [ f (b (t),u () d,

where f is a continuous function.

Definition 4.1 A controller u* € A is called optimal related to the cost
functional C' if C (u*) < C (u) for any u € A.

In this problem we find a point-to-set mapping whose continuity will
be proved.

Definition 4.2 Let a control linear system (1) be given having as initial
state xo and as controllers the functions u : [to,t1] — Q, x being the
corresponding answer which satisfies x (to) = xo. The attainability set
KC((1),9Q,z0,t0,t1) = K (t1) is the set of the final points x (t1) in R™.
We denote also K (to) = {xo}.

We can prove now the next theorem

Theorem 4.3 Let a linear process governed by (1), with Q0 compact
convex set, initial state xo and controllers u : [to,t;] — . Then the
attainability set K (t1) is compact, convex and varies continuously with
ty, fort; > tg.
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Proof. a) K (t;) is a compact set for any t; > t,. Let (z, (t1)),cy @
sequence in K (t;) C R™; let u, be the corresponding controller for z,,
r € N. The parameters variation formula gives

£ (1) = 6 () 20 + 6 (1) / 6 ()1 [B () (5) + v (s)] ds,

where ¢ is the matrix of the fundamental solutions of the homogenous
system & = A(t)x, with ¢ (ty) = E, E denoting the identical matrix
n X n.

The set of the controllers A is weakly compact, so we can obtain a
subsequence u,, weakly convergent to a controller w € A, i.e.

1sloo

lim/gb(s)_lB(s)u” (s)ds—/(b(s)_lB(s)ﬂ(s)ds.

Let T be the answer to the controller u; we have for any ¢ € [tg, ;]

1—00

t
T(t) =¢(t)xo+ ¢ (t) / ¢ (s)""[B(s)u(s) +v(s) ds = lim a,, (t).
to
We proved the existence of a convergent subsequence of (x, (¢1))
to T (t1) € K (t1), so K (t1) is a compact set.
b) K (t1) is a convex set.
Let xo (t1) and 1 (t;) € K (t1) and ug,u; the corresponding con-

trollers. We define for A\ € [0, 1] the controllers uy (t) = (1 — \) ug (¢) +
Auy (t), t € [to,t1] which are also in A. The answer x, to u, is given by

reN

(1) = (t) xo + ¢ (1) / ¢ (s) " [B(s)ux (s) + v (s)] ds.

It follows easily that z) (t1) = (1 — \) 2o (t1) + A\z1 (t1) € K (t1), so
K (t) is a convex set.

c) K (t1) varies continuously with ¢; > t.

We prove that for any ¢ > 0, there is 4 > 0 such that
D (K (t1), K (t3)) < € for |t; — t2| < 0, where D is the Hausdorff metric.

Let t; > ty and uw € A a controller with the answer 7 on t; < t <
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t1 + 1. We have then for t1,ts € (to,t1 + 1)

F(t) = 3 (h) = o () / 6 (s (s) + v () ds

b (t) / 671 () [B(s)T(s) + v (s)] dt

+ ¢ (ta) — & (t1)] (/Cb ()+v()]ds+:1:o).

On [tg, t; + 1] the continuous functions ¢ and ¢! are bounded; let C; >
0 such that |¢ (t)] < Cf, {qb(t)_l} < (. Because of the integrability of
|B (t)| and |v (t)], and the boundedness of |u (t)| we have

t1+1

|zo| + / |6 (5)7] - |B (s)u(s) +v(s)|ds < Co.

to

We have also, for an arbitrary ¢, that there is 0 > 0 such that

f¢ u(s) +v(s)ds

£
< 36, and

jA(s)qu(s)ds

t1

|0 (t) — ¢ (t)] <

< 5 for |t —t] <.

For |ty — t;| < § we obtain

7 (t2) — & (t)| < [ (12)] f¢ u(s)+ov(s)ds|+

+1o(t2) - [f [6()7 ] 1B (s)@(s) + v (s) ds + o]

hence |7 (t2) — @ (t1)| < Cigg; + Cagg; =€

Let now 7 (t1) € K (t1) corresponding to the controller u on [t, ]
We define u on [tg,t; + 1] taking u (t) = u (t1) for ¢t € [t1,t; + 1]; let T
be the answer. We have then T (t5) € K (t2) and |7 (t2) — T (t1)| < e.

Similarly, if Z (t3) € K (t2) corresponds to the controller @ on [to, ts],
we extend u at [tg, t; + 1] and we obtain |Z (t;) — 7 (t2)| < €. We obtain
D (K (t1),K (t2)) < € for |ty — 3] < 0, where 0 < § < 1 depends on ¢
and t.
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We prove analogously that D (K (ty), K (t1)) < € for |[t; — to] < 6.

The point-to-set mapping K : [tg, +o0] — R", having non-void com-
pact values and appearing in a natural way in the problem of optimal
control, is a continuous mapping. =
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