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In The pan-=r -one pranenus tle not:.ons of rauract. retractiblc
fenpliion and some properuies fc’lowing vhe pauers /2,5/ in order
to obtain E,amaraT izauions of ‘ome 2ued noin- rheorens. The ne-

~vions a;'e extanded to point-to—set ma.p::.nas. ‘ .
Lt T AP a set mnﬁa;x A;.u.ucu:.onr : x-—»Ais a.
refroet o: b onuo L i.t 2 A- = id.A. A runction £ A--,x is peszrag-
Fible onto 4 with respecb \:o the retract r if Fix roi‘ = Fix £,

where Fix f denouas ‘the set of the tixgu pomts or f. . e
l-'t__m_qr_f. 1. Iy is obvious thet Pix f < 1“1:: rcf because X = i‘(x)=
. .‘ ed implies x = x-(x) . r{f(z)), it fcllows thm. in the definition
of the retractivle functlon one nay. do;..:ﬁ.nd onl;y Fi.x rof c Fix £,
"'R,F.Brovn gives in 2/ the follou'in:__; ccndi ion for f o b‘. '
retractible onto A’ with resPBct to tha recrac.. rs . .
, (1-.) o xer{ (AN &) 1.mpliss t(x) = x or f\x) c‘: r l(x). ::‘
‘ Conﬂitlon (1) may. be" refomulatad a8
SECAD TP € 1 €'Y KNS e {xel t f(x) = X or i‘(x) %— by 1(::)’3

The ‘next pro;msi‘aion is obv’- ous,

A

‘Provogivinn. i, .L‘ne.,iq;l-__, wing sevs ars eQual
LB fxeait o Exor(nd o)




P=Fix? ) CAFix ol

Eroposicion 2. Qondision (1) is equivalens to each of the fol-
lowing |
(2) fix pof Fiaog
(3) Fiw rof < f'l(A).

2roof. (1) = (2). Iet x & Fix rof, hanpce xe;—i and x = r(£(x)).
It 2(x) ¢ Ay we have y = £(x) ¢ £(&4) \4, hence x =r{F) cFix £ U

A

LU GAFix rof. It follows x¢ Pix £, which soniradicvs f(x) g; . It

renalns vhat £(x)c A and x = r(:;( )) = 2(x), so % € Fip £ ang (2)
is proved.

(2) = (3) is obTious, since Fix f < .f'l( 'L).

(3) =(1), 1n £2ct (3) =5 (A Fix 2 Ca¥ix ref). Lev xz¢ A,

Suppose bthat x s]i C,Fix rof, nence xciix ror = I l(VA) snd £(z) =
€4, Then x = r(2(x)) = £(x)e 4 and x eFix f, S0 A ¢ Fix 7
UG.Fi:r. rof and (1) is proved, The lact inclusion is in facy an
8quality, the revemse inclusion being obiious,

It foa.lows that 1f a funetion £ 1 A -— X adn i%s & rsgrect »
and Fix rof £ #, then Fix £ £ 5, '

In cha Tollowlng we 'give a ge2reral Zozm of some Tixed peint
theorams, using as a retract -the magric DIojecticrn, Ta recail some
oL the propsriies of she metric p”‘udBCulOﬂ in dilpert spaces which
are mentionsd and used in /&/ to obtain rixed point theorems.

Let H be 2 Hilbers Space and 3 £ C c H & closed coavex ei%,
Then for each x in H cheps exists 2 uzigque ye ¢ such Shab

fx-7) = a(x, G) = inf { I x~2z | & zeC_z, .

In vhis cags P = Pot B—C, P(x) = y is a funcvion named

netric projection.

The functiom P ; H — ¢ 1s a2 retract of H on ¢, becaunme P, =
- v

= idc; it satisfiss the well-inowa relations

A
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(4) e (x = X,Px -3} » 0y ¥ x,ye¢C ’

(5) (= -5l 2 4 x—& e ¥ x,7€B (P is nonexpanaive),
sropgsifion . Let E be a Hilbert space, $ £ C < H & clossd.

convex set ard £ 1+ C'—» H a giver funciion., If Por each x €

€ P(£(CI\'C) whieh is not a fixed point for 2 it rollov.s that.

thers exists ye&C such that

(&) Re(£(x) = x,x=3) < 0,

chen f ie retractible on C wivh respact to the retrection P,

Zroal. L3t xe P(H{CINC) and x £ r:.:: £, P(r\x)) = x. chen.

“for each ycC Re (£(x) - x 1X=¥) > o, con"radict;ion. I:: folliows

2(z) ¢ P 1(::). hence the eondition (1) texes place and : is retrage-
tible cnve ¢ with respect to the retrnct

ligw we gam prove

SHEQREX 1. Las H be g Hilberg 2page, B A C C K a closed bounded
convey set, Iet £ ¢+ € — L _@Q_tk_}.eg for gagh ¥ € F{£(C)\C), x ¢
¢ Fix I ghere existe y¢G Buchk that Re (2(x) = x,x-3) « o _agg._‘
Pof ¢ C—>C 4p poneroansive. Zhen £ has in © 2t least & fixed

Eroof. Aceordinsly to Froposition 3, ¢ is-Tetractible on C
¥1Uh respecs o the recract P and Fix Fof - Fix £, Butv Pof being
nonexpansive, the cheorea of Erowder /1/ implies Fix Pof £ B. _

Corollary 1 /6/. Les B be a Hilbert space, ‘ﬂ .é CcHaua cloaed
bounded convexr set. ﬁat £t C—iHa nonexpdnszve Eapping such that -‘
for each.x € ¢ there exists ye ¢ suea that
(D 2z - YU <l x=y1,

Then £ has st least a fixed peint.

E_gol_r.‘ﬁet Te P(CINE) € de, x ¢ Fix f; There exists yeC
such shat (7) takes place ana _

> f £(x) -3" [‘]2 - ]1::-;,‘ 1 2 (f(x) -X 4+ X~ 3,f(z) - X 4% -

-~ - bx-y 2 e () - x1 %4 2 ReC£(x) - x,x—y),
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Mg Lyocethesss of Thzcrem 1 are savlsfied, since I ard P are
nonexpansiva, ) _
Renark 2, I":.‘lere. are funcvions £ -: ¢ — H which are not nonex-
pansivs and fulfil the conditica ir fheariza 1, oub nuv shess in
Corcllary 1.
Let £ ¢ [0,1) — R,
C -ax43, xefo,1/2)
£(x) = { . .
{ 3/2-x, xe{l/2,17) |
a runcbion which' varifies the aypothes 88 of ‘hearea 1.
Leb x = 0 203 i.; ¥y verifies (7), it follows 5=3 « ¥y hence
¥ 2 3/2y contradiction to yeo, ' _ ' _
Applying Browder's theorem 11;. uniformly convex svasces ons ob-

tains _

THIOREM 2, Iet X be a upirorr_nlz gorvex Zonsch gnacs, £ A CC z

2 closed boundad gcorvex set. Irric—zx is retzzebivle onto C

with rzsnect to the metrie Drojection & =-,PC and Pof 1g monorman-

sive, then £ nas iz C at least a fized poing,

Proof. Bacause £ is retractibhle onto G ulth respect te P, we
have Fix f = Fix Pof. But Pof is z..one"aan:aiva, hence it h:v* a

fixed point by the Br wder's ’cheorem. ]

Remark 3, In bha conditions of I'heorem 2y f 1 0~ X 18 retrace

tible onto ¢ with rospeet to the netric DT.‘O,JBGtiOD. P if erd oniy
if for each x ¢ P(£(CINC), £(x) £ x there exists ¥5C soch thag
W E(x) « x 8 s ilE(x) - § 4.

Indsed, 1ot x € P(£(C) Cyce, ©f(x) £ x; in vhis case we nave

r(x)@f P'l(z) & P(E(x)) £ x 1= 3y ec, i T(x) = = =4 2(z)-571

We obtain
Corollary 2. In the conditions of Theorsm 2, 4£ 7 ¢+ € —» X
has the propefty that for each x e P{£(C)NC)c 2C, x £ 1(z) thers
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exlsts yc£ € such th.:_it’
(8) e(x) - x i >He(x) - 3
and Pof is n‘onexpa.naiva, Chen f has in € as least a fixed point.
Using the condition (7) cne obtains |
Q__QA;_@;_—.Z 2+ In the hypothesss of ’l‘heorem 2, 1f £ : C—-—)I bas |
the property that for each x ¢ P(E(CIN C) & D0 there e:r.:l.sta yeC
such that (?) taites place and Por ia nonnxpanaive. thea t has in
C av ledast a fixed point. ' 7 l
' _?_r_,p_ Let ' x € P(E(CYN C)y if x * £{x) ‘the thedrem is proved.
If x 4 £(x), 1t follows that th;m exlsts y ¢ C such that '£(x) - yjl<
£kx-y}§ . If we suppose x = Pof(x), then | £(x) - x b= '
= ing {ﬂﬂx) -y yec} < inf { \x—:ﬂ ' yec}- o, which is &
contradievion, It tollowu that £ is retractible onto C with respoct
to P, hence Fix £ A B, ‘. o
Now we shall gonerallzo the notion of ntractiblo funetion to
poi.nt-to—sot mappings (shortly, mappings),
Let X 4§ a set, § 44 c I, AmappingR 1 X ph < g is a
retrgct of X onto 4 1T Rl 4 =14, Therefors R restricted on the
59¢ 4 is a function’which coi.ncidaa to the’ 1dem:1ca1 function. 4
mapping B 1 A —> 2\ {.03 is retractible onto A with i‘ebpact to
*Be retract R if Fix RoF = Pir P, where Fix F = { xcd x eF(x) ]
The analogoue of condition (1) i;;s '
(9)  x € (F(A)\ 4) implies x€ F(x) or F(x) NE “lx) « g,
where BM(x) = { zcX xeR(z)?} + The condition (9) may be refor-
mulate' as ' ' | ‘ ‘
(91 REMN\ D ¢ {xed 1 xer(x) or FONENx) = 57,
We obtan.:n some results a.nalogous %o those fcr functions.
Eronosition 4., The next two 8ets are squal
U= {xe.& t xeF(x) or F(x) N R x) = g}
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Procosition 5. The condition (9) 1s a@uivalgx;_t__ to
(le)  Pix RoF < Fix F,

M 4, It is obvious that Fix F ; Fix RoF, s:ane xe Fix F
mpliee xeF(x) and xec A, hence x a R(x) g .E'(Fﬁz)) and x ¢ Fix RoF,

In tact, (lo) means that Fix RoF = Fix 7.

Eroof of Propositicy 5. o ;
(9') =(lo). Let x € Fix RoF, 80 x.€ Ro¥(x); there exists
y€F(x) such that xcR(F). If yeca, R(y) = {7} and x = ¥, bence
XEFIX Fo If y4 A, xeR(y) € R(F(AINA) ¢ Flx 7 U CA'F;Lx RoF. But

xcRoF(x) and ngainxeFix]i‘.‘ ,

‘Conversely, we show that (lo) implies 4 ¢ Fix U C&Fix RoF,
the inclusion meaning in fact oqual:.t:;y. Indeed, Fix BoF c Fix P -
implies C,Fix RoF 2 GAFix F, hence A = Fix F U, .0 Fix. Rou

In the following we obtain for point=to-set mappings Some ro-

© sults which are analogous to those in ths first part of this paper.

We shall use again as . ‘rotract the metric proaection on eloged
convex sets in uniformly convex Spaces, which is in fact a funciioa.
In unitomly eonvex spaces, the metries prejection is 1o TOTw
a none::pansiva mapuina, but it 15 a continuous one, .
Indeed, let X be a uniformly convex Banach uaca, ﬂ A c&x
a closed convex l 5. ¥e prove thé.t. g = P_ié gontinuous.
Lot X, <> X. iia have '
9(%,0) g llx = "z Ve fxx I + ll::n Pﬁ{ = 'dz-x i +
4 d(x,,C) < 2“ x=x, H + &(z,C). .
It Tollows that || x — ||-—~sd(x,c), hence (~x )nE-N i a minlmi-
zing sequence, If xec,—,.m means precisely || Px-= Px ﬂm—:o and
the continuit;r of P 13 proved, . . .
It ch. then d(x,2) > o, "he set C bolng convex it follows -
that (Px, + Px )/2€C ard '

e e e -m

h)
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2a(=,0) £ 2 x - (B +Pz)/2h lx-—Pz;ll-rI,x-me!""'

%5 2a(2,6), hones | (& - B)/al%,0) + (y - Pxy)/ax,0) | 2B, 2,
Danosing '3;,_ = {0 ‘.._)/cl(:.. ¢), we have ﬂz i -—*1,

(z + 2, /2 Y B Y and up g thé uniformly convexity of X it

follows thet czn)ne” is a Cauchy Euqll&ﬂv& /8 Llo.2, 2s D 379/,

.hence a convsrcran%: ona, Let y = lim Pxn.

,.

-4

Ustng 2(x,Cy <) x -’—":nn z 2iix - x, N+ a(:':,c) ve obtain _
I x-38 = &(x,0C), henceo ¥ = Px and the cohﬁnuity of P is proved
in this cass tog. .

Yow we vruve a’ thdorem which extends’ to méappings whose rang;
is rot necessanily in C a theoren of Idm /4/. Te denote by U c(C)
Ghe -‘”mly of the compact nonvold qn.zhsets of C, '

& convex _an_gg spacs, £ 4
A8 < X a alaed bounded convor o4, F e € --? (C) ‘a pone:s
Zlen pomndes (ip 'J (C) gnae con.arie-"s the Hauvdo ;—Pg;gpe;u ns ‘g; gl

Shan Ehers odata x€ © shon bzt xeF(x).

LEO*“” 3 78/% L5 X b2 a oniforc

ZIIDERT 4, Zot X bc.. a8 L.:}.:.:C__',L_z cun.fa"c La—ngg space, B ACC X

2 glosnd pounded cm::rf;:: cet, F 1 G ,__, Jc(X) & papping which is

raizoaiiblo onyo € with roaspsch o the metrde projection P = Pq

PoF i5 rpouszpensive, Thag the pappinz P hes ig ¢ af

lensh g £imed nninx}. -

Yroof, Becauss F{x) is a compast set’ for ed.ch £ in C and P is
& continucus funcbicn, we have Fof § C —o> s (0. mapping F
beizz-r_.-; ratractible on C ‘aith respect to P, it follows Fix F = |
= Fiz FoF and using Theorem 4 omo obtaips Dix T Ze,
One romazks that F is retractible onto C with raspect to P ’ii‘
and only i£ for each xe FLHOIN C) which is not a ﬁ.zeri proint for 7
n

and Zox each z ¢ F(x) thars exists FEC such thet | z-x | >Wz=y \l.

Lomdvalently, for each ze F(x) we huve | 2=xll > d(z,0).
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Za obta.in
uorgglm 4, Lat x and C ba as 1:.1 "neoram 43 L F'1 G —» & (x)
has ‘chaorc:pem that for each x € (8 (c) \G) which is not a fixed

point ‘for ¥ and ror na,ch zén(x) there existe y<C such that | z-x >

S Zey 'l a.nd. PoF 18 nonezpansivo. than P has i.n c at lsast & Tixed
goL . ‘ _ . N _ .
Thodram 3 is eztandsd in aeferal papers to mappings whose rangs
is not cont:ainod in tha convex sét C, but z(x) < Jo(x) =
| lL(l-a.)x-l-ay:y G Rea‘)lla_l; for sach x in G, .
Remark 5. If X 1s a real Banach space, then J,(x) a
x ;:,_(lfb)i--c- by 1 7.:50,1 b= 03 lfo_:_.‘ x in c.
We“obta.in now o :
MS,L&I andc be uinThnoremM ir B c—» J (I)

bas the property that F(x) ¢ I, (x) = { (l-a.)x +ay 1y C, 36> 2}

for each x ¢ P(F(G)\ C) which is not a fixed point ror ¥ and. PoF
is n ncnaxpa.nsive, than Fix # 4 2. : _ L
‘Zrgof. et x & HE(I)\0), zn{Lﬁx e.rld"'z'efci) G Ig(x). It
follows that tnaro exists ;rc.c and acC, Rs a > l/d uuch Yhat z =
= (l-a)x + ay. . _ o o
"iie have 7 A X since yax i:npltas z = ""('z). contradi'ctioh._
ten fz—x il = lal hy-x\ and " | z—:r\'l = ll-a\ Ly-x! ., But Re a
>1/2 implies lai> l1-al, nence [ z-x{ > z-yh and Corollary 4
anpliea. _ . .
Theorem & has as a Corollary Iheorem 2.3 /3/, wkene ons imposes
unother condition ofl inwaidnes:'. téan F(i) & Tzl ) .
Cgrollgg & /3/. .u t i be a Eilbert cpacé, # £ C< H a closed
bounded convex meb, Fig —95) o) ronezpanaive and 4 3 C —.[0,})
an armt;ra:cv_mnction. In _additipn _‘?FQ‘_ supposs that f_or each x&C |

a2t y e F(x) one has
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(i) liminf h l@(U-h)x + hy,X) < J(r)d(x,Tx}

ﬂ-&l/.r
“nen F has in ¢ at least & Pired poing, ’
frgef. In the condifions of Ghe corellary, Fof is nonexpanéiva.
“& buve elsa Fix Pof ¢ ¥Fix F, Indeed, lat x & PoF(x), heace thers

exists ye F(x) such thet ¥ = P(y). e 'show that for hé€(o,1) one

b

(12> al(1-mw)x +-ky,C) = # (I n)x + hy = x ||.
Ve =uppose that theme exists h ¢ ("d,l) such that z¢C, z. bt x
and ' '
b (i-n)x + by = 2 | < | (1=n)x + by - %l .
But fy - zW ¢ W(2-2)x + hy =2 § + | (2-n)(x -'5-) il <
< H(2-t)x + by -xi+ §(2-n)(x - :y)ll = lx -y,
which contradicts x ePCyj. It follows thot the *el“ticn {12) ﬂDldS,

end conseggquently,
Ao, F(x2)) ¢ Jx -y |l = liminf h"ld((l-h)x + Ly, C) <.
T 2 M) Az, R,
But ACx) « 1, hence a{x,F(x)) = 0 ond x F(x).
:\pplying' fheoren & one obtains the conclusicn,
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