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FIXED POINT ‘IHEORZUS FOR
BETRACTIBIE MAPPINGS

Mira-Cristimna Anisie

The fixed poj_ut ttworcms in this papar axt:and Some results in
/e - if the rotract is chosen to be tha metric prnacctlun sne ab-
tains seme known Thodrema. 7 .

¥e state firstly seme daf:.nitiona t0 be used in th- fallowing.

Let I be anonvnid set andﬂ AFAac X, 4 map ¢ X —a 1s a e~
tract ef X on A if the restriction of r t¢ the sot & 1S tha iden-
Tity map id, + A— A, Amap £ 1 A— X is retractible on 4 with

respact to the rstract » if Pix rof = Fix £, whers "Fix" denstes
ths gat of tha fixed puints of a map /3,? /.

(It ds sbvieus that dlways Fix ref < Fix £, so in the dafi:zit:ian._
of the retractible mip one can demand only Fix £ < Fix ref. Brewn
in /3/ has given the follewing nacessary and sufficiant candition
for the map T Y —+ X to ba retractibls on & with razpact te the

-

retract r :
X € r(#(4) \ ) implisa I(x) = x or 2(x) ¢ rMx).

Let B pe 2 hounded noneapty sat in ths metric spaca L. [pe

Asasure of noncospactness in the sa2nse of Ruratowsiy, deneted a(B),

is the infizum ef the nunbers o such thes the e B cun ba coverad
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by & Tinite numbor of subsaeta of I of d.i.amater leas than or- equﬂl

Cwo o,

Lt A be a nonvoid subset af tha 'mat.ric"spaca i a.u;.lr 4 A= X

a zap. -If thare exists k, ¢ ¢ k < 1 such that ror sach no.ua:npty
subset B of 4, B baing bounded, we have
a(£(B)) £ k a(B),

.\.

then f is called k-set-contractive. _ .
Sach nonexpansive map £ 1 4 —s I (1.e. d(é(i), £2(F)) g d{x,y)
for each x,y in 4) 18 obviauﬁly l-daf=contrective.
In. the following we give a gensralization of Thearea 1 in /6/,
using in toe proof the fixed polnt thsorem of Da.rba:

THEORSE 1 /5/. Let X be a Banach spacs, 4 < X g closed convex .-

pogvold set, £ ¢+ A — A conbinuous k-—set—-contractiva with o <« k < }

Bugh thag 2(A) i3 a bounded sat Then Fiz f £ 9.

P

In ‘the inmitial form of DEu:bo a theoram A is bounded but it .

sufficas to raquire f£(A) bounded, ta.k.ing A1 =cl co £(4) = 4 and ... -

Py

Az nead also the following

IZ54 1. Let X be 2 normed space, G g z a:«d f 10— X guch

that (I - £)(C) is a closed sat. If th.a.t.‘a ez:lats a segu cz of

.2apaf t'G--»I, nx»l, ea.ch of t.'b.am havinggﬂ_zedn oint =

(1’ (:r ) =x, Y, fn convergiug ifor:znlz Lo i‘, than £ has 2130 a fixed

poimt. ¢ . L
Propf. Denots g, gn‘s ¢ I g nI—f, £, -I-—fn, N
Zash fn having a fixed point, it follows thab each g has a gsro,
Leoca ¢ € - {C), Becaunse f —»f eniforaly, Sn"_’ g unlfo.m-';.ly.
I+t & > o be arbitrarily chosen; from’ the uniforn convérgands
of g, to g on® obbains n. » 1 such that T g

ok

is a con»:.nu.ous l-set-gontpactive map having P(A) boundad and.
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I gn(z) - g(x) i|< £ for each b >n, and x in C. ©oane a
It follows that for each n 3 n, W8 havs - R il

(—c) £ g(C) + Bo,€£7).:
Therafore n ‘€ "g(C) + Blo, £) for each ¢ > oand o g ¢l g(c)
= g(G), This meens”that ‘there exists x & G such thaty (x) =
Now we can'prove the following _ '
THEOBEM 2, Let X be a Banach spece, &4 ¢ I & honvold closed
convex sty £ 1'A-5X and r ¢ X —> A such that F = ‘Tof 1 A d

(1 - f)(A) 2 glosed pet. Then Fix ref £ g,
oof. Let ¢ & (0,1),'x € 4 and Py = tF + (1-t)x,. ¥e shiw

‘that F, is t-set contraciive.
Lat B C A a bounded subsst ; then

a(Fy(B)) = a(tF(B) + (1-t)x ) ¢ < aem(a)) = sa(F(B)) < < ta(®).

Applyj.n,g Darbo's theorem, sach F has a fu:pd point x.. Copnsi-
dering tn — 1, ¥ < 1 we obtein for each x in 4

i~

i Ty (0 = F@l = Q-0 ) [ 700> - x )

< (1 —6,) alx_,F(a)) %4,

Bence l?t —» P uniformly on A.-
. n '

How Ledma l"applies and Fix P £ @,

In the above theoren, instead of (I - F)(A) to be r.-.losad one
could require (I - F){(ci co F(4)) to be closad in I, c:cm:s.td.er.-j.nb
the restriction of F on el co F(4), whose ranse is also in
cl co r(A). = -

*In the teras of F Theoram 2 is axacbel:,r Lem.ma. 1 in /6/, gu’a

chare witheut proof.,
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& patural exampls of a map r ¢t X —> & 16 the mtric projaction, ‘ ) 5= N
which is well-definsd if far u:a.mpla I is un;.torml;y convex. I_n - Iran’ Theomm 1 we can choose Tt x —_.‘ to be a retract such .
this case we obbd.n obvionsly T ‘ S . that t is a I‘Etra.ctible nap With re8pect to z, iﬂe obtain n fixed

COROLTARY 1. et X be & s uaiforaly MMM 1cX ‘ polut’thecred for .. .
‘anonvozg_;____gm,@g}: Itlﬂ"ﬁlﬁa;i.pw.-‘-"tl—*lm ' ' iEBEO.HEHs If_i‘gtha conditions_i_g agre:nlr:I—sAL
m“:lm Lf_f‘P"f"-—"*-lJ:ﬁﬂ&m&lw : ' _m'@-ff‘_’xl*mtﬂcﬂble._i_a.gggqur 59 1, then
Sructive peg ¥ith F(A) boynted god (T.- P)(A) 4 slosed sot, e Fix t £ 8. '

Fixper A8, S I | M- Frmmhaqrenlitronowarixr.:,enamz beingretmc—
' "‘hu cancluﬂiuﬂ nema -x.u;tel;y th.au t.‘h.ere axista x in 4 auch : 5 tibl“ w:].f;h Tespect to © we- havg Fix Tm Pix tet £ g,

that 1 pof(x) = x, i.e. B x - t(x)l = d(:(x) 4) ¢ this result appéars: - COBOLLARY 3 (Theorem 5 1n /6/). Lot X be a Bilberg space, 4 a’
in the wall-known theom of Ky Fa,n (1%9) gi'un Inr i nmnraid con- i ’ PEPIE.:L_Q £losed tonvex set, f : A -—>X & continuous l-get—contrac—
pact convex subset K of & normed space X and a continuous : :mp E Eive Rap. ¥e & Buppose that ti_ther (T ~ pof)(4) 15 closed in X or
DXk : L L '. _ o : (- psf)el co p-r(l.)) ia closad in X, where p = P, is the metric

COROLLARY 2 (Theorem 1'in /6/). Loy X bs & Eilbory spage, AC X ‘ projection. Ir £(4) is boundad and f satisfies ©one of the followic
& pomveld glesed sonvex seb, £ ¢ A — X & gontinupus 1-sef-ontrac- ©  condltlops :
tive map. We supposs thaf M (I- pof)(.l) _L._s_ closed gz (T - : (1) For each x in 4, thers i5 2 number X (real or complex, de-
- pe2)(cl co pef(A)) 15 vlosed jn X, mowrs p < P, + X —» A i5 ¥he . ReBUing on whother the vector space X is Zeal or complex) such
metric projection. If £(4) ;é bounded, M thqrn .gxi.st:s w in A ‘ that Ill <1 and Ax + (1-2) r(x) e A,
such thab o : ) (2} For aach X iu A with xr ot r(x), thers exists y in I,(x) =

Iu = 2(a)ll = ace(a), 4. | ‘.. - - I ={x + e(z ‘—x) ¢ zoe A, c>o} such that

Proaf. Becaase £.1 A —» i 15 continneus l-get-centractive amd : ‘ iy - .'L'(x)l[ < IE =i,

p t I —sA i5 ponexpansive /4/,. it .‘follo'as that F = paf :Lls a conti- (3)r 45 weaily inward’ (1_.. _f(x) £ ol I, () rnr S each x in 4).
nuons l-stt-conhractive map, - Ihn ract: tha.t t(L) is baundsd impliss . {4) For each u in the boun, dary of 4 With u = pef(u), u is «
#(4) Boundsd and Ga:r:ollary i appl_’us o - fixed poict of £, _ .

It is cbvisaas that in Goralla::y 2, :Ln.a'baad ot zu) s ‘be beundsd - (5) Bor sach x in the boundary or 4, F1(x) - v c1x - 31 for
it is -mugh;-mquinpo:u) tob-hounﬂ.ed . ; _—“;_egg:rinl -

lnthepaplrlil{thmmgimmrgmltawhinh:nllowrrum E ;r—é‘i-'ﬁfhﬂsﬂfixeda_i_.n_inl |
Corsllary 2, among which thaams qr I’.i.n, Singh and Wa.tsan.-.r . . Rx_‘c'_a_ Ccrolla.ry 2 .pph.ﬂ' 50 311 Pt 4 B. Bach of the five

. 1 conditigna dmplies (4) 72/, which ia in fact exactly Fix r-of =
= Fir r,




-G =

This means that £ 1 4 —» I i= zntz:-a.ctiblo yith_respcct- te D
and applying Théorem 3 one has Fix £ £ ﬂ. o . e
“We menticn that the conc‘i.:l.tion of the retra.ctibil;.ty Fix pof =

J?ix £ takes in HEilbert spaces 'bhe rollowing eguivalent fums R
(i) For each @ in the bon.ndd_ry o:t .L which iﬂ not a :f:l:.:ed po:Lnt -

for £, therd existe ¥y ‘in A such that
Be {(2(un) —u, 0 - 3) < o.
(i1) For each u in ths boondary of 4 which 16 not” a fixed point

for f, there existe y in 4 such that

hy - 2l < ko -2l . ‘ o

(11i) For each u in the boundary of 4 which is not a fixed poimt

o

for £,

lim inft : %— a((i-t + trlu), A) < lI;‘(u) - ufl.

£ Oy
The wguivalence follows easily from the nert ‘iemma, which ra-
lies on Ghe fact bthat in a Hilbert space for a closed conver set
L 2md x ip X ons has p(x) = a 4ff Be (x — a, 7 — &) < 0 for each
7 in A (p = P, being the metiric projectieon). '
LENie 2, Les X be & Edlbert space, & £ X 2 monvoid closed con-

vex set, & in &, x in X, The -following asserTtions are equivalent

1Dp(x)=a i lx~allgl x~ 3yl for sach y in 4.

2% 1 3;11 inf £ a{1-tda + tx, &) =

= 1t Fa((l-t)a + vx, &) =
=3y

= Lot Larisda« tx, &) =fx - af .
2t 20

5T L (160 + T, A) 2 - sl

Toe first equa.li‘cies in 2% are troe. becapse

.

“ha' axp 'P N { }—) B, _:"‘F(f?) ='.:-f-;‘—d.(la + c(x;aj"; A) is increa—

ziag a.ud ) . S
jmeLr(t) = in.f +(t). |
(Box.iar 2 (ﬂ = iuf =f12(1=(x-_a). i-a) =
$>t\-0 -f>t>a
Coe = int d (:x:-a. l(i-a)) = ‘ :
{3-1:3»0 s

. . T

inf d.(x-a h-a)) =

trd
< inf" int fz- -t

f.zi )eAAﬂ 8 :ﬂ[
= int 1ar (2 lf;rﬂa 2% Re (x- j 2,
yeAs tyd 4y 7) +{x-af®),;

But Re {x-4, ]r) = Be’ (x—a, y+a—-a) € 0, becauss y+a € énd.'p(x) =
. § . , B

It follows that the map to be aininized ic j_ncrﬁé.xiné on‘
[Re (xea,"y), +%3}, honce also on [1,+w), The infioux will be
attained om £ = 1 and ‘ S

iaf ¢ 2(e) = a2 ffxeacyy 2 2
12t 5g yeA-a

M

inf lz-y 2 o | xeayp @
A

and the implication iz proved.’
20 =539 i4 obvious,

22__. 10 o . : ‘
37=,1". ¥ have | x-a}l < int %- ((1-8)a + 6x, &) ¢ B
t»o b :
2 (1) = alx, 02§ xyy -
for sach 7 in A, S N

Rgmark. .'l".jne.-_ aqaiva__.le._ggg Ao Leama 2 is aiso true 12X ia &'
pre;llvertian epace and A a compliszte convex set,

. . . .
the assertion= (i) - (iii) are anl equivalent to the comditigm

(4} 1 Qo;allary 3.
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Por (1) ons usss the fact that par(u) ;E u is equ.‘l."d.lent To Tho
axistence of y in & such vhat’ ‘Re {u - r(u), T~ ul> o usi.ng ahe
chapactearization _or tha metric projecticn mantioned before I.uma 2
%aa given, - | i H -

For (11) one anplias ‘Just .the darinj.tion of p{f({u)} and’ obta.‘uu
tha intqullit: in (ii). ‘
For (11i) wa use the equlivalexce 1%¢=> 3% which was proved im
Leaaa 2. ] ‘ .
So the sasertioma (1) —~ (idi) are Juss mrqmﬁlatiom of the
Lucs that che uup £ 4 —» X is rectractible on A with respect to
tae retraction Pa T ‘ '

The aguivalepce of (1) - {iii) was in fact proved in /9/, whure
(1) is called the ILeray-Schauder conditicm, {(ii) the Browder—’
Petryshyn comdition arnd (iii) the Cremer-Bay condifion. Hare
we¢ emphazised tha rdle of che propcrt:\.as of the metric projection
in chis aguivalence. . o N

Wa finish the paper giving s methed of approximation of fired
cointa for maps with pef nonsxpansive in Hilbert spaces by a;u:o—'

cediure similar vo thai in ths proof of Thaorem 1.

 THEOREX 4, Let X be a Hilbert space, & 2 nonvoild glosed gopvex
Bubset of X, £ ¢+ A — X a map retractible on A Nith resp.:b o
pef ¢ A —> A is nonexpansive

ct

be metric projection such that F =

F(A) bou.nded.

3

Consider ¥, : & — &, Ek(x) = kF(x) + (l—k)xo, o<k <1,

k
‘f — 1, & C and x,. the fixed point of tha contraction ‘?k‘

Then x, 51}:0,' whers 3y 1s the fixed point of £ which ¢losest

Proof.,

~ The fixsd point set Fix F is nonvoid; let T be the firad poimt

i i

i

'r:hat {x
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aI .o \n.ich is closast to xo. E‘or ¥ one. epplies the aoproxlaation

msu.lt in /&/, Tar k -—>.l x E (a,l). n € N, one obtalns firstly

: If:B is. B bound.ed. scquance. Then. u sahsequanca .of
n .
‘}-Ikﬁ} HeN wj_ll conrarg-s weakl;r to a pOJ.nt :r.. ’Jamg t:he daniclo—

sedness’ or I - l' cma obtains x = 3r a.nd t;hen bhe strons sonvergen—
[1:] oi’ to y o

{zt ‘ne N e ) : -
Bur Pix ? = Pix r,/and the thaorem is proved,

i -
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