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ou‘ FIXED POINT THEOREME FOR MAPPINGE DEFINED -
oN BPmEB IN METRIC SPRCES
' Mira-cristina nnisin'

In the last years, the interest in metric fixed: point
theorems appéared again. New proofs were given [1, ﬁ] far
theorems of Hardy-Rogers, €irié - Reich — Rus.

In this note we study the case of mappings defined enly on
spheres, not on the entire metric space, following the well-known
theorem:’ l

THEOREM 1. Let (X,d}' be a complete metric space, f£:B(z,r)
=+ X a k-contraction, k ¢ [0,1), i.e.

(1) | d(fx,£y) < KA(x,y) for all x, y. in B(z,r) =
={x e X ; d{x,z) 5 r}.
r
(2) a(z,f2) < £(1 - k),
then f has a uniéue fixe&‘point u e B(z,r).

Froof. The condition on fz implies the fact that £(B(z,x)}
= E(z,r); Indeed}'iet-x € B(z,r). We esEimafe d(z,fx):

d(z,fx) £ d(z,fz) + d(fz,fx) < r{l - k) + kdfz,x) g r.

It follows that f£(B(z,r)) ¢ B(z,r) and Banach *theorem

applies in this complete metric space. N
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This theorem extends easily to Hardy - Rogers contractions.
THEOREM 2. Let {X,d} be a complete metric space, £:B(z,r)

<+ % a Hardy - Rogers contraction, 1i.e. there exists a; > 0,
5

i=1,5, A 3-21"":'. < 1 such that
i=

(3) d(fx,fy) < a;d(x,y) + a,d(x,fx) + ayd(y,fy) + ad(x, fy) +

+ agd(y,fx) for all x,y in B(z,r).

If
2(1 - A) r
(4) d(z,fz) < 2+ A - a '

then f has a unigue fixed point uw € B(z,T).
Proof. To prove that f(ﬁ(z,r)) = E(z,r), we use a symmetric

form of (3) which is obtained evaluating also d{fy,fx) and

adding,

a, + a-
(5) d(fx,fy) € a,d(x y) + “2“’2_3 [d(x,fx) + a(y,fy)} +

+ 2222 ra(y,£y) + a(y,£0) for each x,y in

B(z,r)- ¢
Let x be in B{z,r), hence d(x,z} < r. We estimate

d(z,fx) < d{z,fz) + d(fz,fx) <

a, + a
< d(z,fz} + a;d(z,x) + i5—3-1 [d(z,fz) + d(x,z) +

+ d(z,fx)] + 3¢ %8s (d{z,fx) + d(x,z) + d(z,fz)] =
’ 2 .

a, + az + a, + ag
2

a, + a4 + a, + a
= (1 + 2 3. 4 slﬁ(zrfz) +o(ay 4+

P

a; + a; + a, + a
v d(x,z) + —2 32 ! id(z,fx) =

-

E + a, A~
} d{z,fz) +

a
A-ay d(x,z) + —*E——i d(z,fx}.

= (1 -
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It follows
A-a A-a A+ oa
(1 - 3 ) d(z,fx) £ (1 + 5 ) d{z,fz) + d(x,z) <
A+ a A - a
< (1-a)r+ lr=(1- 4 r.

A-a

' Dividing by 1 - > 0 we obtain d(z,fx) < r and Hardy

Rogers theorem applies and it assures the existence ang

uniqueness of the fixed point u, ®

Remark 1. For the €iri& - Reich - Rus contractions

( a; = a, az'- aj = Db, a, = g = 0, a + 2b < 1), condition (4)
becomes :
l1-a-=-2b

d{z, fz —_——
(z.£2) < 1+b T

-

For the Kannan contractions (a; = a, = Ag = 0, a; = a; = p <

i
< ; )+ condition (4) writes
1 -2b
+ b

a(z,fz) < r.

For the Banach contractions ( a, = k, a; =0, i =725,
condition (4) becomes (2).

Similar regults hold for the more general contractions

" defined by Rus [21.

L] -
;ctrq : R, -~ R, be a continuous function such that
(a) ifr;, <8, i=T5 then ¢(r) < o(s) ;

(b) #(r) < r for each r > 0, where @) = o(r,r,r,r,1);

(€) r-o()~o for r-w

For (X,d) a metric space, a function f: B(z,r) - X is a .-
contraction if

(6) d(tx,fy) < !(d(X¢Y)J;d(¥va)rd(chY)rdfxffY).d(Y-fx)) for
all x,y € B(z,r).
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Let r, beequaltoshp{rfh

is finite hecause r=40 is in the cons;dered set (which is hence .

nonvoid} and ¢ is continuous We obtain a qeneralizat;on nf the
fixed point theorem of ‘Rus [3) Hhich is g;??é _fo{. ' -
contractions defined on th. entire space xX. T
TREOREM 3 ‘Let (X, d) ba a canpleta netrfsrzpaca and f:
B(z,r) = X be a 9 -~ contraction. If
m d(z,f2) €T - $(r,), |
then f has a unique fixed point w ¢ B(z,r), u = %ig'f“z and
d(fz,x} < ¢™(r;). |
Proot. If fz=z, the conclusion_is obvious.
Let fz # z; one has then r, > 0. Let zZ5 =.z; ny = f2 sat;sfies
d{z5,29) S ¥ - #(r;) =1,
hence z; € B(z,r). Suppose 2z, = £z € B(z,r). Then
d(z,2501) € d(z,£2) + d(fz, £0+1z) s .
£d(z,fz)+e(d(z, £P2) ,a(z, fz) ,d(£7Z, £ z) d(z £2*1z), a(t™z, fz})) <
< d(z,f2) + @{diam Op(z,n+l)), O¢(z,n+l) = {z,?z,...,f“*lz}.
Becau;; of (6), diam Og(z,n+l) is lgrger than d(fiz,sz),
i,j 2 1, so there exists Ps<Dn + 1 such that diam Og(z,n+l) =
= da{z,fFz).
" Then
diam O¢(z,n+1l) = d{z,fPz) < d(z,fz) + d(fz,£fFz) <
< d(z,fz) + ¢(diam Og{z,n+l)) and .
diam Oy{z,n+1) - ¢(diam Of(z,n+l)) < a(z, £2),
hence diam Of(z, n%l) < r,.
It follows d(z,z,,;) s d(z, fz) + ¢(ry) < r.
The sequence {2, neN 1S well-deflned for £: B(z,r) ~ X.

We shall prove now that thls seguence converges. Let n 2 1.

Bt

r- ¢(r) s d{z,t:)} uhich"

- -Im thii'céa@«_i_ r, =3up {r20; r-ar g d{z,fz)} =

29
We estimate:
d(?-na zn-{-p) < ‘P(d(zn—la Zn+p_1) 'd(zn—}_lzn) !d(zn+p-1rzn+9) '
d(zn_l,zn+p) d(zn+p_1, z))) < ¢(diam Qe(z,_1,P+1)) <

S ¢%(diam Og(z,_ 2,p+2)) $ os+ S @"(diam Og(z,p+n)) < ¢7(r,)

But r, > 0, so ™ (r ) — 0 {(n + ®=); indeed, the seguence is

descreasing and bounded and if its limit were a = 0, from the

continuity of ¢ it would  follow a = #(a), contradicting the

Property (b).

It follows that {z,} = B(z,T) is a Cauchy segquence, hence

it coriverges to a limit u in B(z,r), which is a fixed point for

f. Indased, suppoge u » fu. Then, for n « N
d(u,fu) s d(u,£%) + d(£z,fu) <
< d(u,fz) +‘g{d(f“'lz,u),d(f“'lz,t“z),d(u,fu),d(f“’lz,fu),
d(u, z)) | '

and for‘n - o

d(u, fu) 3 9(0,0,d(u,fu),d(u, fu),0) < #(d(u,fu)) < d(u,fu),

which im a eontradiction.

The uhiquanhs- of the fixed point can be aasily established
in a similar way.. @

Ia-tk‘z. Comdition (3) in Theorem 2 ‘corresponds to a ® ~
cuntractian with
. 5 5 .
(¥, ..., Tg) *iflalxi, a; 2 0; i=1,% , a =iE£ai < 1.

1
A diz,fz)
and condttion (7} in Theorew 3 becomes '

v A '
-d{z,fz) $ r ~ 1= af{z,fz), i.e.

Az 22) 5 (1 - Nr.
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This condition is less restrictive than (4}, but when condition
(4) is applicable the sequence of succesive approximations

starting from each x in E(z,r) converges to the fixed point u.

-
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