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A NOTE ON INEXACT SECANT METHODS
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1. INTRODUCTION

Given a nonlinear function £’ : R — R, in order to approximate a solution
of the equation

F(z)=0,
the classical Newton method is usually applied:
Tpo1 = ap — F' (xp) P F(x), k=0,1,..., x9 € R" given,
or, equivalently,
F' (zg) sy = —F (z1), where s = 241 — Tg-

However, in many cases it turns out that the above linear systems are not
solved exactly, so, in order to study the convergence and the convergence order
of the method, an error term must be taken into account.

In the paper [3] there are considered the inexact Newton methods:
F' (xg) s, = —F (wp) + 7,

Local convergence of these methods is studied and also necessary and suffi-
cient conditions on the magnitude of r; are imposed for a certain convergence
order to be achieved.

In the present paper we shall show how these results can be easily extended
to the chord method, which has a theoretically higher efficiency index than
the Newton method. Unfortunately the chord method is not very safe for all
practical cases since, for example, a too fast convergence of one component in
the sequence () may lead to overflow errors or division by zero.

DEFINITION 1.1. [4] We call the first order divided difference of F at the
distinct points x,y € R", denoted by [z,y; F|, a linear operator belonging to
L (R™) and satisfying
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D) 2,y Fl(y —2) = F(y) = F(2);
2) If F' is Fréchet differentiable at z € R™ then

lim [z,y; F] = F'(2).

T, Yy—z

It is known [I] that there are several ways to choose the linearly independent
first order divided differences for given F,z,y, depending on the dimension
n € N.

For example, if v = (2;),_1 ,,, ¥ = (¥i);=1,, € R", with @; # y;, i = 1,n then

we can take

E(yl7°°°7yj7$j+la"'7$n)_E(yla"'Jyj—l7$j7"'7$n)
Yj — T

The chord method is given by the iteration

[ﬂfa?J;F]m =

Tpir = T — [Tp_1, 20 F]7 F (2), k=1,2,..., zg,x; € R" given,

and it has the r-convergence order % The inexact chord method studied

is

(1.1)  [zk_1,2k; Flsg = —F (z) + 1, k=1,2,..., xo,21 € R" given,
the residual r; satisfying
Il
1 ()l —

where ||-|| is a given norm in R"™.
We shall suppose hereafter that the function F' obeys the following condi-

tions:

C1) There exists 2* € R™ such that F (z*) = 0;
C2) F is continuously Fréchet differentiable at z*;
C3) F’(z*) is nonsingular.

2. LOCAL CONVERGENCE OF INEXACT CHORD METHODS

As in the case of inexact Newton methods, when the forcing sequence (ny)
is uniformly less than one, an attraction theorem can be stated, i.e. for any
sufficiently good initially guesses z¢ and x, the sequence (zj) converges to

T*.

LEMMA 2.1. If the conditions C1)-C3) hold, then for any v > 0 there exists
e > 0 such that if x,y € B(x*,e) = {z € R"| ||z — 2*|| < e} then [z,y; F] is
nonsingular and
) ||l y; F] = F' (a) || <
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2) [|lz,y: FI7' = F/ (@) ]| < .

LEMMA 2.2. If F is differentiable at x*, then for any v > 0 there exists

e > 0 such that
|F (y) = F (") = F' (%) (y — 2) || < vlly — 27,

if lly —a| <e.

The lemmas are immediate consequences of Definition [[LT] respectively

the definition of F’ (z*).

THEOREM 2.3. Suppose that nqp, < < q < 1 for all k € N and let p
max { || F' (z%)|, || F’ (%) |}. Then there exists € > 0 such that if zo,z1

€

B (z*,¢) are chosen to satisfy ||x1 — x| < /% lxg — z*|| then the sequence (xy)

given by (LI) converges to x*, and, moreover, the following inequalities hold:

(2.1) ke — 27, <qllze — 27, k=0,
where |[y|l, = [[F" (") y| -
Proof. From the definition of u we get
(2.2) Syl < llyll, < uliyll, for all y € R™.
Since 77 < ¢, there exists v > 0 sufficiently small that
(L+yp) M (A +yp) +2y0) < g

Now, by Lemmas 2] and 2.2], choose ¢ > 0 sufficiently small that

(2.3) H[m,y; F|—F (a:*)H <y
(2.4) H[m,y; FI7' - F (m*)_1 H <y
(2.5) |F (y) = F («") = F' («%) (y = 2*) || <vlly — 27,

for ||x — 2*|| < p?e and |ly — o*|| < p?e.
We prove (2.1)) by induction.
For k =0, by (2.2]) we get

i llon =2, < oy — 27| < 5 flvo — 2| < Hlwo — 27|,

i.e. (21 hold.
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Supposing now that it holds for ¢ = 0,1,...,k — 1, it follows that
g, — 2| < plley, — 2*|, < pg® llwo — 2|, < pPq" |lwo — ¥ < pe,

so that (23)—(23) hold for = x_; and y = xy.
By Lemma [ZT] we have now from (LI]) that xp,q exists. Moreover, since

F' (@) (w1 — o) =(T+ F' (@) (lopr,ops F) ' = F/ (2% 71))-
) (rk + ([wh—1, 253 F) — F' (%)) (z), — 2¥)
— (F(ag) = F (@) = F'(a*) (. — 7)) ).
and
F(xg) = F' («%) (2, — ") + (F (21) = F (2) = F' («%) (21, — 27)) ,
taking norms, using (2.3])—(2.5]) and the choice of v we obtain
loxsr =l < (14 1F @) | opr, o0 F) = F/ @) 7)) -
(il + [[fpr, wp F) = F @) -l — 2*)
+|[F (@r) = F (@) = F' (2 (e — 2") )
<@+ ) (e IF @)l + 7 lok — 2™+ llae — 27
<@ +ym) (e (e — 27+l — 27(1) + 27 [l — 27]])
<@ +yp) (7L +yp) + 2v0) loe — 27|, < qlloe — 27|,
which proves the linear convergence of (zy) . O
3. RATE OF CONVERGENCE OF INEXACT CHORD METHODS

In this section the convergence order of inexact chord methods is charac-
terized in terms of the rate of convergence of the relative residuals and of
residuals.

DEFINITION 3.1. [3] Let (xf) be a sequence which converges to x*. Then

1. the sequence (xy) converges to x* q-superlinearly if
k41— 2™ = o([|zx —2™[),  as k — oo
2. the sequence () converges to x* with r-order at least q (q > 1) if

lim sup ||z — m*”l/qk < 1.
k—o0
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LEMMA 3.2, [3] Let o = max { ||F' (2*)|| + 53,28}, where 8 = ||F' (z*) ™" ||.
Then the following inequalities hold:

Ly =2 < |F ()l < ally — 2",
for |ly — x*|| sufficiently small.

THEOREM 3.3. Assume that the sequence (xy) given by (LI) converges to
x*. Then x, — x* g-superlinearly if and only if

Ikl = o (I1F (zp)l), as k& — oo.

Proof. Assume that x;, — x* superlinearly. Since

r = (F (zx) — F (2%) = F' (2%) (z — 2%)) — ([wp—1, 243 F) — F' (2¥)) (2 — 2¥)

+ (F' (2") + ([wp—1, 28 F] = F'(z7)) ) (wp41 — 27),

taking norms,

Il <

< |F(@p) = F (@) = F' (@%) (2 — @) + |[lzn—1, 2 F] = F' ()| g — 2*]
+ (IF" @) |+ k-1, ax: F] = F' (@)]]) llogrs — 27|

= o([lzx — 2*[) + o(1) lag — 2™ + (|F" (2") || + 0 (1) )o([[z), — z*|))

=o(l|zx —2*[]) = o (| F (zk)l), as k — oo,

by Lemmas 2.1] and
Conversely, assume that ||rgx|| = o (||F (zx)||) . As in the proof of Theorem

23,
ke — 27| <
< (IF (@) + [[lanorsans FI™ = F (@) 7))
(el + [z, 2 F] = B (@) ok — 2]
+|F () = F @7) = F' (@) (= 2)]))
= (IF' @) |+ 0 (D) (0 (IF @) + 0 Q) 2k — 7| + 0 ([l — 2]))
= o(IF ()] + o |z — #*[) = o (. —a*[)), as k — oo,

again by Lemmas 2.1] and O
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DEFINITION 3.4. []Given the distinct points z,y,z € R", the second or-

der divided difference of F at x,y, and z is a linear operator [x,y,z; F] €
L (R™ L(R™)) such that

Lo [z,y, 2 Fl(z —2) = [y, 2 F] = [z,y; F];
2. if I is twice differentiable at u € R™ then
lim [z,y,2 F] = $F" (u).

x,Y,z2—Uu

LEMMA 3.5. If there exist e > 0 and K > 0 such that for all x,y € B (z*,¢)
we have

then
sy Fl = F' (@) < K (o — 2"l + ly— ")), Va,y € B (")
Proof. By Definition [3.4] we have

[,y F )| = [,y F] = 27, 2™ F|
= [z, y; ] [!L“ oy Pl + 2%, 2 F] — [27, 2% F|
_H:p z,y; F —:r*)+[a:*,a:*,:1:;F](:1:—a:*)H
< K(lly—a" H+H$—l’*”)-

O

REMARK 3.6. The condition imposed in the above Lemma holds, for exam-
ple, when F' is twice continuously differentiable at x*. ]

DEFINITION 3.7. [6] The mapping F' is Holder continuous with exponent p
(0 <p<1) atx* if there exists L > 0 such that

|F' (y) = F' (z")|| < Lly — 2"|]”
for |ly — z*|| sufficiently small.

LEMMA 3.8. [6] If F' is Hélder continuous with exponent p at x*, then there
exists L' > 0 such that

|F (y) = F(a*) = F' (") (y —a")|| < L' [ly — 2|7,

for |ly — z*|| sufficiently small.
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THEOREM 3.9. Assume that the sequence (xy) given by (LI converges to

x*, I is Holder continuous with exponent py at x*, where 1+ pg = HT‘/B

If xj, — x* with r-order at least 1 4+ po then rp, — 0 with r-order at least
1+ po.

If ri. — 0 with r-order at least 1 + pg, F' satisfies the condition of Lemma
and there exists k1 € N sufficiently large such that ||z, —x*|| < ¢y and
|l zg, o1 — 2*|| < ey PO, with ¢, v given below by the r-convergence of i, then
xp — x* with r-order at least 1 + pg.

Proof. Let L be the Holder constant and let @ and L’ be the constants given
in Lemma and Lemma 3.8 respectively. Pick € > 0 sufficiently small that
for all 2,y € B (x*,¢), there exists [z,y; F]~! and

IE W)l < afly — 27|
[y FI 7 <
[F"(y) = F' (2")|| < Llly — 2" ||
IF (y) = F (%) = F (%) (y — 2")|| < L' [|ly — ™[ 77"
Such an e exists by Lemma [3:2], the continuity and the Hdélder continuity of
F’ at z* and Lemma [3.8

Assume that x;, — z* with r-order at least 1+pg. Then there exist constants
0 <y <1and ky > 0 such that

(3.1) |z — x| < ’y(l+p°)k, for k > ko.
Now choose k1 > kg sufficiently large that
|z —a*|| <e, fork > k.
From the definition of ry,
il < e, s FII - o — aell + 1 (@)l
< a(lzesr — 2| + lzk — 2|) + e flzk — 27|
by B.1),
lrell < a(7(1+po)k+1 + 7(1+po)k) + a’y(HpO)k = (Oé,yzuo(lﬂuo)’c + 2a)7(1+p0)k’

so that
k
Irell < 3ay(HP0"  for k> ky.

The result now follows immediately from the definition of r-order of conver-
gence.
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Conversely, assume that ||rg|| — 0 with r-order at least 1 + py = 1%
Then there exist constants 0 < v < 1 and kg > 0 such that

lrell < ’y(HpO)k, for k > k.

Suppose also that ||[z*, z,y; F]|| < K for z,y € B (z*,¢).
Let

= (202K +L))", if 2a(K+L)) '>1

— (2a 2K+ L))" it (20 2K+ 1)) <1

)

and
|2k — 2*|| < min{e, ¢y}, for k> ki, while ||zgyq — 2% < ey tP0
and admit that k1 > kg is sufficiently large that
14po)*[1—(14po)* 1 1
%fy( po)*[1—(1+po) "] <3, fork>kh,
From the definition of r-convergence if suffices to prove that
* (14po)* 1
lzx — 2% < ey , for k> k.
The proof is by induction. When k = k; it follows from the assumptionon
/-6‘1 that
lzry — 2*|| < ey and [log, 41 — 27| < ey TP,

‘We have

[zt — 2| <

< wr—vszr; FIH Cllrell + zn—1, x; F] = F (2%) || - [lag — 27

+||F (2g) = F (2%) = F' (27) (2, — ") [])

< a(llrell + K (lox = 2*|| + ag-1 = a*|)) llz — &*[| + L' ||z, — 2*| 7))

< oy 4 0K g, — |0+ 0K (e — 27| [l — @] + oL ||y, — 2|
= oy 4 (K 4 I)lok — "7+ 0K a1 — ok — o)

)Rk (1+po)F—1=F1

< O,),(l-i-zuo)’c + a(K + L/)Cl-i-po,y(l-i-po)k“*kl + aKC')/(1+pO -y

_ OZ,),(l—i-po)’c +a(K + L/)Cl+p07(1+Po)k+1’k1 + aKC27(1+po)k+17k1'
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As in the proof of Theorem 23]

[z — 27| <

< ay0)* 4 oy (100" (0K 4 L)) + aKe)

[

k+1—k
< ey (4 )

— oy (THp0)" T (ey<1+p0>k“*k1 (420" =1 | (K 4 L )ePo + aKc)

B 1tpg)kt+1—k1
= cy(1+Po) 7

since 1+py satisfies t? = t+1. We get that 2, — 2* with r-order of convergence
1+ po. O
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