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1. INTRODUCTION

Approaches to the problem of approximating the eigenvalues of linear op-
erators by the Newton method have been done in a series of papers ([1], [3],
[, [B]). There is a special interest in using the Newton method because the
operatorial equation to be solved has a special form, as we shall see. We shall
study in the following the convergence of the Chebyshev method attached to
this problem and we shall apply the results obtained for the approximation of
an eigenvalue and of a corresponding eigenvector for a matrix of real or com-
plex numbers. It is known that the convergence order of Newton method is
usually 2 and the convergence order of Chebyshev method is usually 3. Taking
into account as well the number of operations made at each step, we obtain
that the Chebyshev method is more efficient than the Newton method.

Let E be a Banach space over K, where K =Ror K =C,andT: F — FE
a linear operator. It is well known that the scalar \ is an eigenvalue of T if

the equation
(1.1) Tr—Mx =46

has at least one solution T # 6, where 0 is the null element of the space E.
The elements x # 6 that satisfy equation (LI]) are called eigenvectors of the
operator 7', corresponding to the eigenvalue \.

For the simultaneously determination of the eigenvalues and eigenvectors of
T we can proceed in the following way.

We attach to the equation (LI]) an equation of the form

(1.2) Gr=1

where G is a linear functional G : £ — K.
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Consider the real Banach space F' = FE x K, with the norm given by
(1.3) [ull = max{||z|,|Al}, uweF, u=(5), withz € E and ) € K.

In this space we consider the operator f : F' — F given by
Txr — \x
14 ) = .
“ - (%)
If we denote by 61 = (g) the null element of the space F', then the eigenvalues

and the corresponding eigenvectors of the operator 71" are solutions of the
equation

(L5) £ (u) = 01,

Obviously, f is not a linear operator.
It can be easily seen that the first order Fréchet derivative of f has the
following form [4]:

Thl — )\0}11 — )\11’0
1.6 "(ug) h = ;
(1.6 1" o) ( o )
where ug = (fg) and h = (gi) For the second order derivative of f we obtain

the expression

1.7 ﬂwwM=<‘hm5M“>,
where k = (i;)

The Fréchet derivatives of order higher than 2 of f are null.

Considering the above forms of the Fréchet derivatives of f, in the following
we shall study the convergence of the Chebyshev method for the operators

having the third order Fréchet derivative the null operator.

2. THE CONVERGENCE OF CHEBYSHEV METHOD

The iterative Chebyshev method for solving equation (L)) consists in the
successive construction of the elements of the sequence (uy),~, given by
(2.1) -

Unt1 = Up — Dnf (un) — 300 " (un) (Do f (un) )2, n=0,1,..., ug € F,

where I'y, = [f/ (un)] "
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Let up € F and § > 0, b > 0 be two real numbers. Denote S = {u €
F :fjlu —up| <6} If

my = sup || f" (w)]],
u€eS

then
sup || £/ ()| < || (uo)]| + mad,
ues
sup £ )} < 1 (o) + 8 . ag) | + ma? == o,

Consider the numbers

= $m3b* (14 ITmamgb?)
(2.2)
v =>b(1+ gmamgb?)

With the above notations, the following theorem holds:

THEOREM 1. If the operator f is three times differentiable with " (u) = 03
for allu € S (03 being the 3-linear null operator) and if, moreover, there exist
ug € F', § >0, b > 0 such that the following relations hold

i. the operator f'(u) has a bounded inverse for all u € S, and

1 () ]| < b

ii. the numbers p and v given by ([2.2)) satisfy the relations

po =1l f (wo)ll <1

and

TRty <0,

then the following properties hold:

J- (un)p>o given by 1)) is convergent;
jj- ifu= lim uy,, thenuw e S and f (u) = 0y;
U—>00

377,
33 s —unll < =, n=0,1,..;

e vod —
v [t —uy| < iy ™ 0,1,...
Proof. Denote by g : S — F the following mapping:
(2.3) g (u) = =T (u) f (u) = 3T (u) £ (u) (T (u) f (w))?,

where T (u) = f" (u)™*.
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Tt can be easily seen that for all u € S the following identity holds
F )+ £ (@) g () + 17" (w) g (u) =
= 7" [ )7 ) )7 ) (F )7 )]
FL ) [ ) ) () )]
whence we obtain
(24) | () () g (w)+3 " () 6% (u) | < $mdb" (1 + Jmomat?) 1 ()]
or
25) ||f )+ ' () g () + 57" () * )| < ullf @I, for all w e S.
Similarly, by (23) and taking into account the notations we made, we get
(2.6) lo @)l < vIIf @I, for all u € .

Using the hypotheses of the theorem, the inequality (2.5]) and the fact that
1" (u) = 63, we obtain the following inequality:
1f (un)ll < || f (ua) = f (uo) = f' (u0) g (wo) — 5" (uo) 9% (uo)||
+ || f (uo) + £ (u0) g (o) + 5" (ug) g% (uo)||
<p I f (uo)|*.

Since u; —up = ¢ (up), by (2.5) we have

e — ol < v I (uo)|| = 2L < oo <

whence it follows that u; € S.
Suppose now that the following properties hold:

a) u; €S,i=0,k;
D) |If ()l < pllf (wim) P, i =T,k
By the fact that uy € S, using (2.5) it follows
(2.7) 1 (urr)ll < L f (un)lIP
and from relation ugy1 — up = g (ug)
(2.8) g1 — upll <vILf (u)ll -

The inequalities b) and (2.7]) lead us to

(2.9) If @)l < (VRIS @))*, i=Tk+1
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We have that up41 € S':

(2.10)
k+1 k+1 k41

1—1
[ kg1 — woll < Z; Jui =i < Z;V 1f (i1 < ﬁzgpg ST
1= 1= 1=

Now we shall prove that the sequence (u”)nZO is Cauchy. Indeed, for all
m,n € N we have

m—1

(2.11) [untm — un|| < Z [tntit1 — Unill
=0

v 3n 3n+i_3n
—Viho > %

whence, taking into account that py < 1, it follows that (Un)nzo converges.
Let @ = limy, o0 uy,. Then, for m — oo in ([Z.10) it follows jv. The consequence

jjj. follows from (2.8]) and (2.9]). 0

3. THE APPROXIMATION OF THE EIGENVALUES AND EIGENVECTORS OF
MATRICES

In the following we shall apply the previously studied method to the ap-
proximation of eigenvalues and eigenvectors of matrices with elements real or
complex numbers.

Let p € N and the matrix A = (aij)i,jzﬁ’

Using the above notations, we shall consider £ = K? and F' = K? x K.
Any solution of equation

(31) o= =0

I‘Z‘O—l

where a;; € K, i,j = 1, p.

io € {1,...,p} being fixed, where x = (21, ...,2,) € K? and 6 = (0, ...,0) € K?,
will lead us to an eigenvalue of A and to a corresponding eigenvector. For the
sake of simplicity denote XA = z,11, so that equation Bl is represented by the
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system

(3.2) fi(xi, . xp,xpp1) =0, i=1p+1

where

(3.3)  fi(z1, .y xpr1) = an@r + oo+ (@i — Tpyr) T+ o+ apTy, =1,
and

(3.4) fet () = @y — 1.

Denote by P the mapping P : KP*! — KPT! defined by relations (33)) and

B.4).
Let 7, = (a7, ey T +1) € KPT1. Then the first order Fréchet derivative of

the operator P at T, has the following form

(3.5)

all — I‘Z_H a19 e Q13 -e- alp —1‘711 h1

asy agy — I‘Z_H e Q24 - a2p —l‘g h2

] [— . . . . .
P’ (zn) h= : : : : : )
. _ n _rn
ap1 ap2 o Qpig e Qpp — Tpig T, hyp
0 0 w1 0 0 hp41

where h = (hy,...,hp+1) € KPTLIf we write k = (K1, ..., kp+1) € KPTL then
for the second order Fréchet derivative we get

—p+1 0 0 _kl hl
0 —Kpr1 - 0 —ko ho
(3.6) P"(zn)kh= : : : : :
0 0 . —kp1 —kp hy
0 0o .. 0 0 hpi1

Denote by I' (Z,,) the inverse of the matrix attached to the operator P’ (x,)
and @, =T (%,) P (T,)) = (uf,uf, .;ulsy) . Let T, = P (T,) (T (Tn) P (7))’ =
P" (Z,,) w3. We obtain the following representation

(3.7)
n n n
n n n
0 —Upi1 e 0 —uj U
— /o — —2 . . . .
Uy, = P (Ty) 4, = : : :
—yn —_qyn n
0 0 Uppy —Up (%
n
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From this relation we can easily deduce the equalities

(3.9) d

Denoting w,, = (w’f,w’g, ...,w;ﬁrl) = TI' (x,) U, and supposing that T, is an
approximation of the solution of system (3.2]), then the next approximation
Tpn+1 given by method (Z) is obtained by

(3.9) Tyl = Tn — Un — 3W,, 1=0,1,...

Consider K? with the norm of an element z = (x1,...,2,) given by the

equality
(3.10) e = max {fzl}.
and consequently
P
(3.11) 41 = s 3|
]:

It can be easily seen that |[P” (z,)| = 2, for all 7, € KP*!. Let Ty € KP*!
be an initial approximation of the solution of system (B.2)). Consider a real
number r > 0 and the set S = {z € KP*! | |z — 2¢|| < r}. Denote by

mo = ||P (To)|| + 7 || P (To)|| + 2%,

i =25 (1+ imgb’),

where b = sup, g ||I" (z)||, T (z) being the inverse of the matrix attached to
the operator P’ (x).
Taking into account the results obtained in Section 2, the following conse-

quence holds:

COROLLARY 2. If Ty € KPt! and r € R, r > 0, are chosen such that the
matriz attached to the operator P'(x) is mnonsingular for all x € S, and the
following inequalities hold:

po < VEP @)l < 1

-7

then the following properties are true
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j1. the sequence (Ty),~q generated by (B.39) is convergent;
jji- if T= li_)m Tn, then P(T) =61 = (0,...,0) € KPT1,
n [o¢]

_ _ 3"
jiite T =Tl < =, n=0,1,..;

——3
JVi1. ”i_fn” Sﬁa Tl:O,l,...

REMARK. If the radius 7 of the ball S is given and there exists P’ (20) "

and 2r|| P’ (z0) | <1, then

[P (o) |
1 — 27| P (z0) "

1P @) ]| <

)

for all z € S and in the above Corollary, taking into account the proof of

Theorem [I, we can take

17" (o) |

b= )
1— 27| P (z0) " |

4. A COMPARISON TO THE NEWTON METHOD

Note that if in (30) we neglect the term —3w,,, then we get the Newton
method:

Tpi) = Tp —Tp =Tn — L (Zp) F (Zn), n=0,1,...

In order to compare the Newton method and the Chebyshev method, we
shall consider that the linear systems which appear in both methods are solved
by the Gauss method.

While the Newton method require at each step the solving of a system
Az = b, the Chebyshev method require the solving of two linear systems
Ax = b, Ay = ¢ with the same matrix A and the vector ¢ depending on the
solution z of the first system. So, we shall adapt the Gauss method in order
to perform as few as possible multiplications and divisions. When comparing
the two methods we shall neglect the number of addition and subtraction
operations.
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The solving of a given linear system Ar = b, A € M, (K), b,x € K™,
(where we have denoted m = p + 1) using the Gauss method consists in two
stages. In the first stage, the given system is transformed into an equivalent
one but with the matrix of the coefficients being upper triangular. In the

second stage the unknowns (z;) are determined by backward substitution.

i=1m
The first stage. There are performed m — 1 steps, at each one vanishing
the elements on the same column below the main diagonal.

We write the initial system in the form

1 1 1
an alm T bl
1 1 1
A1 Amm Tm bm

Suppose that ai; # 0, ai; being called the first pivote. The first line in
the system is multiplied by a = —% and is added to the second one, which
becomes 0, a%z, a%3, e a%m, b%, after performing m-1 multiplication or division
(M/D) operations. After m — 1 such transformations the system becomes

1 1 1 1
2 2 2
2 2 2
0 A2 -+ Omm Tm bm

Hence at the first step there were performed (m — 1) (m + 1) M/D opera-
tions.
In the same manner, at the k-th step we have the system

1 1 1 1 1 1
ajp G ayy, Ay k1 A1m 1 by
2 2 2 2 2
0 a3 Aok 3 k+1 Aom, T b;
k k k k
0 0 Ok g k+1 A L by,
k k k k

0 0 Opy1k Cky1k+1 At 1,m Tht1 bt
k k k k
0 0 Ak am,k+1 Amm T bm
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Supposing the k-th pivote af, # 0 and performing (m — k) (m — k + 2)
M /D operations we get

1 1 1 1 1 1
a1 G2 - Q1 Qg e Qi Zy by
2 2 2 2 2
0 a3 TR (s S P ¢ Ty b3
k k k _ k
0 0 g Okk+1 - Qfm xy, = by
k+1 k+1 k1
0 0 . 0 G - Giim Lht1 bt1
k+1 k+1 le+1
0 0 . 0 a0 - Gy T, by

At each step k, the elements below the k-th pivote vanish, so they are not
needed any more in the solving of the system.

The corresponding memory in the computer is used keeping in it the coef-
ficients

k k
- M1k O
k bR k M
O O

which, of course, will be needed only for solving another system Ay = ¢, with
¢ depending on z, the solution of Ax = b.
At the first stage there are performed

2m3 +3m? -5
(m—1)(m+1)+..+1.3= 2 Fm —om

M /D operations.

6
The second stage. Given the system
1 1 1 1
ay;  Qayy .. G, 1 b1
2 2 2
0 a22 azm T2 . b2
0o 0 ... a, Tm b

the solution z is computed in the following way:

LTm = b%/a%mv
= (0 = (@ 1Tt + oo + 0 Tm)) /Al

T = (b]1L — (alymo + ... + a%mxm)) /ai;.



11 On the Chebyshev method 53

At this stage there are performed 1 +2+4...4+m = W M/ D operations.
In the both stages, there are totally performed
m3

= +m?— % M /D operations.

In the case when we solve the systems Az = b, Ay = ¢, where the vector
¢ depends on the solution z, we first apply the Gauss method for the system
Az = b and at the first stage we keep below the main diagonal the coefficients
by which the pivotes were multiplied.

Then we apply to the vector ¢ the transformations performed to the vector
b when solving Az = b.

Denote ¢ = (cz-l)i:Lm.

At the first step

2. _ 1 .l
Cy 1= ag1¢y + 3

2 = amict +ck,.
At the k-th step
Chl1 = ki Cf +
L=y of 4 k.
At the m-th step
M= mo1C T+ !

There were performed m —14+m —2+ ...+ 1= w M/ D operations.
Now the second stage of the Gauss method is applied to

1 1 1
a1 .- A1 Y1 (&)
m m

0 ... amm Ym Crn

In addition to the case of a single linear system, in this case were performed
W M/ D operations, getting

m3 3,2
3 T am

— %m M /D operations,
and taking into account (3.8) we add (m — 1) more M /D operations, obtaining

%3 +3m*+ % —1 M/D operations.
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REMARK. At the first stage, if for some k we have a],jk ~ 0, then an element
afmk # 0,149 € {k+1,...,m} must be find, and the lines iy and k in A and b
be swapped.

In order to avoid the error accumulations, a partial or total pivote strategy
is recommended even if af, # 0 for k =T, m — 1.

For partial pivoting, the pivote is chosen such that afmk = max, ;. |afk|.

The interchange of lines can be avoided by using a permutation vector
p= (pi)l-:Lm, which is first initialized so that p; = 7. The elements in A and

b are then referred to as a;j := a and swapping the lines &k

P p()>
and ig is done by swapping the k-th and ¢g-th elements in p.

(4),5 and bZ =

For the Chebyshev method, the use of the vector p cannot be avoided by
the very interchanging of the lines, because we must keep track for the per-
mutations made, in order to apply them in the same order to the vector c.

Moreover, we need two extra vectors t and ¢. In t we store the transpositions
applied to the lines in Ax = b, which are then successively applied to ¢. At the
first stage of the Gauss method, when the k-th pivote is afo’k and ig # k, the
k-th and ig-th elements in p are swapped, and we assign t; := iy to indicate
that at the k-th step we applied to p the transposition (k,ig).

After computing the solution of Az = b, we initialize the vector ¢ by ([B.7]),
the permutation vector q by ¢; := i, i := 1, m, and then we successively apply
the transforms operated to b, taking into account the eventual transpositions.

The algorithm for solving the second linear system in the Chebyshev method
is as follows.

for k:=1tom —1do

begin
iftk] <>k
then {at the k-th step the transposition}
begin  {(k,t[k]) has been applied to p}
auxi = qlkl;

qlk] := q[t[K]];
q[t[k]] := auxi;
end,

for i := k41 to m do c[q[d]] := c|q[i]] + A[q[i], k] * ¢ [q[K]]
end;
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for i := m downto 1 do {the solution y is now computed}
begin
sum := 0;
for j:=1i+ 1 to m do sum := sum + A[pli], j] * y[j]; {now p = ¢}

yli] == (c[pli]] — sum) /A [p[i], 1] ;
end.

We adopt as the efficiency measure of an iterative method M the number

where ¢ is the convergence order and s is the number of M/D operations
needed at each step.
We obtain

for the Newton method and

_ 61n3
E(C) = srromirm—o

for the Chebyshev method.
It can be easily seen that we have E (C) > E(N) for n > 2, i.e. the
Chebyshev method is more efficient than the Newton method.

5. NUMERICAL EXAMPLE

Consider the real matrix

1 1 1 1
A 1 1 -1 -1
1 -1 1 -1
1 -1 -1 1

which has the following eigenvalues and eigenvectors

)\1,2,3 = 27 €Tl = (1) 170)0) y L2 = (170) 170) , L3 = (1)070) 1) and
Ay = =2, x4 = (17 -1,-1, _1) :

Taking the initial value xo = (1,—1.5,—2,—1.5,—1), and applying the two
methods we obtain the following results:
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Newton method

n| To T3 T4 s = A\

0 | 1.0 | -1.5000000000 | -2.0000000000 -1.5000000000 | -1.0000000000

1 | 1.0 | -0.9000000000 | -0.80000000000 | -0.90000000000 | -1.6000000000

2 | 1.0 | -1.0125000000 | -1.0250000000 -1.0125000000 | -2.0500000000

3 | 1.0 | -1.0001524390 | -1.0003048780 -1.0001524390 | -2.0006097561

4 | 1.0 | -1.0000000232 | -1.0000000465 -1.0000000232 | -2.0000000929

5 | 1.0 | -1.0000000000 | -1.0000000000 -1.0000000000 | -2.0000000000
Chebyshev method

n | T T2 T3 T4 5 = A

0 | 1.0 | -1.5000000000 -2.0000000000 -1.5000000000 | -1.0000000000

1| 1.0 | -0.97200000000 | -0.94400000000 | -0.97200000000 | -1.8880000000

2 | 1.0 | -0.99995000189 | -0.99990000377 | -0.99995000189 | -1.9998000075

3 | 1.0 | -1.0000000000 -1.0000000000 -1.0000000000 | -2.0000000000
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