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ON SOME INTERPOLATORY ITERATIVE METHODS
FOR THE SECOND DEGREE POLYNOMIAL OPERATORS (II)

EMIL CATINAS and ION PAVALOIU

1. THE APPROXIMATION OF THE SOLUTIONS OF RICCATI DIFFERENTIAL
EQUATIONS

Consider the differential equation
(1.1) Yy =ao(x)y* + a1 (x)y + as (v)

where the applications ag, a1, a2 : [a,b] — R are continuous on the interval
[a,b], a < b and ay is not the null function.
We are interested to approximate the solution of (IIl) with the condition

(1.2) y(a) = Ya.

The solution will be searched in the space C'[a,b]. For this purpose we
consider the operator F : C! [a,b] — C [a,b] given by

(1.3) F(y) (x) =y () —ao () y* () — a1 () y (x) — az ().
The first and second order divided differences of F are given by
(14) [y Flh(z) = b (2) = (a0 () (11 (2) + 32 (2) ) + a1 (2) )b (2)
respectively
(1.5) [y1,y2,y3: F1 h(2) k (2) = —ag (z) h(2) k (2),

for all y1,ys,ys, h, k € C'[a,b].

Formula () shows that the divided differences of order higher than two
are the null multilinear operators.

Let yo,y1 € C![a,b] be given. The chord iterates y, € C!a,b], k = 2,3, ...
are constructed by
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(1.6) Wr—1, Uk Fl (Y1 —up) + F(y) =0, k=1,2,...

As we shall see, the above equations lead to some first order linear nonho-
mogeneous differential equations.

Replacing in ([0 the expression (4] of F' we get for yi41 the following
differential equation.

(1.7) Yir1 () = @r (%) Yppa (x) + Py (),

where we have denoted
ok (®) = ao (@) (yr-1(x) +yk (x)) + a1 (z) and
Y (z) = —ao(z)yr () yp—1 (v) + a2 (v).

For solving (7)) consider the condition

(1.8) Y41 (@) = Ya,

so we are led to the expression of yj 1 :
(1.9)

Yk41 () = exp (/: Pk (5) d8> (ya + /: Yk () exp (— /: o (t) dt> d8> :

We are interested to find a bound for || [yo, y1; F] " ||.
For this purpose consider the problem

{[yo,yl;FJh@):u(m), u € Cla,0]
h(a)=0

which has the solution

h(z) = exp </ o1 (s) ds> /:u(s) exp (- / o1 (1) dt> ds.

This equality yields
(1.10)

Il [yo,yl;F]_l | < s?pb} exp </ 1 (8) ds) / exp (—/ 1 () dt) ds.
xE|a, a a a

For the second order divided differences we have

(1.11) v FII < sup oo ()]
z€a,b

Now denote

by = sup exp </ 1 (8) ds)/ exp (—/ 1 (t) dt) ds;
z€[a,b) a a a
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a = sup |ag(z)
x€[a,b]
do = sup |y1(z) —yo(z)]
z€[a,b]
Br(yo) = {yeC'a,b] | sup,epuy |y (z) —yo (x)| <7}

With the above notations and taking into account relations ([LI0) and
(ILITI), Theorem 4.1 from [5] implies:

THEOREM 1.1. Assume the functions yo,y1 € C1[a,b],a0,a1,as € Cla,b]
and the real positive numbers by, @, dy and 7 satisfy the following conditions:

a) by (277—1-620) =q<1

b) eo = ab sup |F (o) (x)] < 1, @b sup |F (y1) (z)| < &b, where b = 1ET°q

x€[a,b] z€la,b]
and l = 1+2\/g;
el 7 _
C) Wo—ao) + d() § Tr.

Then the sequence (yi)y>o given by (LA converges uniformly and its ele-
ments lie in the ball By (yo). Denoting y* = klim yr then y* is a solution of
—00

([CI)-[@2). Moreover, the following estimation hold:

lk
% €0
sup |y () — Y (T S_—i7 k:2737
xe[%b}\ (2) (2)] ab (1)

2. THE APPROXIMATION OF THE SOLUTIONS OF FREDHOLM INTEGRAL
EQUATIONS

Consider the integral equation
b b
@) e =2 [ e ds i [ a6+,

where \, u € R, a1, a3 € Cla, b]2 and f € Cla,b].
Here we take the operator F' : C'[a,b] — C'[a,b] given by
(2.2)

b b
F(SO)(t):w(t)—A/ al(t,S)w(S)dS—u/ as (t,5) @ () ds — [ (1)
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The first and the second order divided differences of F' on u,v,w € C |a, b
are given by the following relations:
(2.3)

b b
[u,v;F]h(t):h(t)—)\/ al(t,s)h(s)ds—,u/ az (t,s) [u(s)+v(s) h(s)ds

b
[u,v,w; F]h (t)k (t) = — / as (t,s)h(s)k(s)ds

where h, k € Cla,b].

Let ¢p, 1 € C [a,b] be given. As in the previous section, we shall construct
the sequence (¢);~o C C [a,b] with the solutions of the following linear inte-
gral equations -

From 24), by 22]) and 23]) we get for @41 the following linear integral
Fredholm equation
b

25) @ =A [ @5 o (o) ds

a

b
[0 (t:5) (011 (5)+ 91 (9) e (5) ds+ G (0)

where

b
@6 Gl =0 [ @) (o (9)+ e () ds

In order to consider Theorem 4.1 [5] for the convergence of the sequence
(¢k)p>o we need a bound for the operator [gpo,gol;F]_l. In this respect we
take the following equation

[po, p1; F] R (t) = u(t), with A # 0,
ie.
(2.7)
b b
h(t) = )\/ ay (t,8) h(s) ds—i—,u/ az (t,5) (¢o (8)+¢1 () )b (s) ds+u(t).
We shall assume that this equation has a unique solution. Denote K (t, S, A, %)

the corresponding ”resolvent” kernel. Then the solution of (Z7) has the fol-
lowing form:
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b
(2.8) h(t)=u(t)+ )\/ Ko (t,s, M%) u(s)ds.
It can be easily seen by the above considerations that the following hold:

(2.9) I w0, o1; F171 | < 1+ |A[ (b — a) sup | Ko (8,7, 5)]-

At the same time, the norm of [u, v, w; F] is bounded by

e, v,ws I < |l (b —a) sup_la (&,5)]

a<t,s<b
We make the following notations:
by = 1+|A(b—a) sup | Ko (t,5,M,4)]
a<t,s<b
a = |p[(b—a) sup laz(t,s)|
a<t,s<b
dy = sup |p1 (1) =0 (t)

te[a,b]

Br(po) = {9 €Clab] | suprepay lo (1) = 0o (8)] < 7}

Theorem 4.1 from [5] then implies the next result.

THEOREM 2.1. Assume the functions a1, ay € C([a,b]*) and the real num-
bers A\, i, bo,a do and 7 satisfy the following conditions:
a) boa (27’ +do) =qg<l;

b) eo = ab® | F (o)|l <1, p1 = ab||F (p1)]| < &b, where

IF (@)l = sup |F (i) ()], i=1,25 b= 1bT°~ and | = 572
tela,b

é

do <.

ab l —£0)
Then the sequence (Sok)kzo generated by ([Z3)) converges uniformly and its

elements lie in By (pg). Denoting @* = klim i then ©* is a solution of the
— 00

integral equation (Z.1) and the following estimations hold:

lk
* 9
sup_[¢" (1) — ¢k ()] € =—"—+, k=2,3,...
t€[ab] ab (1 —¢b)
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As we have seen, the chord method requires the solving of a linear integral
Fredholm equation at each iteration step. The problem takes a simplified
form from the practical viewpoint when the kernels a; and ay from (ZI]) are
degenerate. In this case the linear integral equations (235]) will be also with
degenerate kernels, as can be easily seen. We shall consider in the following
this particular case.

Let g, 8; € Cla,b], i =1,...,p two sets containing p linear independent
functions and also 7;,9; € C'[a,b], i =1,...,m two other sets with the same
properties.

Assume the kernels a1 and as have the following form:

p
ay (t,s) = Zaz’(t)ﬁi(s) and
i1

az(t,s) = Y 7i(t)(s).
=1

It can be verified without difficulty that the solution ¢g41 of equation (2.5
has the form
(2.10)

» b
Pt (=X E 0c(t) [ 5 (9) g (5)dst

m b
430 / 6:(5) (Pt () + 0k (5) ) Py () ds + G (1)

Consider the following notations:

oD = /bﬁz’(s)@kﬂ(S)dS, i=1,...,p
W0 = [ 8 (a0 e O e (s, i= T,

ay = /abai(t)ﬁj(t)dt, i1 p

by = /ab%(t)ﬁj(t)dt, i1, mi=1.....p
PRI /baiu)éj<t><sok<t>+sok_1<t>>dt7 i=1,...p j=1...,m
B = / 080 (e (0 o ()dE ig=1..m
gy /bﬁj(t)Gk(t)dt i=1....p
RREE / 0 o0+ e )G O d =1,
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We obtain then for ¢4 the expression

p
(2.11) Prer (8) = A oo, +uzyﬁ“ )+ G (1),

WD G =1, (k1) 5 — 1, ..

where x ,p and y; .,m represent the solution of

the linear system
(212) X(k-‘rl) _ )\UX(k+l) _|_luvy(k+l) +9(k+l)
Y(k+1) _ )\W(k+1)X(k+1) + I[,LT(k+1)Y(k+1) + E(k+1)

where
U = (aji)lgi,jgp’ V = (bs) 1<i<p »
1<j<m
Wkt (Aji) 1<i<p » pk+1) _ (B]z)1<2]<m7
1<j<m
T
x (k1) (x k+17 (k+1) m’x](gkﬂ)) 7
yk+1) (y (k+1) y (k+1 '--,yﬁ,’fH))T,
k-+1 (k+1) k+1 k+1 T
R N SN
JetD) (5 (k+D) (D) %H—l))T.

It can be easily seen that under the conditions of Theorem 2Ilthe sequences
(X*), o, and (YF)

converge.

k>0 k>0

3. THE APPROXIMATION OF THE EIGENPAIRS OF MATRICES

Denote V' = K" and let A € K"*" where K = R or C. As we have seen in [5],
for computing the eigenpairs of A we may consider a mapping G : V — K with
G (0) # 1. The eigenvalues and eigenvectors are the solutions of the nonlinear

System
Av — v
3.1 F = =0,
(31) («) (G(UH)
where z = (K) € V x K = K""!. Denoting v = ( x(”)) and
A = ("D then the first n components of F, F;, i = 1,...,n, are given by

E (a;) = ailx(1)+~ . ~+ai7i_1x(i_1)+ <CLZ'Z' — :L’(n+1)) x(i)—kai,iﬂm(”l)—k- . -—i—amx(”).
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If we take G as
G (v) = alv[ly
for some fixed a € R then

Foi(x) = a((m(l))2 +-+ (m("))2> —1.

The matrices associated to the first order divided differences of F' at the
points x1, zo € K" are

b1 a2 o Qlp a1 i1
a1 bao s a2p a%,n-ﬁ-l
(21, 22; F| = :
Ganl an?2 T bnn a#,n+1
Gn411 Gp412 -+ Aptin O
where b;; = a;; — % (a:gnH) + mgnﬂ)) , ail’nJrl = —% (azg) + azgz)) and anpq1,; =

a(mgi) + xg)) fori=1,...,n.
The second order divided differences of F' on x1,x9,x3 are given by

_%k(nﬂ) 0 e 0 _%k(l) A1)
0 _%k(nﬂ) o 0 —%k@) K2
(71, 22, 23; F] hk= : : : : :
0 0 _%k(nﬂ) _%k(n) h(m)
ak@ ak(® . ak(™ 0 h(n+1)
for all h,k € K"t
We shall consider the max norm on V' and taking ||z|| = max {[|v||,, ,|A}

for all z = () € K"*! we are led to the max norm on K"*'. It can be easily
verified that

[[z1, @2, 233 Fll| o < max{1,n|al}.
Let xg,z1 € K" be such that [z, 1, F] is nonsingular. Denote by =

Il [0 21; F] ™" [loos do = |lz0 — 21| , & = max {1,n |a|} and
B; = {z € K" | ||z — x¢||, <7} . Applying Theorem 4.1 from [5] we get
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THEOREM 3.1. Assume that the matriz [xo,x1; F] is nonsingular and the
numbers by, d, & and 7 satisfy :

a) bo <2f+d0) —g<1;

b) o = 1% ||F (20)llog < 1, B?||F (20)]| < e where b= 2 and | = 1575,

1 A
c)ﬁ—i—dogr.

Then the sequence (xk)kzo given by the iterations [zi—1, vx; F| (241 — x)+

F(x) =0, k=1,2,... lie in the ball B; (zo) and converges. Denoting x* =
klirn xy, then F (x*) = 0 and the following estimations hold
—00

lk
E
lz* — 2]l < — e, k=2,3,...
T b(1—eh)

4. NUMERICAL EXAMPLES

We shall consider two test matricesl in order to study the behavior of the
chord method for approximating the eigenpairs. The programs were written
in Matlabl and were run on a PC.

PoRrES1 MATRIX. This matrix arise from oil reservoir simulation. It is real,
unsymmetric, of dimension 30 and has 20 real eigenvalues. We have chosen to
study the largest eigenvalue A\* = —1.8363 - 10*!. The initial approximations
were taken A\g = A* + 0.5 and \; = A\* 4 0.25; for the initial vector vy we per-
turbed the solution v* (computed by Matlab and then properly scaled to fulfill
the norming equation) with random vectors having the components uniformly
distributed on (-e,6), ¢ = 0.2; for the vector v; we halved the perturbation.
The following results are typical for the runs made (we have considered here
the same vector € for the four initial approximations), where for choice I we
took in G a = %, while for choice II a = %

FipAp002 MATRIX. This real symmetric matrix of dimension n = 441 arise
from finite element modeling. Its eigenvalues are all simple and range from

These matrices are available from MatrixMarket at the following address:
http://math.nist.gov/MatrixMarket/.
MATLAB is a registered trademark of the MathWorks, Inc.
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Choice 1 Choice 1II

|z — @l [ F ()| [z — @] [F ()l

8.5333 10791 1.7938-107% | 8.5333-107° 1.7938-10106
4.2667-1079% 8.9691-10%% | 4.2667 109" 8.9690-101%
7.8601-10792 2.0609-107°' | 1.6245-10792 1.7221-10"!
6.6831-107%9 9.5180-107% | 2.9086-107%* 1.9677-1073
1.7647-107°% 2.5007-107°* | 2.9783-107% 2.1405-107%
2.3706-107°7 3.3458-107°7 | 7.5862-10"'" 9.1430-10"19
4.6624-10719 8.2317.10710

Table 1. The chord method for Poresl.

S Ul R W N R O

—7-10% to 3-10%. We have chosen to study the smallest eigenvalue, which
is well separated. The initial approximations were taken Ay = \* + 10° =
—6.9996-108+100, resp. A; = A\*+10; for the initial vector vy we perturbed the
solution v* with random vectors having the components uniformly distributed
on (-g,¢), € = 0.5; for the vector v; we halved the perturbation. The following
results are typical for the runs made (we have considered a common vector ¢).

Choice 1 Choice I1
2" — gl F ()| |2 — | | F ()]
1.0003-10%2 1.7467-10%% | 2.5107-101%0 1.7467 - 10799
1.0078-10"" 8.7335-101%% | 1.2553- 10790 8.7335.10198
3.4853-101t! 1.6462-101°2 | 5.2877-10792 3.5641-10"%
2.1368-101° 2.3373-107°" | 6.1804-107% 4.9048-107%
4.4761-107" 6.3521-1079 | 5.9858-10797 4.4309 1079
6.5214-107% 9.2238-1093
1.5617-107° 2.2961-10-%
5.9605- 107 8.5647-10798

Table 2. The secant method for Fidap002.

S =N S U UI ORISR i
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