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ON COMPOUND OPERATORS DEPENDING ON s PARAMETERS*

MARIA CRACIUN'

Abstract. In this note we introduce a compound operator depending on s pa-
rameters using binomial sequences. We compute the values of this operator on
the test functions, we give a convergence theorem and a representation of the
remainder in the corresponding approximation formula. We also mention some
special cases of this operator.
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1. INTRODUCTION

In this note we introduce a compound operator using polynomial sequences
of binomial type. We begin by defining these sequences and their link with
delta operators.

DEFINITION 1. A sequence of polynomials (pm (x)),,>¢ s called a sequence
of binomial type if deg p,, = m, YVm € N and it satisfies the relations
m
pm (2 +y) = (F)pk () P ()
k=0
for every real numbers x and y and every positive integer m.

In the following we will consider linear operators defined on the algebra of
polynomials.

A linear operator T is a shift invariant operator if E*T = T E*, for every a,
where E“ is the shift operator defined by E% (z) = p(z +a).

A linear operator @ is called a delta operator if @ is shift invariant and
Qz = const. # 0. Some examples of delta operators are: the derivative D, the
forward and backward difference operators Vo, = E* — I and A, =1 — E7%,
the Touchard operator T =1In(I + D) = D — 1D*+ 1D3 — 1D+ and the

Laguerre operator L = HLD =D-D?>+D3-—D*+ ...

DEFINITION 2. We say that a sequence of polynomials (pm ()),,>¢ is the
basic sequence for the delta operator @ if:
i) po (z) =1,
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i) ppm (0) =0, ¥im > 1,
iil) Qpm = mpm-1, Ym > 1.

It is known that every delta operator has a unique basic sequence (see [19]).

PROPOSITION 3. [19]. If (pm (€)),,>( 5 a basic sequence for a delta oper-
ator then it is a sequence of binomial type; if (Pm (%)) ,y>0 S a sequence of
binomial type then there exists a delta operator for which (pm, (%)),,>q is the
basic sequence.

DEFINITION 4. If T is a linear operator, then its Pincherle derivative T' is
defined by T' = TX — X T, where the linear operator X is defined by (Xp) (x) =
xp (z) for all z and all polynomials p.

We mention that Umbral calculus allows a unified and simple study of
sequences of binomial type. More details about these sequences can be found
in [8], [9], [10], [16], [18], [19].

The use of binomial sequences in order to construct approximation oper-
ators was proposed by T. Popoviciu in [17], where he introduced a class of
approximation operators of the form

m

(1) (TR f) (@) = 525 D (B)ok (@) Pk (1= 2) f () -

k=0

These operators and their generalizations were studied in [2], [5]-[7], [11]-[15],
[20], [29], [31]-[36].

2. COMPOUND OPERATORS DEPENDING ON S PARAMETERS

Let Q be a delta operator with the basic sequence (py, (2));~ , which satisfy

pm (1) # 0 and pl, (0) > 0 for every positive integer m. For every function
f € C'[0,1] we introduce the compound operator
(2)
m—ry...—Ts (1 :L. ) i
= Q p ps 15-T's
(L%’rl’m’rsf) (LL‘) - Z pmfr‘l...*T‘s, Z ’ ps(f) Fm,k:j (f) 5
k=0
n—k(1—
where pgk (z) = (Z)I‘%(lk)(ﬂﬁ)7
Tt (f) = p(AEnrectryy | p(Rrabrabectien

+f(k+7’1+7"37:;~--+7"j+1) + .. +f(k+rsfj+1+r;l-~+rs—1+rs)

and rq, ..., 75 are s non-negative integer parameters, independent of the number
m and such that 0 <r; < ... <rgand r + ... + rg < m.

If p/, (0) > 0 for every positive integer m then p,, () > 0, Vz € [0,1] so
this condition assures the positivity of the operator (L%Tl,,,,,rs f) (z).
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From Definition 2 ii), it results that

1Lifk=0 Lifk=n
pgk(()) = : and pgk(l): .
: 0, ifk#0 ’ 0, ifk#n

so the expression (L%,""l,---ﬂ’s f ) (0) contains only a nonzero term, for k = j = 0,

while the only nonzero term in (LWQMl _____ rsf) (1) appears for k = m—r1—...—rg
and j = s. Consequently, it is easy to see that this approximation operator
interpolates the function f at both ends of the interval [0, 1], that is

(LG, o ) (0)=F(0), (LS, ..f)D)=rf().

We remark that for s = 0 the operator L%,rl,...,rs reduces to the binomial
operator of T. Popoviciu Tﬁi.

In the following we will compute the values of this operator for the test func-
tions e, (x) = z™, for n = 0, 1, 2. For this we need Manole’s results contained

in the next

PROPOSITION 5. [13], [14]. The values of the binomial operators of T. Po-
poviciu type on the test functions are:

(3) TRe; =e;, fori=0,1 and
(Tﬁj@) (r)=a?+x(1—2)d?,

where

Q _ 1 m-1(@) *pm2(1)
(4) dy =1 = 5= ==y

and Q' is the Pincherle derivative of delta operator Q.

LEMMA 6. If L%m,m“ is the approximation operator defined by (2) then
we have the following relations

Lan,rl,...,rsei = ¢, fort=0,1 and
(Lgn,rl,...,rS(aQ) (:E) = x2 + (1 - ‘T) A??’L,T'l,...,rs7

where

(5) AR =
S

(m—ry—...— 7“5)2 d:%,ﬁm,“ + 7‘% + ..+ 7"3 + % (sds —1) > rury|.
=1
uuq;év

Proof. First we make the convention that (j) =0,ifs<0orj<0.
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Because (py, (x)) is a basic sequence for the delta operator @ according to
Proposition 3 it is a polynomial sequence of binomial type and using Defini-
tion 2 we have Y ;" p?  (2) =1 so we can write

m,k
m—ry...—Ts S
(LY, pe0) @)= > pe . @D pi@)=1=e(x).
k=0 Jj=0

% AN ij@;ps HED Sk + (1 + 1) (1)

= Ll m=ri = =) (T2 ) (@) (TR%0) () +

+ (it ) (T, o) () (T2e) (x)]

(m—r1—...—rs)z+(ri+...+rs)z
m

=z
Finally, for es we can write

(L%rl, T 62) (.Z') =

m—ri...—7Ts

_ 1 p(w)ps (1-z)
=mr D Pk Z” @

k=0
: [(;)18 + (42 C2D A2k (44 re) (52 +2020) D rum]
uz,tz;:ljl
Using the relation (j g) = % (j) =% ( ) J—Q—ﬁ (j) % in the last expression
we obtain
(Lg’b,rl,..,m€2) (!E) =
- #{ (m—ry—..— rs) (Tﬁl2 . ._7,562) (x) (TsQeo) (x)
+ (r% + ...+ r?) (Tg R eo) (z) (TQel) (x)
+2m—r1—..—rg)(r1+ ... +715) (Tg rpo—p€1) (2) (TsQel) ()
+ S_Ll Z Tulo [s (TSQEQ) (z) — (Tgel) (:L‘)] }
u,v=1

u#v
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If we use the relations (3) we can rewrite the last expression as
(Lg’bvrlv"77‘se2) (x) =

= #{(m—rl — .. —7’5)2 [a? +x(l- )can1 - _Tg] + (r%+...+r§)x
+2(m—r — .. —75) (r1 4 ... +15) 22
Zrum (z +x(1—$)dsQ)—m]}.
u,v=1
UFV
After some simple computations we obtain the expression from the conclusion
of lemma. O

Using the well known theorem of Bohman-Korovkin and the expressions
obtained in the above lemma for L%m,m“ei, i = 0,1,2, we can state the
following convergence theorem

THEOREM 7. Let f € C'[0,1]. Let Q be a delta operator having the basic
sequence py, (x) with pm, (1) # 0 and pl, (0) > 0 for every positive integer m.
If dgn — 0, as m — oo, then the operator L%rh,,,rsf converges to the function
f, uniformly on [0,1].

3. SPECIAL CASES

1. If ry = ... = rs = r the compound operator defined by (2) reduces to
the operator which we have studied in [7]

m—sr

(6) (59 ,..f Z A Zps,j F(EE)

and (S%r7562) (v) = 2% + % [(m — rs)2d®_ + 32r2d§].

2. For Q = D one obtains the operator introduced and studied by D.D.
Stancu in [27]

(Lﬁ T1,.. ,TSf) (1’) =

m—ri..—Ts
_ Z (m rl— —rg) (1 _x)m T —..—Ts— ka] s ]FT':Ll,kJ, (f)
k=0

1
—, 80 it results

(Lrlr)t,n,.-.ms@) (z) = 2% + % [1 + % i rj(rj—1) }

Here we have d2 =

2.1. For s =1 the above operator reduces to the following operator

ol

m—-r

(m (L => (" Q—a)" "M [ —a) f (&) +af(

k=0
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which was constructed by D.D. Stancu in [26] using a probabilistic
approach.
The above mentioned author have found the eigenvalues for this
operator

Ao (ma T) =\ (m,’r) =1

N onar) = (1= £) (1 2.1 2E22) (14 U

for2<j<m-—r+i.

We mention also that D. D. Stancu in [25] obtained a quadrature
formula using this operator

/Olf(w)dxz

r—1 m—
k=0 k=r

+ Z (k—’l“—i—l)f(%)]‘i‘pm,r(f)a

k=m—r+1

where, if we suppose that f € C?[0,1], the remainder has the
following simple form

pmr (f) = =5 [1+ 751 7€), 0 <€ < 1.
For f € C*1) [0,1] O. Agratini gave an estimate for the difference
(zhen) - 9 @), s<m-r

in which appears the first modulus of continuity w; for the deriva-
tives of order s and s+ 1 of f (see [1]).

The bivariate analogue of the operator defined by (7), having as
domain the square [0, 1] x [0, 1]

Z Z(m};r) (n;s) l‘k (1 - x>mfrfk yj (1 o y)nfsfj

(A=) 0y f(E D) v —y) F(EE D)+
(1= @) yf (K, 12) 4 ayf (B, 1)

was studied by D.D. Stancu in [28]. In the same paper a cubature
formula (using this operator) was constructed.

2.2. The operator obtained for s = 1 and r = 2, LnD%2 has been studied
by H. Brass [4].

(Lﬁ,n,r,s ) (SU)
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3. If we consider the delta operator ) = va—‘* = # with the basic se-
quence p,, (z) = zl™ = =z (z +a)...(z + (m — 1) a) then we obtain
the following operator

m—ri...—Ts

(8) (Lorierf) (@) = Y (" )alomel (1 - gl mremhiel

k=0
S
DI R el S PR R
i=0
Va
Taking into account that d,; = éig’;}n, we obtain the following
expression for this operator on es,
Lo 1— 1 —ri—.—Ts
(Ln‘i‘,rl,...,rs@) (a?) — 2 + m( z) [(m —rL — ... — 7“5)2 +a(m1_1;1a rs)

S
+T%+---+T‘§+12+—aa Z TUTU].
u,v=1
uFv
3.1. If r;y = ... = 7, = r in the relation (8) then this operator reduces to
the operator studied by D.D. Stancu and J.W. Drane in [33] and

the expression (5) reduces to A;?ns = (1+a8)+£;n(1521()1+a(m ),
4. For @ arbitrary and s = 1 the operator defined by (2) reduces to the
operator
m-—-r
(LEr8) @) = D pira (1= 2) £ () +f (57)]

and
(LY ,e2) (x) = 2° + % [7"2 +(m—r)? d%ﬂn} .

4. AN INTEGRAL REPRESENTATION FOR THE REMAINDER
We consider the following approximation formula

(9) @)= (LG, o f) @)+ (RS, . f) ().

From Lemma 6 it results that the degree of exactness of this formula is 1.
If f € C?]0,1], using the Peano’s theorem, the remainder in the above
formula can be represented under the form

(RS .0 f / G o ) 7 (1) dt,

where Gm e (t’ .Z') = (Rgmm,...,rs@x) (t) and P (t) = (.%' - t)Jr = m_t‘g‘lB—t_‘ .
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Because for a fixed value of z, G%n,...,rs (t; ) is negative we can apply the
mean value theorem and we obtain that it exists £ € [0, 1] such that

1
(R%nwmf)@)Zf”@)/ Ge,. . (to)dt.
0

Because the Peano kernel G%,m,‘..,rs (t; ) is independent of the function f
we can take f (z) = 22 in the previous relation and we obtain

1
/0 GSL,’Fl,...J‘S (t;x)dt = %(Rgz,m,...,rse?) (.CC)

= —1z(1 — ) AY

MLT1 .. ,Ts )

where A%rl,,,,,rs is defined by (5).
So, for every function f € C?[0,1], we obtain a Cauchy-type form for the
remainder in the approximation formula (9)

(RS, f) () = 251 AQ f7(8),
where £ € [0,1].
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