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A SUMMATION-INTEGRAL TYPE MODIFICATION
OF SZASZ-MIRAKJAN-STANCU OPERATORS

VISHNU NARAYAN MISHRA*, RAJIV B. GANDHI' and RAM N. MOHAPATRAY

Abstract. In this paper, we introduce a summation-integral type modification
of Szasz-Mirakjan-Stancu operators. Calculation of moments, density theorem,
a direct result and a Voronovskaja-type result are obtained for the operators.
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1. INTRODUCTION

In 1941, G.M. Mirakjan [I7] defined the operators SM, : C3]0,00) —
C[0, 00) for any x € [0,00) and for any n € N given by,

(1) SMy(f;2) = Y sun(@)f (£),
k=0

where

(2) Sn,k(x) =e (nlf,)k, 0<z<o0.

and

(3]0, 00) = {f € C[0,00) : lim [@) ovists and is ﬁnite} .

z—00 14T
The operators (SM,,),, oy are named Szasz-Mirakjan operators, where s, 1,’s
are Szasz basis functions. They were extensively studied in 1950 by O. Szasz
[19]. A modification of operators was introduced by P.L. Butzer [7], in
order to obtained an approximation process for spaces of integrable functions,
on unbounded intervals, which are now known as Szész-Mirakjan-Kantorovich
operators.
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Durrmeyer [9] defined the summation-integral type approximation process,
using the Bernstein polynomials, as

®) Dufi) = (04 1) S ate) ([ bas@ 0 1),

where Bernstein polynomial are given by
n
Bn(f;x) = Z bn,k(x)f (%) )
k=0

and
b (@) = (a1 —a)" ",
0<zx<1,k=0,1,...,nand n € N.
Derriennic [8] studied the operators given by extensively. Motivated by
Derriennic, Sahai and Prasad [I8] studied many properties of the modified
Lupas operators of the type

) Ma(f:2) = (0= 1) S pate) ([ st ) 2).

where

n+k—1 zk

pn7k($) = ( k )Wa
0<xr<oo,k=0,1,2,...and n € N.
Mazhar and Totik [16] introduced two Durrmeyer type modifications of
Szasz-Mirakjan operators as

Su(f12) = F(O)smo(x) + 1S snila) /0 T sun (0 (1) dt
k=1
and
(5) S(f: ) :nk;sn,k(x) /0 s (D) (1) dt,

where s,, ;,’s are as given by .

Various properties, like global approximation in weight spaces, uniform ap-
proximation, simultaneous approximation, weighted approximations, of these
operators, their generalizations and modifications are studied over the years.
We can mention some important studies of this type (see [I]—[3], [5]-[15], [21]—
23], [25]-32]).

In 2015, Mishra et al. [24] introduced Szasz-Mirakjan-Durrmeyer-type gen-
eralization of given by

) S30) =0 > @) [ k01 (0
k=0

where

(7) sppp(r) = e el k012 ineN,
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(by) is an increasing sequence of positive real numbers, b, — oo as n — o0,
b1 > 1 and studied the simultaneous approximation properties of the operators

In this article, we introduce Stancu [20] type summation integral type of
modification for 0 < a < 3, for any x € [0, 00) and for any n € N of given
by

(8) SpB(frx) = by st / sonk (D] (355 dt,

where s, 1,’s are as given in , ( ) 18 an increasing sequence of positive real
numbers with b, — 0o as n — oo and b; + 8 > 1. The operators (S;‘L’avﬁ)neN,
given by , are positive linear operators. Here we studied the direct result
related properties of the operators .

2. ESTIMATION OF MOMENTS

Let us denote by M;ﬁf;‘f , the m* moments of the operators given in ,
defined as

(9) il (@) = SpeP((t—2)™2),  m=0,1,2....
LEMMA 1. Form =1,2,..., the following relation holds:
*,00 m ¢ J *
(10) Sy P (s x) = Z%( ) Gy St )
]:

where Si(f;x) and S8 (f;x) are as given by @ and , respectively.
Proof. Using @ and ,

o) 0o m
S:L,aﬂ (t"™x) = by Z Sby, k (z) /0 Sby, k (t) (%:Ltig) dt
k=0

m

— o my bl am—i
_ ansbmk(a;)/o so0) | 20 () et |

Jj=0

(7) bn+ﬁ)m <b Zsbmk / Sbn,k(t)tjdt>

(7 )(b +5)m5*(t ).

S

<.
Il
=)

LEMMA 2. Form =1,2,..., the following holds:

m

Sy (= a)™sw) = 3 () (eI Sy (),

j=0
where SP(f;x) is as given in .
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Proof. Using ,
SyP((t —a)™

x) =
= by i S, 1 () /OOO stk() (BetEg —2)" at
/ () {i () (—a)m (m*)j} dt
j=0
— i (T;L)(—x)m—j {bn i bk (T) /OOO b k(1) (%Ztié")j dt}
k=0

=2 (D) 800 (s ).

LEMMA 3. Fore;(t) =1, i=0,1,2,3,4, the following holds:

(a) Sp(eo;z) =1,
(b) Si(eriz) = - (boz + 1),
C €2; b2 %+ 4opx +
Sy bl b2z? +4b 2),
es; T = (bpx° + xr° + n& +
d) Sy = & (b3 + 9b22? 18b 6),
(e) Si(eq;x) = A (brat 4 160323 + 720222 + 96bnx +24).

=
S

Si(enz) = 3 sy u(@)bn / s, 1 (0)2 dt
k=0 0
= Zsbn,k(x)bn/ _bnt(bn) t2 dt
0

k+1)(k+2
SPINCLL

= 5 Ze"’"”“ Ou2)® [k — 1) + 4k + 2]

= %(b%ﬁ + 4bpx + 2).

This proves (c).
Other relations follow on the same line.
LEMMA 4. Fore;(t) =t', i=0,1,2,3,4, the following holds:
(a) SpP(eg;z) =1,
(b) S4B (ey;x) = ﬁ(bnx +a+1),
(c) SxB(eg;x) = m[biﬁ + 2bpz(a + 2) + (@ + 2a + 2)],
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(d) SpP(eg;x) = Gy (32 + 36222 (@ +8) + 8buz(0? + 4+ 6) + (0¥ +
302 + 6o+ 6)|,

(©) Sy esir) = gt
Abp(0® + 60 + 18a + 24) + (o + 40 + 1202 + 24a + 24)| .

Proof. Using ,

bt + 433 (o + 4) + 6b22%(a? + 6a + 12) +

2
* 7 o2 *
Sn’a’ﬂ(eg;l‘) = Z( )(Z;) +,8)JQS (t {L‘)

= o Lo [a?Sk(1; x) 4+ 2b,a87 (t; ) + b2SE (1% )
= (bn-ﬁl-ﬁ)2 [b?ﬂfZ + anﬂf(a + 2) + (a2 + 2« + 2)}

This proves (c).
Other relations follow on the same line. O

Consider the Banach lattice
C[0,00) = {f € C[0,00) : | £(t)] < M(1+1)7}
for some M > 0,y > 0.

THEOREM 5. limy, oo S5%P(f;2) = f(z) uniformly for x € [0,a], provided
€ Cy0,00), 722anda>0

Proof. For fix a > 0, consider the lattice homomorphism T, : C[0,00) —
C[0,a] defined by Tu(f) := [l 4 for every f € C[0,00), where fl; , denotes
the restriction of the domain of f to the interval [0,a]. In this case, we see
that, for each ¢ = 0, 1,2 and by (a)—(c) of Lemma

(11) Jim T, (S (ez,x)) = T,(ei(z)), uniformly on [0, a].

Thus, by using and with the universal Korovkin-type property with
respect to positive linear operators (see Theorem 4.1.4 (vi) of [4], p.199) we
have the result. 0

LEMMA 6. For the moments defined in @ the following holds:
(a) i 3? () = Spof((t - 2);2) = A5 (a +1 - Ba),
(b) 1357 (@) = Sy (t—2)%2) = gy (8222 +20(ba—af— B)+ (a2 +
2a+2)),
() 3" (@) = SpP((t— )% ) = O [ B3 + 3822 {(2bn + B) (o +
1) = 2(a+2)} +32{2bn(a+2) - B(a? +2a+2)} + (a? + 302 + 6 +6)]
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(d) 5P (@) = Sped((t — o)hia) = m[ﬁ“x‘* + 46223 {3b, — Ba +
1)} + 622{2b2 — 4b,8(c + 3) + B2 (a® + 2+ 2)} + 42 {3b,,(a? + 4o +
6) — B(a® 4+ 3a2 4+ 6a + 6)} + (o + 403 + 1202 + 24a + 24)]

Proof. The results follow from linearity of the operators S*®# and lemma

#)- 0

3. DIRECT RESULT

Let us consider the space Cp[0,00) of all continuous and bounded func-
tions on [0,00) and for f € Cpl0,00), consider the supremum norm | f|| =
sup{|f(x)| : z € [0,00)}. Also, consider the K-functional

(12) Ky (f;0) = inf {Ilf — gl +6llg"lI},
geWw

where § > 0 and W? = {g € Cp[0,00) : ¢',¢" € Cp[0,00)}. For a constant
C > 0, the following relationship exists:

(13) KQ(faé) < Cw?(fv \/5)7
where

(14) wa(f, V)= sup  sup |f(x+2h) —2f(x+h)+ f(2)]
0<h<V/§ ©€[0,00)

is the second order modulus of smoothness of f € Cp[0,00); and for f €
Cg[0,00), let the modulus of continuity be given by

(15) wi(f,V8)= sup  sup |f(z+h)— f(z)],

0<h<V/§ z€[0,00)

THEOREM 7. For f € Cg[0,00), we have

S5 (fr2) = @) < wr (f, 22551 + Cu (f, W};%) + (atjggw)?) :
where C' is a positive constant.
Proof. Let the auxiliary operator denoted by S’*®# be defined as
Suel(fa) = Sy (i) = f (Mgt ) + f()

for every = € [0, 00). It is a linear operator which preserves the linear functions
as S (1;x) = 1 and S*P(t;z) = . This gives us S (t — z;x) = 0.
For g € W2, x € [0,00) and by Taylor’s expansion, we have

g (%T;t:g) =g(z) + (IZZTE“ - x) J(z)+ /xw (er;t_tg - u) g" (u)du.
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Operating 5”7*;“75 on both the sides,

5 ([ =y )

8528 (g3 2) — ()

t
< |sie ([ - g wdui)

X

bpnrta+l
bn+p
+ jﬁ (Lot — ) g (u)du

< M| §5B( (4 — )2 " ( bnztatl 2
< g ISyt = )% 2) + lg"|| (P2t — o

*,Q, - 12
= gl s o) + ()

Also, we have ‘S;‘;a’ﬁ(f;x)’ < |If|l. Using these, we get

Sl (fia) = f@)| < [Sp(f = giw) = (F — 9)(@)]
+ |85 (g32) — g()| + | £ (BEESL) - f(@)]
*,00 —Bx 2
< 2 f =gl + 19"l [unﬂ )+ (Fst)
|~ Ba-rat]
twi (fa W) :
Taking infimum on the right hand side for all g € W2, we get
Spet(fi) — f@)| < 2K (1.4 [ @) + (Feit)
—Bx+a+1
! (fv s I) '
Using (13)) and wa(f, AJ) < (A + 1)2wa(f, 8) for A > 0, we get
sor1o] = o5y )

N,

1)

4. A VORONOVSKAJA-TYPE RESULT

In this section we prove a Voronovskaja-type theorem for the operators
Sx8 given in .

LEMMA 8. lim,, o0 (by, + 5)2u23"6( ) = 1222 uniformly with respect to x €
[0,al], a > 0.
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Proof. By lemma ({6 (d

(b + B3 @) =

), we may write that

B [54x4+452 313b, — Bla+ 1)}

+62%{202 — 4b,B(a + 3) + B (a® + 2a + 2)}
+4x{3b,(® + 4o + 6) — B(a® + 3a* + 60+ 6)}

+(at + 402 + 1202 + 240 + 24)]
Taking limits on both sides, as n — co, the Lemma is proved.

THEOREM 9. For every f € C[0,00) such that f', f" € C,[0,00),y > 4,
we have

JQim (b + 8) [S77(fi2) = f(a) = =25 ()] = of ()

uniformly with respect to x € [ﬁ, a} (a > ﬁ)

Proof. Let f, f', f" € C4[0,00) and = > 5.5 Define, for ¢ € [0,00) with
bpt+o #ZL‘
bt 7 L)
U (t,x)=
bnt+a bntt+a bptt+a 2
= ey | (528) /@) - (35 =) F -1 (55 )" £/

and \P(W,x) = 0. The function ¥(-,z) € C,[0,
W(%,x) =V (z,z), so U(z,z) =0, as n — oo. By Taylor’s theorem
we get

7 (tettg) =

= f(z) + (l})’:fig — a:) fl(x)+ 5 (%”tig‘ — x)2 f(x) + (l})fig - x)2 U(t,x).

Now from Lemma [6|(a)—(b)

(16)

(bu+B) [Si P (f3 )= F(@)] =(ba+B)F (@) 37 (@) + 5 (bu+ B) (@) ()

+ (bn + B) SR ((t — )W (¢, 2)).

If we apply the Cauchy-Schwarz inequality to the third term on the right hand
side of , then

00). Also, for n — oo,

b+ B)S5P(t— 22Ut 2 2) < (b + B (@) (S5 (W20, ) )

Now W2(-,x) € Ca,[0,00), using Theorem [5| we have SH%f(W2(¢,x);z) —
U2(z,7) = 0, as n — oo and using Lemma ' this third term on the right
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tends to zero for x € [ﬁ, a} and we get
Tim (b, + 8) [Sp*(f32) — f(@)] = (14 a = B2)f'(2) + 2f" (@),

forxé{ﬁ,a} (a>ﬁ>. O
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