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A GENERALIZATION OF THE LUPAS ¢-ANALOGUE
OF THE BERNSTEIN OPERATOR

ZOLTAN FINTA*

Abstract. We introduce a Stancu type generalization of the Lupag g-analogue
of the Bernstein operator via the parameter a. The construction of our operator
is based on the generalization of the Gauss identity involving g-integers. When
the parameters o and ¢ depend on n, and satisfy some additional conditions,
we establish the convergence of our sequence of operators in the strong operator
topology to the identity, estimating the rate of convergence by using the second
order modulus of smoothness. For a and ¢ fixed parameters, we study the
existence of the limit operator of our sequence of operators taking into account
the relationship between two consecutive terms of the constructed sequence of
operators. The rate of convergence in the uniform norm it is also estimated with
the aid of the second order modulus of smoothness.
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1. INTRODUCTION

The development of g-calculus has led to the discovery of new Bernstein type
operators involving g¢-integers. The first example in this direction was given
by Lupag [5] in 1987. The so-called ¢-Bernstein operators were introduced by
Phillips [9] in 1997, and they mean another generalization of Bernstein opera-
tors based on the ¢-integers. Nowadays, g-Bernstein operators form an area of
an intensive research. A survey of the obtained main results and references in
this area during the first decade of study can be found in [7]. Nowadays, there
are new papers on the subject constantly coming out and generalizations of
g-Bernstein operators being studied. Different types of ¢-integral operators,
g-Bernstein type integral operators and g-summation-integral operators were
introduced and studied in [1J.

To present Lupag operator, we recall some notions of the g-calculus (see
[4]). Let g > 0. Then for each non-negative integer n, the g-integer [n], and
the g-factorial [n],! are defined by [n]; =1+q+...+¢" 1 forn=1,2,...,
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[0]; = 0 and [n],! :[]q[] .[n]q for n =1,2,..., [0];! = 1. For integers n
and k satisfying 0 < k <n he g-binomial coefﬁment is defined by

n nlg!
Wy = min

Further, we set

) o _ $k(1 z)n k
bn,k(q,x) - [k]qqk(k /2 (1—z+zxq)...(1—z+xq™ 1)

for k=0,1,...,n
Following Lupag [5] (see also [8]), the positive linear operator R,, 4 : C[0, 1]
— C[0,1] given by

(1.1) Ry q(f;) ank o)/ (i)

is called the Lupas g-analogue of the Bernstein operator. For ¢ = 1, we recover
the well-known Bernstein operator defined by

n

(1.2) Bu(fiz) =Y (Maf(1—a)Ff (£),

k=0

where f € C[0,1], x € [0,1] and n > 1. The papers [§] and [3] deal with the
convergence properties of the operator ([1.1)) and the limit Lupas g-analogue
of the Bernstein operator, which is given for ¢ € (0,1) fixed by

(i Z P e 7 )
| (1= @ I T (1 + (/1 = 2)))

where z € [0,1) and Ry 4(f;1) = f(1).
For f € C[0,1], « > 0, ¢ > 0 and n > 1, we introduce a generalization of

as follows:
(13) U (Fr0) = 308 s f (1),

k=0

where

ﬁl(x+aq—i[z‘}q) n7ﬁ71(1_$+a[j]q)
(14> b%’k(q7 .’IJ) — [7]’3 qqk(kfl)/Q i=0 =0

n—1

[1 (1—z+zqi+alily)
i=0

We note that an empty product in ((1.4)) denotes 1. For o = 0, we recover the
operator (|1.1]), and for ¢ = 1, we recover the Stancu operator [I1] given by

n kﬁl (z+ai) ﬁ (1—z+aj)
Sa(fim) =Y () f(%)
k=0 H (14-i)

=0
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When o = 0 and ¢ = 1, we obtain the Bernstein operator . The pa-
rameters o and ¢ may depend only on n. It is worth mentioning that another
generalization of the Stancu operator is due to Nowak [6] involving g-integers.
His generalization contains in special case the g-Bernstein operators of Phillips.

The goal of the paper is to study the approximation properties of the op-
erators defined by —. The construction of the new operator is based
on the generalization of the well-known Gauss identity

n—1 n
(15) H$+qazz zz 1/21nz
i=0 1=0

(see [4, p. 15, (5.5)]). We establish the uniform convergence of Uy (f; ) to
f(z) on [0,1], when o = «,, and ¢ = ¢, and we give the rate of convergence
by using the second order modulus of smoothness of f € C10,1] defined by

(16)  wo(f;0)= sup  sup | f(w+2h) = 2f(x+h) + f()].
0<h<3 x€[0,1—2h]

Finally, for v and ¢ fixed, we prove the existence of the limit operator Ug, , =

limy oo UY ' taking into account the relationship between two consecutlve

terms of the sequence {UZ,(f;2)}n>1. In this case the rate of convergence is
also studied.

2. AUXILIARY RESULTS

In the sequel we need some useful lemmas.

LEMMA 2.1. Foranyn >1, a >0, ¢ > 0 and u,v real numbers, we have

n—1 n _ n—k—
2.1) [[ (v+ug'+alily) = Z[Z]qqk(k_l)/2 %Hl(u—l—aq_i[i]q) 'k 1(v—i—a[j}q).
i=0 k=0 =0 3=0

Proof. We use induction on n. The equality (2.1) is evident for n = 1.
Let us assume that (2.1) holds for a given n. Then, by (2.1) and [n], =
[n — k], + ¢" *[k],, we have

n n—1
H(v +ug' + alily) = (v +ug" + afnly) H (v+ ug' + alily) =
i=0 1=0

n k=1 .
= (ug" + ag" F[klg + v+ aln — k) mqqk(k_l)ﬂ HO(U + aq"[il)
k=0 =

n—

k—
<"1 0+ aljly) =

J
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n k—1

+ Z [Z}qqk(k:—l)/?igo (u+ aq—i[i]q)jlj::(v + afjlq)

k . n—k—1
=D [, 11 (u+aglilg) T (v+aljly) + g2
i= j=

=
x Z]ib[o(u + aq i)

TT0 el = o000 0 e T 0 ol

| (SRRED sRNFESC A (ORRYR ) (e
> [z}qq’ﬂ“)/?’ng(umqi[ﬂqf;gz(wamq)+q<n+1>n/2i1§0<u+aqimq>

M:

n
H v+a

([kﬁl] qq(kf1)(k72)/2qank(kfl)/2 + m q)

k=1
k(k—1) /25 it S - (n+1)n/2 1 —ip;
X q ,HO (u+aq"[iq) ,Ho(v +aljlg) +4 'Ho(u + aq"[iq)
= Jj= 1=
s a1y k(k—1)/2"7 1\ :
= > [, VT (u+ g [ilg) TT (v + alily),

k=0 1=0 j=0

because

g P e
and

[ gD/ k oD/ 4 (1) 2 [ ] gkt g [

for K =1,2,...,n. This completes the proof of the lemma. ]

REMARK 2.1. For a = 0, the identity (2.1)) reduces to the Gauss identity

(1.5). O

LEMMA 2.2. Let o > 0 and q > 0. For the test functions e;(z) = x!, where
i €{0,1,2} and z € [0,1], we have U (eo;z) = 1, U ,(e1;2) = = and

@ . _ .2, z(l-x) 2(1—q¢" Y —aln—1]4
Un,q(627x) =z +ﬁ{1 41— m+(:lz:q" T+an—1]q

2 2(1—¢" H—a[n—1]; z(1—¢"2)—a[n—2] -1 n—1
+4q 1— x—l—mq"*l—i-a[n—lfq 1—x+rq"*2+a[n—2qq -t (_1)71 qTL
z(l—¢" Y—aln-1]q z(l—¢""*)—aln-2], x(l—q)—a[l}q}
1-z+zq"1+an—1]q 1—zt+aq"24a[n—2]y *°° 1—z+zq+all]y




5 A generalization of the Lupag g-analogue of the Bernstein operator 151

Proof Choosing u = x and v = 1 — z in (2.1)), we get, by (L.4)), that
n
Z b x(q; ¥) = 1. Hence, due to (1.3), we have Uy (eo;z) = > b5, (g;2) = 1.
k=0 ~

Agaln by (|1.3) and ( m, we obtain
617 Z bn r\q; T %7

k—1 _ n—k—1
[T +aail) 1T~ (1-a+alily
]:

n
an k(k—1)/2 =0
n—1

k=1 I1 G—z+zgi+aliy)
1=0
k n—k—2
n—1 H($+aq7i[i]q) H (I—z+aljle)
_ Z [n;l] gEHDR/2 =0 =0
i [1 (1—a-+agi+alily)
=0

— k a+aq *[k] o )
- Z q 1—x+xq”—1+a[ZL—1]q bn—l,k(q’ :E)

But 2¢* + a[k]y = = + [k]g(a — (1 — ¢)z) and Ug; ,(eo; z) = 1, therefore we
have

Uf;q(el;m) =

z+[k]q(a—(1—q)z a
17;'_4[,1]-(]&715’,16![;11/)7%] n— lk’(Q7 )
k=0

— (a— )[n—1] [k]
- lf:erxq"*lera[nfl}q + 1— x+:vq" 1+a[n i]qz [n— g Lk q’ )

+ —z+zq" 1+aln—1]q U

(22) 1—z+zq" T+an—1], nfl»q(el;x)'

— x
T 1-ztzq" T+aln—1],

For given @ > 0, ¢ > 0 and x € [0,1], for the sake of brevity, let us set
ai=1—z+2z¢" 1 +afi—1], i =1,2,... Then, by (2.2), we have

Ugylen;z) = 2 + (1= L) Uy yers ).
Solving this recurrence relation, we find that
Ugglena) =2+ (1- L)+ 2 (1-L) (1- 1)+
CE(-E) (- ) (- 4)
+(1-L)(1-1) . (1= L) Ufylens)

Hence, by UT',(e1;7) = x, we get
Upqe; x) =
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(1-(-25)(-2)

( (1
—e—a(l-L)+a(1-L)-a(1-2%) (1-25)
o) (=) (- 2) (=) (-2
el D) (1 (- )2 () 8)
+o(1-2)(1-25).. (1-2)

Further, in view of (1.3)) and ( , we have

(€25 7) ankqm( )

2

H(z-‘,—aq ilq H (1—z+aljlq)

S5 3 G RN~ R
= 1 (1—a-+agi-+alils) ‘
1=0
k . n—k—2
n—1 H(Z"Faqﬂ[i]q) H (1—z+alfle)
= Z [”21] qk+Dk/2 =0 - §=0 [’f[+]1}q
k=0 ! [ (1—z+zgi+alily) ?
=0
n—1
z+aq kK k a
- qkl—x—&-;;"gl-i-[a][(;z 1, ITZ][q]q b1,k (q: 7).
k=0
But (z¢® + of

kKl (1 + qlkly) = {z + (a = (1 = @)2)[kl¢} (1 + qlk]g) = = +
(@ — (1 =2q)x)[klg + gla — (1 — ¢
Us_ .(e1;2) = x, we have

x)[k]2, therefore, by Ug ; ,(eo;z) = 1 and

n—1,q
Uy q(ea;z) =
= ooy, Ui gleos o) + =GR ME U (o3 )
g tlecloon FEl g eai)
= L+ a— (thq)gc [n[ }ng_i_q —z+aq” ;:-Oé[n 1g [n[ ]1} U2 (es; )

_ a2 _,a a—(1 LQq)SC [n[ }I]q _|_q[n 1q ( )Uf; 1q(€27x)'

an[n]q [n]q
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Solving this recurrence relation, we obtain

Ungleiw) = ot + o (L)t (- ) (- a) +-

o ) (-a5) - (- &)
]

+ z(a—(1-29)z) [n—1]q + zq(a—(1-29)x) [”;]2 q (1 _ %)
q mn

an [nlq an

4 24 % (o (ln(iz 2¢)x) [”[ni} (1 _ )1
+ $qn_2(a;2(1*2(1)$) % (1 _ a) 1—
et (-2 (- 25)

Taking into account that (a — (1 — 2q)x)[k], = alk]; — (1 — ¢*)x + zq[k], =
ag+1 — 1+ zqlk], for k=1,2,..., n — 1 and U} (e2; ) = z, we find that

Us,q(e%x) = ﬁ{aln + anq_l (1 - i) _1_%1172; (1 B i) (1_ anl_l) +.
1

+L = 2(1—@%) (1—%{1
b {(-2)
1

)
+q" 1(1—&) (1—%1_1)... K
=) (st 1) () () -
) ek ()

P (1 4) 4 B (1 ) 1 5) ¢
(23) 4ﬁg&@_ixywigm@_%»
The coefficient of ﬁ in is the following:

(1) (1 (- ) (- )
#2141
rr (1 (- D) (- 2) (1 a)- (- 4
P )3 2)
roft=2) (- 22+ (1-2) (1 52) (- )+
D) (o)
(1) (1 o)
D

)
—1+q<1 S+ (1-2) (-
(2.4) (- (-5 1). (1-21).

Q‘H \




154 Zoltéan Finta

The coefficient of ]y |} is the following:

(1 (1 ) 2 1 (1 5) (1 )

an—1

(- () (-2 ()
(i (- 2)) (- 2)
)

(=) (-4 -

=qln— 1)y~ (gln— 1]y — ¢*ln = 2)) (1= L)
~ @ =2g - " =3ly) (1-2) (1-515) -

an—1
(@ 22—y (1- 1) (1-25) - (1-4)
e (-2 (1-25) (- 4)
lo=1-q(1-3) —¢*(1-2) (01— =5)
05 (- 2) (1-an) (1o 2).
Combining , and , we obtain
Up(e2;7) =
=+ g (1- L)+ (1-2) (1- 25 )+
+" (-2 (1-5) (- 4))
T T n=1y_q[n—
=o'+ ([14 : {1 ! (iﬁcqnf)uoz[[n—ll]fq
T n—1)_qn— z(1—q"~2)—aln n—1 _n—
+q° 1£i+(§cq” )1+cu[[n711]]qq 1f(i+(§:q”_)2+oz[[n722]]qq — ()T
z(1—¢""Y—aln-1]g z(1-¢""?)—a[n—2], z(1—q)—o[l]g }
l—z+zq"1+an—1)q 1—zt+zq* 2 +an—2]; *°° 1—z+xq+alll,
which was to be proved. [l
REMARK 2.2. Because qu(eg;x) = R, q(e2;2) and R, 4(eg; ) r? +
x([}lizx) 11—_90;:’05; (see [B, p. 87, (5)]), we obtain, by Lemma the following
identity:

a(l—g"~! e(l—¢""") z(1-¢""?)
1- q1= —z4zgn—1 + q 1—z+xzqn—t 1—xtaqn=2 "
+ (1) gt z(1—q""1) x(1—¢""?) z(l-q) _ l—ataq"
q 1—z+xzqn—1 1—z+2q"=2 """ 1—z+wq = 1—z+t2q "

Analogously, in view of U (e2; 2) = S5 (e2; 2) and S (eg; x) = 2?45 2(l-2) 1ina

n 14+a
(see |11}, p. 1184, Lemma 4.1]), we obtain, by Lemma the following iden-
tity:

a(n—1 a(n—1 a(n—2
L+ 1+gz(n )1) + 1+£¢(n )1) 1+£t(n7)2) t+...
a(n—1) a(n—2) a  _ l4na
+ 1+a(n—1) 1+a(n—2) " " I+a — 1—:a ’ 0
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LEMMA 2.3. Let Ug ,(f;x) be defined by (1.3)-(1.4). Then for any n > 1,
a >0 and g > 0, we have

(f> )_ n+1q(fa )

e (e+aq=* o) (1-z+aln—k—1]y)
- Z bN—Lk(q’ ZL‘) (17934’56(]’”3’04[’n]:)(171+an_1+a[1q7,71]q)

(e (1) s (50 - St (53

[n—klq [nlq

Proof. Because of 1 —z+z¢"+a[n], = ¢"(z+aq ¥ [k],) + (1 —z+an—k|,)

we have, by ([1.3)) and (1.4, that

(1— 2+ aq" + afnly)Ugy(fi2) =

k n—k—1

n H(m—l—aq_i[i]q) H (1—z+aljlqg)

Z k(k 1) /2 n i=0 — 3=0 f ({ki])

k=0 [T (1—a+agi+alily) !
=0

k—1

H(z—&-aq‘ﬂz] 1:[ 1—z+aljlq)

= n — i= k
+ 3 [ gtk £ ()
k=0 [ i—z+zgi+alily)
=0

k ) n—k—1
H (z+aq™"[i]q) H (1—z+aljlq)

! T] (1—c+aqi+alily) ‘
=0

(1—z+aljlq)

3
<.
=t

. [Teraotay
+ q(n+l)n/ 711:O f(l) + oo
H (I—z4zq¢*+alilq) (1—z+zqi4alilq)
=0 i=0

k—1 n—k

n H (z+aq™ilq) H (I—z+afjle)

+ D[ £ (5)
n—1 ) [nh

k=1 [ Q—az+zqi+alily)
1=0

n

1:[0(1*I+a[j]q) n
_ n—jli f(O) + Z qn [kﬁl]qq(k—l)(k—2)/2
[T (—z+zqi+alily) k=1

k—1 n—k
H (z4aq[iq) H (1—z+aljlq)
BT T
[1 (1—2+agi+afily) !
1=0
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k—1

n—k
n y [ (z+aqlilq) T[] (1—a+alslq) "
k(k—1)/2 i=0 j=0 q
+ > _[] 7 (i)

k=1 [[ A—ataqi+alily)
1=0
- Merering
(2.6) + gD/ __iso fQ).
H (I—z+zg’+alilq)
1=0

On the other hand, by (1.3]) and m,

ﬁ 1-a+ajl,) "
3+1,q(f;x) - H::?l z+zqi+alilg) kX:l ”‘H k &
kﬁl(x+o¢q’i[z] 1:1 1—z+alj
S — . (i)
Z-go(l_mq +alilq)

n

x4aq” i
(2 7) + (n+l)n/2 zl;‘[) - ]q) 1
. q f().
(I—z+zgi+alilq)

s

1=0

Taking into account that
n n+1 n k —
", = R Lo, = [ and [, = 0% wi

klgn+1—k]g’ k—1lq q[nt+1-kK]g’ qTk+1]g?
from (2.6 and (2.7) we obtain
Uno(fi2) = Ugyq (fi2) =
k—1 ) n—k
n [ @+ag™iidy) T (1—z+alily)
_ Z k(k=1)/2 =0 =0
k=1 H (I—z+zqi+alilq)
n—k+1__ [Klg [ K\ _ _[n+llg [Klq
< Aq ™ e (M) + £ () - i/ (s ) )
k n—k—1
n—1 H(mJFaqii[i]q) H (1—z+aljlq)
_ Z [n;l} [k[n}l] g(k+Dk/2 =0 3=0
T m .
—o [ (1—e-+aqi+afily)
=0
n—k [k+1] k+1]g\ _ [n41] [k+1]
<At s () + 7 () — s (i) )
N (o (a-+aq—"[k]g) (1—a-+aln—k—1],)
- Z bn_lvk 4 iL’) (1fz+xq”({ka[n]q)(17x+:pq”—1+a[n71}q)

G () s (52) - s (B}
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which was to be proved. O

3. MAIN RESULTS

In the next theorem we study the uniform convergence of {UZ (f;z)}n>1.

THEOREM 3.1. Let Ugn (f;x) be defined as in —, and let {om Fn>1
and {qn}n>1 be two sequences such that o, > 0, 0 < ¢, < 1,1 < ¢, +
ap forn > 1 and o, — 0 as n — oo. Then, for all f € C[0,1], we have
Jim Ui (f;x) = f(z) uniformly with respect to x € [0, 1].

,qn

Proof. We observe that the operators defined by and are positive
for a, > 0 and 0 < g, < 1. Therefore, in view of Popoviciu’s result given in [10]
or taking into account Korovkin’s theorem [2, p. 8, Theorem 3.1] and Lemma
we have to prove that lim Unw (e2;2) = 2% uniformly in z € [0,1].

For a; =1 -z +xq, '+ anli—1,,,i=2,3,...,n and z € [0, 1], using the
hypotheses about a,, and g,, we obtain

l—a;=2(1—¢; Y —apfi— 1], <1—q¢5 ' —ayli — 1],
(3.1) = (1= gu— )i — 1], <0
for x € [0,1] and i = 2,3,...,n, and
a1 — ai = (g, — ¢ ) + an(lilg, = [i — Ug,) = 2 (a0 — 1) + angy, '
(3.2) >y (g — 1)+ andy =4 (gn Fan —1) 20
forz € [0,1] and i =2,3,...,n — 1. Inviewofand ,Weget
0<1—4<1-

az+1

fori=2,3,...,n—1and z € [0, 1]. Hence, by Lemma
0<Upn (ea;2) — z?

o 1o (L=a) T (1) (@) +

() (- as) (- ))

< {1+q” (-2)+a(-2) +ra (1—a1n)n_1}
(33) < x[(i]q:) l—qn(ll—ﬁ) = x[(rlb]q:) qn+(1 an

But a, = 1 — (1 —¢" 1) + au[n — 1]y, < 1+ ay[n — 1], and the function
t— m is increasing on (0, 00), thus, by 1' we obtain

0< qun(e% ) 1' < 4[n]qn 1+an((f qnn)[nq 14n

(34) < H{ph ol < i {ag -t
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Because 0 < 1 —g¢, < a, and o, — 0 as n — oo, we get ¢, — 1 as n —
oo. Hence [n],, — oo as n — oo. Indeed, for any fixed positive integer k,
we have [n],, > [kl = 1+ qu+ ... + ¢! when n > k. But ¢, — 1 as
n — oo, therefore liminf, . [n|,, > liminf, ,[k],, = k. Since k has been
chosen arbitrarily, it follows that [n],, — 0o as n — oo. In conclusion ([3.4))
implies that nh_}ngo Unw (e2;2) = 2% uniformly in z € [0, 1], which completes
the proof. 0

COROLLARY 3.1. Let Uﬁg7L(f;x), {an}n>1 and {gn}n>1 be defined as in
Theorem Bl Then there exists C > 0 such that

U, (fi2) = f(@)] < C ( £l + an)
for all f € C[0,1], x € [0,1] and n > 1.

Proof. If § > 0 and W2 = {g € C[0,1] : ¢" € C[0,1]}, then the K-functional
is defined as Ko (f;6) = inf{||f —g| +6|l¢g"?}, where ||- || denotes the sup-norm
on C[0,1]. By [2, p. 177, Theorem 2.4], there exists an absolute constant
C’ > 0 such that

(3.5) Ks(f;6) < Clwa(f;V6), 6>0,

where the second order modulus of smoothness is defined by (1.6 .
Because of (1.3) and Lemma we have [Upn (f;x)] < Ugw (eo; )| f]| =
Il 1], therefore

(3.6) U S < NF
for all f € C[0,1]. Further, for any g € W2, by Taylor’s formula

g(t) = g(z) + ¢ (a t—H/ )t —u)du, te0,1],
and Lemma we find that
[Unie (giz) — g(z)| =

t
o () - | ez  f -

B7) < "0, (¢ —2)% ) = Hg”H{Uﬁzn(ez r) - 2%},
Now, combining (3.7]) and ( ., we get
1Un 5.9 = gll < 3([nlg," + an)llg”|l
Hence, in view of (|3 -,
Unif = FIl < 1URG,(f —9) = (F =)l + 1UR5,.9 — 9l
<2|f = gll + 3([nlg, + an)llg”|l
< 2{llf = gll + 1(Inlg," + an)llg"11}-

“)
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Taking the infimum on the right-hand side over all g € W2, and using (3.5),
we get the desired estimates. O

REMARK 3.1. Let a > 0 and g € (0, 1) be given such that 1 < g+ «. Taking
into account the equality

U fer) = =22 (100 (1= ) 2 (1= 2) (1= 2) +

+q" ! (1_ aL> (1 - “”1*1) <1 - é)}

(see and Lemma and the inequality (3.1), we may write that
Uﬁ"q(eQ, z) > 2% + (1 —x) Hence

1 q

Jim Uy (ea;z) > 2?4+ (1 —q@z(1 —2) > 2?

for € (0,1) (if the limit there exists). This means that the operators (|1.3))
do not satisfy the conditions of Korovkin’s theorem. O

In the next theorem we propose the investigation of convergence of the
operators (|1.3)—(1.4])), when the parameters a and ¢ are fixed.

THEOREM 3.2. Let Ug (f;x) be deﬁned by (1.3} . If a > 0 and q €
(0,1), then there exist US, , + C[0,1] — C0,1] positive linear operator and
C > 0 absolute constant such that

@ @ n/
”Un,qf - Uoo,qf” < Cws (fa l_qqrfkl)
for all f € C[0,1] and n > 1.

Proof. We find for g € W2, by Taylor’s formula, that
[klg\ _ [k+1] 1 [k+1] [Klg  [k+1]
9 (bir) =9 (finft) +o (Gfe) (Bl - B

(klq/[n]q
(3.8) —|—/[ Gﬁq u) ¢"(u) du

k+1]q/["+1]q
and
k+1],\ _ . ([k+1]q r( LG ([E+1g [kt
9( @P >—9<[n+uq) 9 ([n+11q)< [Ty [n+1}q>
[kJFl]q/["]q
[k+1]q/[n+1]q ¢
Because
n [n]q ["]q k[”"‘”q ["]q
¢"pof TR, = e e
and

n_Inlg ([k]q _ [k+1]q) + gkl ([k’+1}q _ [k+1]q) -0,

T Tkl \[nlg ~ [+l iy \ Wl [t
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by combining Lemma (3.8) and (3.9), we obtain
Unq(952) = Upyy 4(g52)] <

n—
« . (z4+aq F[K]y) A —z+a[n—k—1]4)
< Z bN—lak(q’ ZL‘) (17x+:1cq”q+o¢[n]s)(lfx+xq"—1+a[jlf1]q)
n_[nlg_
{q Tn=Hly

[k]q/[n]q
/[ ] (% — u) g"(u) du

k+1]q/In+1]q
- z+aqg* —rtan—k—
< b (45 7) et el ) g

[ Y g

et 1lg/[nt1]g ©
x (I—z+zq"+an]q)(1—z+zq"~1H+aln—1]4

n_[nlg ([Klg _ k+1)g\2 | k_[nlg  ([k+1lg _ [k+1]

X {q ot (bl — o)+ o, (T [n+1ﬁ>}

. . (z+aq F[k]ly) (1—z+an—k—1]4 "
- Zbg,m(q,x (1—z4zq"+a[n]q)(1—z+xgn— 1+an 1]q) Hg H

n [n}q Qk[n k]Z L [n} q2n[k+1]2
X {q Ty R T el [n]?[nm%)

k n—k—1
n—1 1 H z+aq ™ [ilg) H (1—z+aljlq)
_ l“— ] k(k—1)/2 i=0 =0
mL ko, [1(1—a-+egi+alily)
1=0

b [lglnttly oy § o klnekly . nlktlg) g [ktily ok
x ¢ g g1 { o Pt + ¢ Bt } e e e

n—1

< [n+12H ”HanJrl k+1(qa r) = [n+1]2H ”H Z bn+1 k(@)

n+1
2q™ 2q™ 2q™
< 201 W) = 2l U gfe0i ) = G2 ).
k=0

Hence we find for every g € W2 and n,p > 1 that
||U7(‘iqg U +pqg|| <

<URq9 = Un1 g9l + US40 09 — Uio g9l + - - + U 1,49 — Unp 49|l
n+1 n+p 1 7
<2([n+1}2 + g o ) 19
(3.10)

2 n
S pap (L g+ +d Dlg"|l < WHQ”H-

This means that the sequence {Uy ;g}n>1 is a Cauchy-sequence in C[0, 1], and
therefore converges in C[0, 1] for all g € W?2. On the other hand, analogously
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to (3.6)), we obtain that
(3.11) U fIL < £l

for f € C[0,1], which implies that U, || = sup{[|UZ fl : [ f]| < 1} <1 for
each n > 1. However W2 is dense in C[0, 1]. Then, by the well-known Banach-
Steinhaus theorem (see [2, p. 29]), we obtain the convergence of {Uy f}n>1
in C[0,1] for every f € C[0,1]. In conclusion there exists an operator Ug, , :
C[0,1] — C[0, 1] such that |Ug f—US ,f|l = 0 asn — oo, for all f € C[0,1].
This also implies that US , is a positive linear operator on C [0, 1], because
Uy, are positive linear operators on C[0,1] for n > 1.

Further, let p — oo in (3.10). Then

(3.12) US4 - U g9ll < =erallg”-
Letting n — oo in (3.11)), we get
(3.13) UG Il < [I£]]

for all f € C[0,1]. Combining (3.11)), (3.12)) and (3.13)), we find that
HUg,qf - Ugéo,qu < HU:"qu - U:"qu” + HUg,qg - Ugo7qg" + ”quqg - quqf”
<2|f - gll + =z lg”-

Taking the infimum on the right-hand side over all g € W2, and using (3.5)),
we get

n/2
|Ustgf = U 1l < Ceoz (f5 155 )
which was to be proved. ]

REMARK 3.2. Ostrovska proved in [§] for ¢ # 1 and f € C[0,1] that R, of
converges uniformly to R 4f on [0,1] as n — oo, and the rate of convergence
|Rnqf — Rooqfl|l has been studied by Wang and Zhang in [I2]. Theorem
implies for « = 0 and ¢ € (0,1) the following estimation: there exists a
constant C > 0 such that

n/
HRn,qf - Roo,qf” < Cwy (fa 13,17712“) )
where f € C[0,1] and n > 1 are arbitrary. O

REMARK 3.3. If & > 0 and ¢ € (0,1) are given such that 1 < g + «, then,
in view of Remark we have US  (ez;z) > z? for all z € (0,1), where
the existence of the positive linear limit operator US , : C[0,1] — C[0,1] is
guaranteed by Theorem [3.2] On the other hand, because of Lemma [2.2] the
operator US , reproduces the linear functions. Now, applying [13, p. 1100,
Theorem 9], we find that US.,qf = f if and only if f is linear. O
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