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ON a-CONVEX SEQUENCES OF HIGHER ORDER*
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Abstract. Many important applications of the class of convex sequences came
across in several branches of mathematics as well as their generalizations. In
this paper, we have introduced a new class of convex sequences, the class of a-
convex sequences of higher order. In addition, the characterizations of sequences
belonging to this class have been shown.
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1. INTRODUCTION

The class of convex sequences is one of most important subclass of the
class of real sequences. This class is raised as a result of some efforts to solve
several problems in mathematics. Naturally, the sequences that belong to that
class, have useful applications in some branches of mathematics, in particular
in mathematical analysis. For instance, such sequences are widely used in
theory of inequalities (see [13], [7], [8]), in absolute summability of infinite
series (see [I], [2]), and in theory of Fourier series, related to their uniform
convergence and the integrability of their sum functions (see as example [6],
page 587). Here, in this paper, we are going to introduce a new particular
class of convex sequences, which indeed generalizes an another class of convex
sequences introduced previously by others. In order to do this, we need first
to recall some notations and notions as follows in the sequel.

Let (an)32, be a real sequence. It is previously defined that

0 1 ~1
ANay, = ap, Nap=aps1 —an, A"ap =ANA""a,), m,n=0,1,...,

and throughout the paper we shall write Aa,, instead of Ala,,.
The following definition presents the concept of convexity of higher order.

DEFINITION 1. A sequence (an)ye is said to be convex of higher order (or
m-convez) if
A"a, >0,
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for allm > 0.

Next Lemma has been proved by Gh. Toader, which characterizes the
convex sequences of higher order (or m-convex).

LEMMA 2. [II] The sequence (a,)5 is convezr of order m (m € N, fized)

iff

with by, > 0, for k > m.

Various generalizations of convexity were studied by many authors. For
instance, p-convexity (see [5]), (p, ¢)-convexity (see [4]), and (p, g; r)-convexity
[3].

Two other classes of sequences, the so-called, starshaped sequences and -
convex sequences have been introduced in [9] and [10].

Indeed, let throughout this paper be a € [0, 1].

DEFINITION 3. A sequence (an)2 is called ai-convez if the sequence

(a(an+1 —ap) + (1 —a) an;ao)zozl
1S increasing.

DEFINITION 4. A sequence (an)22 s called starshaped if

an4+1 — aQ > an — Qg

n+1 n
forn > 1.

The class of starshaped sequences of higher order has been introduced in
[12):

DEFINITION 5. A sequence (a,)5% is called starshaped of order m if

Am-1 <an+1 - ao) >0
n+1 -

forallnm>1 and m e {2,3,...}.
Next Lemma characterizes the starshaped sequences of order m.

LEMMA 6. [12] The sequence (ay)22 is starshaped sequences of order m

(m €N, fized) iff

n
Z n+m ]5 Ck + co
k=1

with ¢, > 0, for k > m.

Here, we introduce a new class of sequences as follows:
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DEFINITION 7. A sequence (an)5eq is called (m, a)-convex (or a-conver of
order m) if the sequence

(aAm_l(an+1 —an)+ (1 - a)Am_1 (‘“ln;‘”’))qo;l

is increasing for alln € {0,1,...}, and for arbitrary fized m, m € N.

REMARK 8. We note that: (1, a)-convexity is the same with a-convexity,
(m, 1)-convexity is the same with m-convexity, (m,0)-convexity is the same
with star-shapedness of order m, (1, 1)-convexity is the same with ordinary
convexity, and (1,0)-convexity is the same with star-shapedness. O

Characterizing (m, «)-convex sequences, we are going to accomplish the
main aim of this paper.

2. MAIN RESULTS
First, we begin with:
THEOREM 9. The sequence (a,)5 is (m, a)-convex if and only if
alA" N (a,) + (1 — @) A™ (22290 > 0,

for alln € {0,1,...}, and for arbitrary fized m, m € N.

Proof. The proof of this statement is an immediate result of the Definition

[
The proof is completed. O

For m = 1 we obtain:
COROLLARY 10. [10] The sequence (an)2> is a-convex if and only if
a AN (an) + (1 - a) (a";}gao - a”;ao) >0,
for alln € {0,1,...}.

THEOREM 11. The sequence (an)5> is (m, a)-convex if and only if
(an —ao + a[n(ant1 — an) = (an —ao)l)ny

is a starshaped sequence of order m, for arbitrary fited m and m € N.

Proof. For the sake of brevity we denote

Ap = apn, —ap + an(anyr — an) — (an, —ag)], ne{1,2,...},
which can be rewritten as
Ap = an(any1 —an) + (1 — a)(an —ap), ne{l,2,...}.
For m =1 we have (see also [10]) that (Ay = 0)
A(42) 20 4= a A (an) + (1 - @)L (%52) >0,

for all n € {0,1,...}.
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According to this, and since the operator A is a linear one, then we have:

AT (A1) >0 = AA(-(A(A/n))) 20
\__\t-,_./

= MDA (A (a b (@) + (1-a)A (2252)))) > 0
~—_——

n
(m—1)—times

= a A" (g,) + (1 —a)AmT I (4n—f0) >0

= alA™ (a,) + (1 —a)A™ (2290 > 0,

for all n € {0,1,...} and for arbitrary fixed m, m € N.
The proof is completed. 0

For m = 1 we obtain:
COROLLARY 12. [10] The sequence (an)o> is a-convex if and only if
(an — ao + a[n(ant1 — an) — (an — ao)))nZ; »
is a starshaped sequence.

THEOREM 13. The sequence (a,)5 is (m, a)-convex if and only if it may
be represented by

(1) a”:"i%—(”—l)co,
k=1
with
®) A (ener = trenna) 2 (1=3) 277 (351).
amt (Cn+2 - nLchH) >0, A"t (%) >0,

n > 2, and for arbitrary fixed m, m € N.
Proof. On one hand, taking into account , we easy obtain
AQ(an) = Cpyo — nLchH
and, consequently
(3) A" (g,) =AM (cn+2 — nLchH) )
On the other hand, using again, we also have

NCER

and, thus

(4) AT (mgee) = AT (G ).
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From and we obtain
a AT (an) + (1 —a)A™ (7‘“‘_“0) =

= a &A™ (s = Gipentn) + (1 - a) A (2.
Subsequently, it follows that
a A" (a,) + (1 —a)A™ (4n—d0) >0

if and only if
6 e isean) 2 (1 2) 67 (320).
The proof is completed. O

REMARK 14. Note that representation has been presented for the first
time in [9]. O

COROLLARY 15 ([10]). The sequence (an)5e is a-convex if and only if it
may be represented by

n
Zf— n — 1)co,

k=1
with

Cn+2 > (1 - ﬁ) Cn+1,
and c, > 0, n > 2.

THEOREM 16. Let m € N be fized and o € [0,1]. If the sequence (an)52 is
(m, a)-convez, then it is (m, 8)-convex.

Proof. The proof follows from Theorem Indeed, let the sequence (a,)52,
be (m, a)-convex. Then, it may be represented by with ,

—1 1 -1 Cn,
A7 (enre = o) 2 (1-3) 277 (35).

-1 —1 (cn
A (s = Gipensn) 20, AT (@) >0,

and

n > 2.
Although, since 0 < § < «, we also have

a AM1 (Cn+2 - HLHCHJA) 2 (1 - %) Am (%) ’

with same conditions as above, which shows that the sequence (a,)5%, is
(m, B)-convex as well.
The proof is completed. O

For m = 1, as a particular case, we obtain

COROLLARY 17 ([10]). If the sequence (an)22 is a-convez, then it is [3-
convez, for 0 < 8 < a.
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