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Abstract. The paper is concerned with estimates for the mixed modulus of
smoothness in Lebesgue spaces with Muckenhoupt weights, Steklov type aver-
ages.
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1. INTRODUCTION

The main aim of this research is to investigate the approximation properties
of some means of two dimensional Fourier series in Lebesgue spaces L?, (']I‘Q)
with weights w in the Muckenhoupt’s class A, (T?,J), where J is the set of
rectangles in T2 := T x T, T := [0, 27] with sides parallel to coordinate axes.
Trigonometric approximation by “angle” and mixed K-functional will be the
main tools. We obtain the main properties of the weighted mixed modulus
of smoothness Q, (f,d1,02),,, in L%, (T?), w € 4, (T%]), 1 < p < co. Note
that, in general, in weighted spaces, such as L? (’]I‘z), the classical transla-
tion operators are not bounded. Instead of classical translation operators we
use Steklov type operators to define the weighted mixed modulus of smooth-
ness Q. (f,01,02),,, in L, (T?) (see [2]). Starting from 70s, in the classical

nonweighted Lebesgue spaces LP (’]I‘Q) (defined on T? or T¢ d > 1), some
problems related to the classical nonweighted mixed modulus of smoothness
wr (f,01,02), have been actively studied by mathematicians: M. K. Potapov
[14, [17], [18], [15, [16]; Potapov, Simonov, Lakovich [20]; Potapov, Simonov,
Tikhonov [22], [19,121]; A. F. Timan [27]; M. F. Timan |28, Chapter 2]. Among
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these problems we mention direct and inverse theorems of angular approxima-
tion [14],17], [18]; Hardy-Littlewood, Marcinkiewicz-Littlewood-Paley and em-
bedding results [15] [16]; transformed Fourier series; embedding results of the
Besov-Nikolski and Weyl-Nikolskii classes [19) 21], Ulyanov type inequalities
[23]; mixed K-functionals [6], [25]; fractional order classical mixed modulus of
smoothness [24].

In what follows, A < B will mean that, there exists a positive constant
Cu,,.., depending only on the parameters u,v,... and can be different in
different places, such that the inequality A < CB holds. f A< Band B< A
we will write A =~ B.

It is well known that the main property of modulus of smoothness
Q- (-, 01,02),,, is that it decreases to zero as max{d1,d2} — 0. This rate
can be characterized by some class ®,, 4, defined below: the class ®,, 4,
(a1,a2 € R x R) consists of functions v (-, -) satisfying conditions

(a) 9 (t1,t2) > 0 bounded on (0, 00) x (0, 00),
(b) w (tl,tg) — 0 as max {tl,tg} — 0,

(c) ¥ (t1,t2) is non-decreasing in ¢; and t2, (d) t; **4 (¢;) is non-increasing

int; (i=1,2).
We suppose that J is the set of rectangles in T? with the sides parallel
to coordinate axes. A function w : T? — RZ := [0,00) is called a weight

on T? if w (w1, 22) is measurable and positive almost everywhere on T?. We
denote by A, (TQ,J), (1 < p < 00) the collection of locally integrable weights
w : T? — RZ such that w (21, x2) is 27-periodic with respect to each variable
x,y and

(1)

p—1
C::sup(él/w (x1,22) dxld:vg) <C1¥| / [w (%1,.’1)2)]ﬁ dwldm) < 00.
GeJ
G G

The least constant C' in will be called the Muckenhoupt’s constant of w
and denoted by [w], .

The main result of this work is the characterization of the modulus of
smoothness, given in the following theorem.

THEOREM 1. Letr € N, p € (1,00) and w € A, (T?,J).
(a) If f € LP, (T?), then there exists 1 € ®ay 9, such that

(2) Qr (fit1,t2),,, = ¥ (t,t2)

holds for all t1,t2 € (0,00) x (0, 00) with equivalence constants depend-
ing only on r and [w], .

(b) If1) € ®o.9, then there exist fo € L, (T?) and the positive real numbers
to,t3 such that

(3) Qr (fo,61,02),,, = ¥ (01,02)
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holds for all 61,02 € (0,t) x (0,t3) with equivalence constants depend-
ing only on r and [w], .

For functions in L? (T), p € (1,00), w € A, (T) Theorem (1| was obtained
by the author in [I]. In this work we simplify the (long) proof given in [I].

This type characterization theorem was proved in [26] (one dimensional
case) for the spaces LP (T), p € [1,00), with classical moduli of smoothness of
fractional order. The class ®, describes completely the class of all majorants
for the moduli of smoothness w; (-,d),, in the space L” (T), p € [1,00). For
wy (4 5)p, r € N the characterization problem was investigated by O. V. Besov,
S. B. Stechkin [4], V. L. Kolyada [12]; for wy (+,d),, 7 > 0 the characterization
theorem was obtained by S. Tikhonov [26].

2. PRELIMINARIES

Let L' (T?) be the collection of Lebesgue integrable functions f (z1,x2) :
T? — R such that f (z1, x2) is 27-periodic with respect to each variable x1, z2.
Let 1 < p < o0, w(w1,22) € Ay (T%J), and let L? (T?) be the collection of
Lebesgue integrable functions f (x1,z2) : T2 — R such that f (z1,22) is 27-
periodic with respect to each variable x1, zo and

1/p
[l = (/ |f ($1,$2)\pw(9€1,x2)dﬂf1da?2) < 0.

TQ

When w (21, 22) = 1 we denote [|f]l,; =: [|fl|, and L} (T?) =: L? (T?) for
1 <p < oo; L§° (T?) =: L™ (T?).
We define Steklov type averages by

1 x1+h1 zo+ho
O-hl,hzf(xl;mQ) :4h1h2 / / f(t,T) dtdr.
X X

1—h1 2—ha
z1+h1

Ohnod (wrwe) =3 [
x1—h1
x2+ho

Genad (wran) =k [ f ey
xo—ho

LEMMA 2. [8, Theorem 3.3],[2] If 1 < p < o0, w € A4, (T?,]), f € L?, (T?),
then

(4) {10n o F Ly 1m0 F 1l o 10 F L b S 1F ]

uniformly in hi, he, where the constants depend only on [w]Ap and p.
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For 1 < p < oo, w € Ay (T2]), f € LP, (T?), hy,ha, r € N, we define the
mixed differences by

Nt
Voot (
Vinwd @ra2) = 30 (Ve5,1) (@122),

8

1,22) = ([—on o) f(z1,22),

17$2) = (H_UO,hQ)Tf(x17$2)7

8

where I is identity operator on T?. Using the inequalities we get
(5) {ones it} S 17

for 1 <p<oo,we€ A, (T?%,1]), f € LP, (T?), r € N, with constants depending
only on [w], and p,r.

The mixed modulus of smoothness of f € LP, (T?), 1 < p < o0, w (7,y) €
A, (T%]), 7 € {0} UN, can be defined as

L.
p,w

(vij};f

L
p,w

o [Tisedl, e
(6) Q- (f,01,02)p0 = 4 0<hy<ss
£, 7 =0.

If1<p<oowe A (T4, f € LE, (T?), r € N, then from () and
Qr (f,01,02),, S £, with constant depending only on [w], and p,7.

Note that from the definition of Q, (f,, ") pw 1t has the following properties
when 1 < p < oo, w € 4, (T%,]), f € LP, (T?), r € N:

(1) QT’ (f7 0, O)p,w =0.

(2) @ (f,61,02),,, is subadditive with respect to f.

(3) Qr (f, (51,52)1)#} < Qr (f, t17t2)p7w for 0 < 51 < ti; 1= 1,2.

When w (21, 22) = 1 we donote Q. (f, 51,52)@1 =: Q. (f, 61,(52)p for1<p<
o0, Qr (f, (51, 52)00’1 = QT (f, (51, 52)00'

Let 1 < p < oo, w € A, (T%J), and f € L? (T?), then there is A € (1,00)
such that f € L*(T?), namely, we have LP (T?) C L*(T?) and this gives
possibility to define the corresponding Fourier series of f.

LEMMA 3. [2] If 1 <p < o0, w € A, (T%,]), and f € L, (T?), then we have
(7) = (1%) c 12, (1?) < L (T2)
for some \ > 1.

We define 7Ty, y, as the set of all trigonometric polynomials of degree at most
m with respect to variable 1 and of degree at most n with respect to variable
T9. Then

Yinyma (f)pw = inf {Hf - zil T;

:T%GTmi}a

p7w
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where T, is the set of all two dimensional trigonometric polynomials of degree
at most m; with respect to variable z; (i = 1,2)

[e.e] [e.e]
Let 1 < p<oo,we€ A, (T%]) and Y > Ap,n, (¥1,22) be the corre-

n1=0mn2=0
sponding Fourier series for f € L?, (T?). We define the partial sums of Fourier
series of f € LP, (T?),1 <p < oo, w € 4, (T?%]) as

m o0

Sm,o (f) (l‘l,l‘g) = Z Z Anl,nQ ($1a$2af)a

n1=0mn9=0
o0 n

So,n(f)(xlax2) = Z Z Anl,ng ($1,$2,f),

n1=0n2=0

Smims (F) (x1,22) = > > Anymy (w1,22, f).

n1=0mn9=0

Define the partial de la Vallee Poussin means of f as

2m—1
(8) Vm,o (f) (‘Tla $2 m+1 Z Sk o )
2n—1
(9) %,n (f) I, 1‘2 n+1 Z Sol
2mq1—12mo—1
(10) Vm1,m2 (f) (‘Tla 1:2) :m Z Z Sk,l (f)

k=m1 l=mo

LEMMA 4. 2] If 1 <p < o0, w € A, (T%]), f € L, (T?), then

{I1m.0 (Dl s 150 (F)llps [ Smima (Pl b S 1l

{Vino (Pl o s Vo (D)l 1Vinsms (D)l b S 1 F
Hf - Wm1,m2f”p7w rg Ym1,m2 (f)p,u}

where Wiy mo f (1,22) = (Vinio (f) + Vome (f) = Vinyms (f)) (21, 22) with
all constants depending only on [w]Ap and p.

By Theorem 6 of [13]

(11) |f = Conma
as mi,mg — oo where Cp . f is ath Cesaro mean of f. From this we

can deduce that C (T?) is a dense subset of LP, (T?) for 1 < p < o0, w €
Ay (T2,3). Then Yoy my (£ S | f = Cltyma f \pw — 0 and Yo sy (), 0, —

p?w
0 as mq, mg — 0.

’ —0
p7w

)
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Let W5 r, s € N, (respectively W2: W;j) denote the collection of func-

pw? pw’
tions f € L' (']I‘d) such that f("%) e Ly (Td> (respectively fro) e Ly (Td> ;
e e g (T)).

The following inequalities can be obtained by the method given in [2]. For
l1<p<oo,wedAi, (']I‘Q,J), r € N, there exist constants depending only on
[w] 4, and p,7 so that

(i) (Jackson inequalities of Favard type)

2r,0 2r,
(12)  Youms (910 S Gy d L g ewy,
1 (0,27) 2
(13) le,mz (92)p7w S (m2+1)2r 92 r w 9 92 E W;’WT7
< 1 (2r,2r) 2r,2r
(14) le,mg (Q)I,M ~ (m1+1)2r(m2+1)2r g pw g S Wp,w .

(ii) if 41,02 > 0 then

15 98, S PUa(dV60) g e Wi
16) (28 S %o (d0P06) L e W2,
A7) Qe (9.01,8),, S 061630 (9(2’2),51,52%7&), ge w22,
and hence
Q (f.6,),0 S §2r || p2re) "
A (f & S €1
Q (f,61,82),., < 52752 || p(2r2n) "

DEFINITION 5. The mized K-functional is defined as
K(fa 51,52,p,w,r, S) =

o— i — — — T
._gllggg{Hf g1—92— 9, 01

ar+s

.0
p7w

oz Oy

0%ga
oy*

+ 45
p7w

" g
[3)

"

+ 47105
p?w

where the infimum is taken for all g1, g2, g so that g1 € W3, g2 € Wpi5, 9 €

p7w’

Wrs where r,s €N, 1 < p < oo, we A, (T2,]), f € L?, (T?).

(iil) If 1 < p < o0, w € A4, (T%]), f € LP, (T?) and r € N, then there exist
constants depending only on Muckenhoupt’s constant [w] A, of w and p,r so
that the equivalence

(18) QT (f751762)p7w ~ K(f7 51,52,27,&},27’)
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and the properties

D (f,201,182),, S (L4 [AD* (L4 [0])" Q0 (f.61,62),,,,
Q’r‘ (f) 517 52)]),&) < Q’r‘ (f7 t17 t2)p,w
6%r5%r ~ t%rt%r ’
hold for 1,09 > 0, where |z| :=max{z € Z:z < z}.

(iv) can be refined by the inequality below [2]. If 1 < p < oo,
w € Ay (T%]), f € LP, (T?) and r € N, then there exists Clu], pr depending
P

only on Muckenhoupt’s constant [w] A, of w and p,r so that

0<t; <d;; i=1,2,

1 1
(19) Vi (D < Cla % (575

where mq,mg € N.

3. PROOF OF THEOREM 1

Let wy (-, 01, 62)p, 1 < p < o0, be the usual nonweighted mixed modulus of
smoothness:

wr (g, 01,02), = sup (I = Ty, o) (T=Top,)"gll,, g€ L7 (T?),
0<h1<01,0<he <82

where T}, o9 (21, 22) := g(x1 + h1,22); Top,g (21, 22) := g(x1, 22 + h2). From
[25] (1 < p < o0) and [6] (p = oo) and there exist positive constants,
depending only 7, p, such that

(20) war (9,01, 62),, = Qy (9,01, 62),,

holds for 1 < p < oo and g € L? (T?).
Theorem 2.5 of [26] give that: Let r € N, p € [1, 00].
(a) If f € LP (T?), then there exists 1) € ®,, such that

(21) Wy (f,tl,tg)p ~ w(tl,tg)

holds for all ¢1,t2 € (0,00) x (0, 00) with equivalence constants depending only
on r.

(b) If ¢ € ®,.,. then there exist fo € LP (T?) and the positive real numbers
to, t3 such that

(22) wy (fo,01,02), = 1 (01, 02)

holds for all §1, 2 € (0,t) x (0,¢3) with equivalence constants depending only
on 7.

Proof of Theorem [l (i) Note that if F € C (T?) then from

(23) [rinFl,, < o,

vz’f’hQFHC(TQ) ’
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Using Theorem 2.5 (A) of [26], (7)), (20), (18), there exists 1 € ®g, such
that

Q, (F,01,02),, < Cp,fu] 4, (F,61,02) < Cp fu] 5, W2r (F,61,02) o
< Grpful,, ¥ (01,02).

If p e (1,00), A, (T2,]), f € LP, (T?), then, by , for any € > 0 there exists
F € C (T?) such that ||f — F|pw <e. Thus

Q- (f,01,02),, < Q0 (f—F01,02),, +Q (F,01,02),,
< Crpuly 1 = Fllpw + Crp ], ¥ (01,02) -
Letting € — 07 we get
Q (£.51.02) 4 < Crpiu, & (51.62)
On the other hand, from (18], (20), and Theorem 2.5 (A) of [26]
Y (01,02) < Cr,p,[w]przr (f,01,62); < Cr,p,[w]ApQr (f161,02),, .,

and the equivalence is established.

(ii) For the equivalence let ¢ € ®g,. By Theorem 2.5 (B) and Remark
2.7 (1) of [26] there exist f € L (T?) and the positive real numbers o, t3 such
that

war (f,61,02), &1 (01,82), p=1,00
holds for all 41, d2 € (0,t9) x (0, t3) with equivalence constants depending only

on r. Then by , we get
¥ (01,02) < Gruwar (f,01,02) < Gy (f,01,02)1 < Crp ), S (1 01,02),,,
Crpful 4 S (01,02) 00 < Crp ], war (£, 01,02) 5
< Cr,p,[w]Apib (01, 02)
for all 61,92 € (0,t0) x (0,3). O
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