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AN IMPROVED SEMILOCAL CONVERGENCE ANALYSIS
FOR THE MIDPOINT METHOD
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Abstract. We expand the applicability of the midpoint method for approximat-
ing a locally unique solution of nonlinear equations in a Banach space setting.
Our majorizing sequences are finer than the known results in scientific literature
[T, 3l 4, [TOHT6L 24H26], 28] and the convergence criteria can be weaker. Finally,
numerical work is reported that compares favorably to the existing approaches
in the literature [6, 8-16, 24-26,28].
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1. INTRODUCTION

In this study, we are concerned with the problem of approximating a locally
unique solution x* of equation

(1.1) F(x) =0,

where, F is a twice Fréchet differentiable operator defined on a convex subset
D of a Banach space X with values in a Banach space Y. Numerous problems
in science and engineering can be reduced to solving the above equation [23|
32]. Consequently, solving these equations is an important scientific field of
research. In many situations, finding a closed form solution for the non-linear
equation is not possible. Therefore, iterative solution techniques are
employed for solving these equations.

The study about convergence analysis of iterative methods is usually divided
into two categories: semi-local and local convergence analysis. The semilocal
convergence analysis is based upon the information around an initial point to
give criteria ensuring the convergence of the iterative procedure. While the
local convergence analysis is based on the information around a solution to
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find estimates of the radii of convergence balls. In this paper, we study the
semilocal convergence of the midpoint method defined as

(1.2) Yn = & — F (20) " F(20),
—1
Tn+1 :xn—f/(%) F(xy), foreach n=0,1,2,...,

where zg € D is an initial point. Here, F'(x) denotes the first Fréchet-
derivative of the operator F [23, 32]. It is well-known that the Midpoint
method is cubically convergent and it has a long history [see 27H32]. Let
U(w, R) and U(w, R) stand, respectively, for the open and closed balls in X
with center w and radius R > 0. Let the space of bounded linear operators
from X into Y be denoted by L(X,Y). The following set of (C) conditions
have been used

(1) There exists zo € D such that F’(zo)~! € L(Y,X).

(2) || (o)~ F(wo)|| < .

(3) [|F (zo) ' F"(z)|| < L for all z € D.

4) [|F(zo) ™ (F"(z) = F"(y)|| < M|z —y]|, for all z,y € D.
The following sufficient convergence criteria have been given in connection to
the (C) conditions

AMHL2—L VL2 +2M : 2L OE
(1.3) n < MLV 2M) [T, 3, 4} [23H26]

However, simple numerical examples can be used to show that criteria
and are unsatisfied but the midpoint method still converges to the
solution z*. As an example, let X =Y =R, zp = 1 and D = [(,2 — (] for
¢ € (0,1). Define function F on D by

(1.5) Flz) = a° — .
Then, using conditions (C), we get
=19 L=42-¢° M=122-(>%

—~

Figure|l.1| plots the criteria ([1.3]) and (1.4) for the problem (1.5). The curve
(defined by the right hand side of the inequality ([1.3])) intersect the line n (see

Figure [1.1]) at ¢ ~ 0.73 while the curve (defined by the right hand side of the
criteria (1.4])) intersect the n line at ¢ ~ 0.72. We notice in the Figure
that for ¢ < 0.72 the criteria ((1.3) and ([1.4)) are not satisfied. However, one



3 An improved semilocal convergence 111

1072
20w 0‘ — T T T e
L —a-7
18 | ﬁ B
AMAL?—LVEZFIM |
16l 3M(LEVLZT2M)
14 - B
12 B
10 A
8 [ -
6 |- -
4 |- -
2 [ -
0 I 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1 I ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 1.1. Convergence criteria (1.3) and (1.4) for (1.5).

may see that the method is convergent. For additional examples, see the
Section 4.

In our work we expand the applicability of the midpoint method (1.2)), in
cases where or are not satisfied, using the (C) conditions together
with the following center Lipschitz condition

(1) (| (o)™ (F'(z) — F'(z0))|| < Lo l|lz — ol for all z € D.
We shall refer to (C;)-(Cs) as the (H) conditions.

As can be inferred from the studies [1-28], several techniques are usually
employed for analyzing the convergence of iterative methods. Among these,
the most popular technique is based on the concept of majorizing sequences.
In the studies that lead to the convergence conditions and (1.4) the
computation of the upper bounds on ||F'(z,) ' F'(z¢)| was based on (Cs)
and the estimate
(1.6) |7 @) 7 (o) <

1
1—-L||zn—xo]|

Instead of (C3) we use the more precise and less expensive condition (Cs)
which leads to

(1.7) |7 @) F (@0)| < =it
Note that
(1.8) Lo< L

holds in general and L/Lg can be arbitrarily large [22], 23]. This change in the
study of the semilocal convergence of the midpoint method leads to tighter
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error estimates on the distances ||y, — zn||, [[Tn+1 — Unll, |yn — %], |20 — 2*]]
and weaker convergence criteria.

The rest of the paper is organized as follows. Section 2 develop results on
majorizing sequences for the midpoint method , where as in the Section
3 we present the semilocal convergence of the Midpoint method. Numerical

examples are given in the concluding section 4.

2. MAJORIZING SEQUENCES

In this section, we study the convergence of scalar sequences that are ma-
jorizing for the Midpoint method . Let the positive constants be Ly > 0,
L >0, M>0andn>0. It is convenient for us to define functions v, a, «,
hiy©=1,2,3 by

(2.1) 1(6) = 2[1":7;] 7=

(2.2) at) = 55 (12L’y(t)2 + 12L~(t) + 7/\/177) . a=a(n),
a(t)t

(23 -7 g (i 17 T oo

(2.4) hi(t) = a(t)t + B2 (1 4+ ()t — 1

(2.5) ha(t) = La(t) t + 295 [2(1 + y(1)) + a(t)] t — (1)

and

(2.6) hs(t) = a(t)t + Lo(1 + ~v(t))(1 + a(t))t — 1.

We denote the minimal positive zeros of the functions hi, ho and hs by 11, n2
and 73, respectively. Note that a(t) is well defined on (0,7;) by the choice of
n1. Let us set

(27) o = min{nla 2, 773}
Then, for all ¢t € (0,79) we have

(2.8) aec(0,1),
(2.9) h1 (t) <0,
(2.10) ha(t) <0

and

(2.11) hs(t) < 0.

We can show the following result on the convergence of majorizing sequences
for the Midpoint method.



5 An improved semilocal convergence 113

LEMMA 2.1. Let the positive constants be Ly > 0, L > 0, M >0 and n > 0.
Suppose that

(2.12) { <mno if mo#m,

<no i mo=m-
Then, scalar sequence {t,} generated by

(2.13)
L(sp —tn)?
2 [ - %(Sn +tn)} ’
_ 2 6L2(5n_tn)3 _ 3 _ 3
12L(tp+1 — sp)° + I8 (0t (Sp —tn)°> + TM(sy — tp)
24(1 — Lo tpy1)

tO = O) So =1, tn+1 = Sp +

Sn+l = tn+1 +
1s increasing, bounded from above by
_ {1+
(2.14) = (£2) 7
and converges to its unique least upper bound t* which satisfies
(2.15) 0 <t <™.

Moreover, the following estimates hold for each n =0,1,2,...

(2.16) 0 < tny1 —sp <7y(sp —tn) <va"n
and
(2.17) 0 < Spt1 —tnt1 < afsy, —ty) < o™y,

Proof. We use mathematical induction to prove (2.16]) and (2.17). Estimates
(2.16)) and (2.17) hold for n = 0 by (2.1)-(2.3)) and (2.13)), since

_ 3 6L>(so—to)3 R
12L(t1 — s0)” + 1—%(150—&-30) + TM(sp — to)
24(1 — Lo ty)
- 12042 + 12Ly + TM(sg — to)
T 1= (14
< a
T1-R(149)

Let us assume that (2.16)) and (2.17)) hold for all £ < 7. Then, we have

81— 11 =

(s0 —to)?

(2.18) (so —t0)(s0o — to) < a(sg —to) = amn.

thr1 — sk < Y(sk — tr) < yaln,

k1
Skl — o1 < asp — tg) < oy,
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tnp1 < s +vafn < tp + oFn + yafy
< tpor 4 I+ o4y i + 40k
<<ty (Pt a’n e afy) + (ot £ yaty)
<sp+yan+ (@n+aPnt -+ afn) + (vaPn + - 4 yaln)
<ty +an+yan+ (@24 oy + -+ afn) + (vaPn 4 - 4+ yakn)
<+ an e + (@2 + - 4 afp) + (vaPn 4 aly)
(219) < 150014 < B2y =,

and

k+1
ser1 <t 0Py < [I5EE (14 9) +0"H g

< (}i—% + akJrl) n < P
Evidently, estimates (2.16]) and (2.17)) are true provided that
L(Sk — tk)

2.20 <
(220) 2(1—%(sk+tk))_7
and

—— <«

2(1 — Lgtk+1) -

Inequality (2.20) can be written as

(2.22) L"”“r”L“(?l“(1+7)+a)77—7§0-

Estimate ([2.22)) motivates us to define recurrent functions f; on [0, 1) for each
k=1,2,... by

(2.23) filt) = 252 4+ 200 (2322 (14 9) + ) — .

We need a relationship between two consecutive functions f;. We have by
(12.23))

Jerr(8) = fiult) + 50— B 20 (9(1 4 )(eF — 57 4 41— )
(224) = ful®) + (t = 1) [t +yLo(1+7) + 252|571y,
It follows from ([2.24]) that
(2.25) S (@) < fu(t) <--- < fu(t).
In view of (2.25)), estimate (2.22) holds if

(2.26) fi(a) <0
which is true by the choice of 7,. Similarly, estimate (2.21]) can be written as

(2.27) ackn + alo(1+7) (1_O‘k+1) n—a<0o.

l—«
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Define recurrent functions g on [0, 1) for each k = 1,2,... by

(2.28) gk(t) = at" "y + Lo(1+ ) (557 ) n— 1.
Then using we get

(2.29) g1 (D) = gult) + (t — 1) [a+ Lo(1 + ) 1,
Hence, it follows from that

(2.30) G (D) < gelt) < -+ < g1 (1),

In view of , instead of , we can show that

(2.31) g1(a) <0,

which is true by the choice of n3. The induction for and is
complete. Hence, sequence {t¢,} is an increasing, bounded from above by t**
and as such it converges to its unique least upper bound t*. The proof of the
Lemma is complete. O

We have the following useful and obvious extension of Lemma 2.1
LEMMA 2.2. Suppose there exists N > 0 such that

(2.32) to<so <t <--- <ty <sy<itnp <z

and

< 7
(2.33) SN_tN{_nO f mo#m

<mno if mo=mn.

Then, the conclusions of the Lemma 2.1 hold for sequence {t,}. Moreover,
the following estimates hold for each n =0,1,2,3,...

(2.34) 0 <tNt14n — SN+n < IN(SN+n — tN+n)

and

(2.35) 0 < SNt14n — tN+14n < AN(SN4n — tN4+n)

where Yy =y(sy —tN), any = a(sy —tn) and ty = %figx(sN —tN).

REMARK 2.3.
(1) Note that for N = 0, the Lemma 2.2 reduces to Lemma 2.1 with
ap = a and yg = 7.



116 Toannis K. Argyros and Sanjay K. Khattri 8

(2) Let us define sequences {r,} and {v,} by

(2.36)
Ko(gqo — r0)?
ro=0, qo=n, 7"1:(]0-1'2(1(_1;377/)2);
Lo (qo—70)3
(12L1(7“1 —q0)* + Stalalao—ro)” f,i(fio/?) + 7TMo(qo — 7“0)3>
a=rt 24(1 — Lyr) ’
L(Qn - Tn)2

T'n4+1 = Q4n + )
2 { - %(Qn +rn)}

2 _ 3
(12L(Tn+1 - Qn)2 + % + 7M(rn - Qn)g)
24(1 — LoTn+1)

for some Lg, L1, Lo, L3, Ky, My such that

(237) Ly <L, Ly<L, Ly<L, Ko<L, Ly<Lp and My<M

qn+1 = Tn+l T+ (n > 1)

and
L(uy, —vy,)?
v=0, u =1, Vpt1=1u,+ (Ln ) :
21— L0 (vn + )|
(2.38)
12L(vng1 — up)? + % + TM(uy —vy)3
_ — =5 (vntun
Up4+1 = Unt1 + 24(1 = L’Un+1)
In view of (1.8), (2.13]), (2.36)), (2.37)—(2.38]) a simple inductive argu-
ment shows that
(239) T < tn < U
(2.40) n < Sp < Up,
(241) Tntl — Gn < Sptl — by < Upy1 — Up,
(2.42) In+1 — Tn+1 < Snt1 — tng1 < Untl — Ul
and
(2.43) r* = lim r, <t <v* = lim v,.
n—oo n—oo

Moreover, (2.39)-(2.42) hold as strict inequalities for n > 1 if
and (2.37) hold as strict inequalities. Sequence {v,} was shown to
be majorizing for the Midpoint method provided that or
hold [1, [3, 4, MOHI6, 24-26, 28]. We shall prove in the next
section that tighter sequences {r,, } and {v, } are also majorizing for the
Midpoint method (1.2]). Then, certainly these majorizing sequences
also converge under (|1.3)) or . However, these sequences converge
under the new convergence criteria given in the Lemma 2.1 which can

be weaker that (1.3]) or (1.4]) (see Section 4). In the next Section, we
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shall provide the connection of Lo, L1, Lo, L5, L3, Ko, My to the
equation ([1.1)) and the Midpoint method (|1.2)) so that estimates (2.37))

are satisfied.

3. SEMI-LOCAL CONVERGENCE OF THE MIDPOINT METHOD

We need the following Ostrowski-type representation for the Midpoint me-

thod (T.2).

LEMMA 3.1. Suppose that the Midpoint method (1.2)) is well defined for each
n=20,1,2,.... Then, the following identities are true for each n =10,1,2,...

(3.1)
]:(anrl) =

1
= [ gt 0zass g1~ O A0 — n)?
+4/ ]_-// zn+yn)+ ( J;n))(yn_wn)d@f’(%)_lx
/ F' (@ + Lyn — 20)) dO(yn — )’

b [ [P G0 = 7)1 = 0) = LF o+ S — )] A0y — 20"
0
and
1
Intl = Yn = _%"rl(mngyn)il/o F'(zn + g(yn — @n)) dO(yn — xn)”,

Proof. The proof of (3.1)) can be found in [1-4]. Using (1.2)), we get in turn
that

Tp4+1 — Yn =
= F{an)  Flay) — F(Eakn)1

F
= (Flan) ™t = F(E52) ) Flan)
= F () [F () F )™ 1]

= (a7 [P (i) — F ()] F () F(wa)

Zn)

1
= P [P o 0 — ) (22— 2,) (g — 20)) d8

1
_%]:/(%)_1/0 ]:”($n + %yn - xn) da(yn - xn)2-
The proof of the Lemma is complete. O

We can show the main semi-local convergence result for the Midpoint me-
thod ([1.2)) under the (H) conditions.
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THEOREM 3.2. Suppose that the (H) conditions and those of the Lemma
2.1 hold. Moreover, suppose that
(3.2) Ul(zo,t*) C D.

Then, sequence {x,} generated by the Midpoint method (1.2)) is well defined,
remains in U(xzo,t*) for all n > 0 and converges to a solution xz* € U(xq,t*)
of equation F(x) = 0. Moreover, the following estimates hold

(3.3) [yn — znll < sn — tn,
(3.4) [Znt+1 = ynll < tng1 — sn,
(3.5) |en — 2] <t —t,
and

(3.6) lym — ]| < #* = 5.
Furthermore, if there exists R > t* such that

(3.7) Uz, R) C D

and

(3.8) L2° (' +R) <1,

then, the solution x* is unique in U(xzo, R)

Proof. We shall prove that l-} and . hold using mathematical induc-
tion. Using (1.2)), (C2) and We get that ||yo — zo|| = || F(w0) "L F"(x0)|| <
n = so—to < t*. That is holds for n = 0 and yo € U(zo,t*). We have by
(Cs) and the choice of 1 that

| F (o) ™ [F(2052) — F'(20)] || < & llyo — ol
(3.9) LQO (So — to) 0’I’] < 1.

It then follows from (3.9) and the Banach Lemma on invertible operators
[23, 32] that

A

| /\

F(2dy e L(Y,X),

(3.10) H]_-/ (st 1 F H—

1-

Using (1.2 -, Lemma 3.1 and we obtaln

1L|I —xo?
21 — yol| < QM

-7

1 L (so—t0)?

(3.11) < 5“_()7%037)
and

(3.12) 1 = yoll < t1 = s0 <¥(s0 = to)-
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Hence, (3.4) holds for n = 0. We also get that ||z1 — zo| < ||z1 — wol| +

llyo — ol < t1 — so + so — to = t1 < t*, which implies x; € U(xzo,t*). Let
us assume that (3.3)), (3.4), v* € U(zo,t*) and zx1 € U(wo,t*) hold for all
k < n. It follows from the proof of the Lemma 2.1 and (Cs) that

|7/ (o) ™ (F/(255) — F(20) ) | < & (llax — o]l + llyx — o))
(3.13) < Loty +s) <1
and
|7/ (@)™ (F(@hin) = F(@o))| < Lollwnsr — o]

(3.14) < Lotk+1 < 1.

It then follows from (3.13)) and (3.14)) that
F(#5) 71 € L(Y, X),
Fllwkn) " € LY, X),

(3.15) H.F’(%)_l}"(wo)u = 1- L(’(tk + )
2
(3.16) Hf’(mkﬂ)_lf’(m)” < Thonn

Then, we have by (1.2)), (Cs3), Lemma 3.1, (2.13]), (3.15) and the induction

hypothesis that

Llyx — a2
Zkr1 — il < 3
21— Lo (s + 1)
(3.17) < __Llr=ti)® thit — Sk,

- 2 [1—%(8]@4-15}@)}

which shows ({3.4). Moreover, using (1.2, (Cs), (Cy), (2.13), Lemma 3.1, we

obtain in turn

[ F o)™ [F G+ 00)(1 = 0) = 1 0+ Bl — )]

1
<|| [ # 0 1w+ 0t = ) - F ]
0

Al e o sl

1 1
<M [ 00— 0)db |y — ol + 4 [ 08y~ ]
(3.18)
= % g — -
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Thus,
(319)  ||F (@) Flans)|
L 2 L2 1 3, M 3
< Sll@ker —yell” + Tm”yk —xgl|” + S5 lyk — 2|
L )2 L2(sp—tg)* TM(o _ 1.\3
S Q(tk‘-f—l Sk‘) + 4[1_%(Sk+tk)j| + 24 (Sk tk)
and
gt = 2| < | F @as) ™ F (o) ||| 7 (0) " Flaras)|
L(tktr1—sk)? L2 (sp—ti)3 TM(o _ 1\3
_ 2 + 4[1= 20 (tp+si) | o (5~ 1)
- 1 — Lotk
(3.20) = Sk+1 — lk+1,

which shows (3.3]). We also have that
lyk+1 = @oll < Nyrt1 — Trga || + [[@r41 — 2ol|
< St — b1 by — to = Spp1 <t
and

|zk+2 — 2ol < [[Tkt2 — Ykt ll + lyk+1 — 2ol
< thg2 — Skl + Sky1 — to = o <t
Hence, yj11 and xpyo belong in U(zg,t*). It follows from (3.3, (3.4) and the
Lemma 2.1 that sequence ia:n} is complete in a Banach space X and as such
it converges to some z* € U(xq, t*) (since U(xg,t*) is a closed set). By letting

k — oo in (3.19) we obtain F(z*) = 0. Estimates (3.5 and (3.6)) follows from
(3.3) by using standard majorization techniques [23, [32]. Finally to show the

uniqueness part. Let y* € U(zg, R) be a solution of the equation F(x) = 0.
Let Q = fol F'(z* + 0(y* — x*)) df. Using (Cs), (3.7) and (3.8]), we get that

Hf’(ﬂ:o)‘l [® _f/(m)]H < /01 |F (o)~ [F (" + 0(y* — 2%)) — F(z0)] d6)

1
< Lo /0 (1= 0) | — zol| + Oly* — o] 4B

(3.21) <Lt +R) <1

It follows from and the Banach lemma on invertible operators [23], [32]
that Q~! € L(Y,X). Then, using the identity
0=F(y") - F@") =Qy" — ")
we deduce that z* = y*. The proof of the Theorem is complete. d
REMARK 3.3.

(1) The limit point t* can be replaced by t** (given in closed from by
(2.14))) in Theorem 3.2.
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(2) The conclusions of Theorem 3.2 hold if hypotheses of Lemma 2.1 are
replaced by those of Lemma 2.2.

(3) It follows from the (H) conditions that there exists constants Ko, L1,
Ly, L3, My satisfying

(3.22) |7 (20) L F" (0 + (w0 — o)) | < Ko

(3.23) Hf’ 20) " F" (yo + 821 — o)) || < Ln

(3.24) | (20) ™ F" (o + § (30 — w0)) | < Lo

(3.25) |7 (o) L (24 4 (3o — a0))|| < L

(3.26) |7/ o)™ [ (z0) — F ()] || < St llyo — ol
(327)  ||F o)™ [F (o +Blyo — 20)) — F"(0)]|| < MoBllyo — o]

0 = 0 or §/2. For all & € [0,1], where, yo = 2o — F'(z0) ' F(20)
and 1 = x9 — F/(2F0) "L F(z0). Estimates -(3:27) are not
additional to the (H) conditions, since in practice the verification of
(Cs2) - (Cs) requires the computation of Ko, L1, Lo, Lz and Mj. Note
that finding these constants only involves computations at the initial
data. Moreover, these constants satisfy . Furthermore, according
to the proof of Theorem 3.2, {r,} is a majorizing sequence for {z,}
which is finer than {¢,} and {v,} (see also (2.39)-(2.43)) and the Tables
in the next section).

4. NUMERICAL EXAMPLES

EXAMPLE 4.1. Let X =Y = R be equipped with the max-norm, zo = 1,
= [1),2 —1]. Let us define F on D by
(4.1) F(x) =a™ —.

Here, a € (0,1.0). Through some algebraic manipulations, for the conditions
(H), we obtain

1—1 m—2 2—)m 11
=—— L=@2-¥9)" " (m-1), Lo ===t
and M= (m—1)(m—2)(2—¢)™ 3.
Furthermore, we see that for m = 8 and ¥ = 0.79 the criteria and .

yield
0.026 < 0.021 and 0.026 § 0.020

respectively. Thus we observe that the criteria and ( are not satis-
fied. Even though the criteria ) and . fall short but Mldpomt method
starting at g = 1, converges for m = 8 and a = 0.79 as reported in Table 4
Moreover from equations f we obtain

m = 0.038, 1 =0.028, n3=0.027.
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n ‘ lZnt1 — zal| | F ()| Tn

02879 %1079 2100 x 10~ 1.000 x 10790
11]2419%x107% 1576 x 1079 0.712 x 10701
2 1 1.576 x 10719 1.026 x 10799 9.710 x 10791
314.357 x 10729 2.836 x 10728 9.710 x 10791
419209 x 107%  5.994 x 1084 9.710 x 10791
5 18.697 x 1072°2 5661 x 1072°1  9.710 x 10791
6 | 7.327 x 10773 4.769 x 1072 9.710 x 10791
7 10.000 x 10790 1,198 x 1072023 9,710 x 10~

Table 4.1. Midpoint method applied to (4.1)).

From (2.7), we get 19 = 13 = 0.027. We notice that the assumption ([2.12)), of
Lemma 2.1, holds. That is n = 0.026 < 19 = 0.027. From (3.22)-(3.26)), we

obtain

H (2/3+1/3w—(—1/3+1/3w)2)2—1H
[=1/3+1/39—(=1/3+1/3v)*[|

Mo=17, L= 6(#)

L = (%)6 Ly=7 L3=6

We can verify that the conditions (2.37)) are fulfilled. Additionally, for the

sequences {t,} (given by

, we produce the Table

[£:12)), {ra} (given by @38)) and {v,} (given by

In Table we observe that the sequence

2.126 x 10640
5.147 x 10~ 1917

1.156 x 101436
0.000 x 10100

1.937 x 107128
—1.450 x 10380

n ‘ lnt1 — ln Tn+1 —Tn Un+1 — Un

0 ]3.084x107% 2909 x 1079 3.542 x 107%
1[6.199x107% 6515 x 1079 2.818 x 1077
2| 1.022x 1079 7473 x107%  —4.567 x 107%
315.692x1071%  1.162x 107" 6.400 x 107
419876 x 10720 4.366 x 107> —4.798 x 10797
5]5158x 1077 2317 x 10711 2,204 x 10716
6 | 7.350 x 10721> 3463 x 10780 —2.134 x 10~*
7

8

9

0.000 x 10100

0.000 x 10100

6.081 x 10~ 1137

Table 4.2. Sequences {t,}, {rn} and {v,}.

{rn} provides tighter error bounds than the sequence {t,}. The convergence
of the sequence {v, } is not expected, since or are not satisfied. Note
also that {v,} was essentially used as a majorizing sequence for the Midpoint
method in [I} 3, 4, [T0-16, 2426, 2]]. O
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EXAMPLE 4.2. In this example, we provide an application of our results to a
special nonlinear Hammerstein integral equation of the second kind. Consider
the integral equation

1

(4.2) 2(s) :1+g/ Gls, ()P dt, s e 0,1],
0

where, G is the Green kernel on [0, 1] x [0, 1] defined by

t(l—s), t<s;
(4.3) G(s,t) = {5(1 —t), s<t.

Let X =Y = C[0,1] and D be a suitable open convex subset of X; := {z €
X :xz(s) > 0,s € [0,1]}, which will be given below. Define 7 : D — Y by

(4.4) [F(x)](s) ==z(s) — 1 — g/ol G(s,t)x(t)3dt, s€l0,1].
The first and second derivatives of F are given by

45 FEE) =y~ 2 [ Glneydt, s e ]
and

a6 FEEe) =% [ Geeinbe i se )

respectively. We use the max-norm. Let z(s) = 1 for all s € [0, 1]. Then, for
any y € D, we have

(4.7) (1 = F'(0))(n)](s) = 2 / G5, 1)y s 0,1],
which means
(4.8) 1= F/(wo)] < £ ma / Gls,t)dt = 42 = & < 1.
It follows from the Banach theorem that F’(z¢) ™! exists and
(19 HF’(:ro)‘lH <=1
On the other hand, we have from (4.4]) that

Fao)l = § max / Gs,t)dt = .

Then, we get n = 1/7. Note that F”(z) is not bounded in X or its subset X;.
Take into account that a solution z* of equation (1.1)) with F given by (4.3)
must satisfy

(4.10) o)l = 1 = &l < o,

ie., ||lz*|| < p1 = 1.153467305 and ||z*|| > p2 = 2.423622140, where p; and p2
are the positive roots of the real equation z — 1 — 23/10 = 0. Consequently, if
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we look for a solution such that z* < p; € Xy, we can consider D :={z: x €
X; and |z| < r}, with r € (p1,p2), as a nonempty open convex subset of
X. For example, choose r = 1.7. Using (3.7]) and (3.8]), we have that for any
z,y,z € D

(4.11) [[(F'(z) = F'(zo))y] ()] =
1
2| [" .0 - ott?wt0)
0

5

IN
o

1
2 [ Gls,)0) — 2olo) o9 + () y(0) e
2 [ GGs,t) 0+ Dllelt) =~ 2o®ly(e) bty s € 0,1

IN

and
(4.12)

1
IF" @)l = % [ Glo®u®=0dt, s € (0,1

Then, we get

(413) P @) - Flao)ll < 20+ Dlla - aoll = £z — ol
(4.14) IF @)l <2 x5 =2

and

@15) [[F") — F@] =) ()] = 2| [ 6s.0) o)~ 7)ior=(0) a
(4.16) séwxxw%m—m

Now we can choose constants as follows:

_ 6 _ 51 _ 81 1
M=2, L=%, Li=%, and n==.

From equations - , we obtain
m = 0.578, 19 =0.427, mn3 = 0.408.
Thus from
no = 12 = 0.427.
Since 1 # m1. Thus from (2.12)), we get
1 <0.3473064574.

Thus, the assumption (2.12)) holds. Furthermore, it can be checked that the
criteria ([1.3]) (0.143 < 0.307) and (1.4) (0.143 < 0.304) also hold. Likewise we
select the constants
51 4 52
Ko=732, Mo=3, L1 %, Ly=%, Ly=7%.

We can verify that the conditions are fulfilled. Additionally, to verify
the criteria (2.33)) and check the convergence of the sequences {t¢,} (given by
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[@12), {ra} (given by ([Z38)) and {v,} (siven by (238)), we produce the

Table 4.3l
n ‘ tn+1 —1in Tn+1 — Tn Un+1 — Un Sp — tn
0 | 1.510 x 10791 1.548 x 10791 1.591 x 10791 1.429 x 10791
1 ]2.989 x 10793 1.689 x 10793 3.404 x 10793 2.985 x 10793
2 | 2.897 x 10798 2.334 x 10799 4.631 x 10798 2.897 x 10798
3| 2.650 x 10723 6.183 x 10727 1.176 x 1022 2.650 x 10723
4 |2.028 x 10768 1.150 x 1077 1.925 x 1076 2.028 x 10798
51 9.088 x 107294 7.386 x 107238 8.441 x 107198 9.088 x 10204
6 | 8.182x 107610  1.959 x 10-712 7.121 x 107592 8.182 x 10610
7 15971 x 1071828 0.000 x 10799 4.275 x 10~L77*  5.971 x 1071828
8 | 0.000 x 10100 0.000 x 10190 0.000 x 10790 0.000 x 10100
9 | 0.000 x 10100 0.000 x 10190 0.000 x 10790 0.000 x 10100

Table 4.3. Sequences {t,}, {rn} and {v,}.

In the Table we observe that the sequence {r,} provides tighter error
bounds than sequences {t,} and {v, }. This is also true by (2.39). Additionally,
we notice in Table that the criterion holds. That is s, — t, < 9.

Concerning the uniqueness balls, let us denote the radii corresponding to

(3:21), (L.4)[see ) 3, &, 23-26] and (L.3) [see 12} 4] by 1, 72 and 43, respec-

tively. These are given as the smallest positive roots of the polynomials

(417) P1 (t) = Lot -1 (fOI’ t* = R),
(4.18) pa(t) = 542 —t 4+,

and

(4.19) p3(t) = 2+ L2 —t 4

respectively. Using the values of Ly, L, M and n we get
(4.20) v1 = 0.864, o =0.168, ~3=0.164.

Here, K = 1.767. Note that U(zg,r —1) C D, Ly < L and v3 < 72 < 7.
Therefore, the new approach provides the largest uniqueness ball and since
r —1 < 7, we deduce that z* is unique in U(zg,r — 1) = U(1,0.7) C D.
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