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LP-APPROXIMATION AND GENERALIZED GROWTH
OF GENERALIZED BIAXTALLY SYMMETRIC POTENTIALS
ON HYPER SPHERE

DEVENDRA KUMAR*®

Abstract. The generalized order of growth and generalized type of an entire
function F# (generalized biaxisymmetric potentials) have been obtained in
terms of the sequence EE(F*? 3%7) of best real biaxially symmetric harmonic
polynomial approximation on open hyper sphere ©%#. Moreover, the results of
McCoy [8] have been extended for the cases of fast growth as well as slow growth.
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1. INTRODUCTION

Let F*? be a real valued regular solution to the generalized biaxisymmetric
potential equation

9?2 0?2 2a+1 9 26+1 9 a,B _ _1
(F+ o T2 G+ B G) PP =0, a> 5>,

where (a, 3) are fixed in a neighbourhood of the origin and the analytic Cauchy
data F25(0,y) = F;Jrﬁ(:z:,()) = 0 is satisfied along the singular lines in the
open hyper sphere Effﬂ : 22 4+ y? < r2. Such functions with even harmonic
functions are referred to as generalized biaxisymmetric potentials (GBASP's)

having local expansions of the form

FOP(z,y) = anRyP (2,y)

n=0
such that
RyP(x,y) = (2% +y*)" Pl (a® — y*/2® +*) /PP (1), n=0,1,2,...
where the P2# are Jacobi polynomials [1], [18].
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Let K be a compact subset of the complex plane. Let the one to one
operator mapping between the space LP(X27) of real valued GBASP’s with

finite p-norm
- = (4 [ Pizas) . peloo),

Ille = supl-|, [1fp=1
P

S

and the space [P(K) of associated functions
oo
flz) = Z anz™, Rg’ﬁ(z, 0) = 22", n=0,1,2,...
n=0

continuous on K with finite p-norm. Following McCoy [14] for Koornwinder’s
integral for Jacobi polynomials and the inverse operator have been defined as:

1
FoPay) = Kaplf) = [ [ F(Omaplt,s)dsdt

:uoz,ﬁ(tv s) = ’704,5(1 - tQ)a_ﬂ_thﬁ—H(Sin 5)2a
2 = 2% —y*? —i2zytcos s
Yo = 20(a+1)/T(3)I(a—B)L(B+ 3),

and

D[ =

56 = Kby = [P0 r(1 - @)Dl e

Voz,ﬁ(Tag) = Soc7,3(7—>£)(1_£)a(1+§)6

— 2 3 27(1+
Sas(1.8) = Mapmrersek (T4 58+ 1 TR

Nap = Dla+B+2)/2°T 0 (a+ DB+ 1).

The normalizations K, g(1) = K&b(l) =1 are taken. The kernel S, 5(7,¢&)

is analytic on ||7]| < 1 for —1 < ¢ < 1. The local function elements F*% and
f are continued harmonically /analytically by contour deformation using the
Envelope Method [3].

Let K be a compact subset of the complex plane with Card. K = 0 and let
Uy, u2, ..., u, € K. Following [4, p.285] we put

Viup,ug, ... un) = [1 (ur —w),
k1(k<1)

Vo, = max{|V (u1, ug,...,u)| :up € K,1 <k <n}.
Set d = max{|z| : z € K}. Also, let p,(2) = 2" + a12" ' + -+ + a, denote

the Chebyshev polynomial for K such that all zeros of u, belong to K. We
set

m, = max{|un(2)|,z € K}.
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Then we have [4, pp. 287-289],

my < 3L < (n+ Dymy,,
n ~

li (Vn+1)/ =d,

n—o00 n

where d is the transfinite diameter of K.

Using the Koornwinder’s integral and inverse operator the information con-
cerning the approximation and growth of analytic functions can be transfer to
GBASP FP8,

The essential properties of F*# € LP(X%8) that are the restrictions of entire
GBASP functions are drawn from approximation on sets of polynomials

PP = {Kog(h): h € pa},

and
n
p2n={Zakz%:ak-real,()ékﬁn}, n=0,1,2,....
k=0

It is the Bernstein limits of the optimal approximates,
B, = B, (F7, 50P) = min {||F*? = H||, - H € P}
and

€y = €5, (f3 k) = min{|[f — hllp - h € pan},

and provide the characterizations. The set po, contains all real polynomials
of degree at most 2n and set P;;;ﬁ contains all real biaxisymmetric harmonic
polynomials of degree at most 2n. The operators K, g and K;lﬂ establish

one-one equivalence of sets ps, and P;;;B .

Several authors such as Harfaoui [5], Kumar [10], Harfaoui and Kumar [6]
and others obtained generalized characteristics of growth of entire functions
by using the best polynomial approximation and interpolation in L,-norm.
The growth characteristics of solutions of certain linear partial differential
equations have been studied by Kumar and Basu [12], [I3], Kumar [11], Khan
and Ali [9].

McCoy [I5, Th. 2] obtained the necessary and sufficient conditions for the
entire GBASP F*# € LP(D),p > 2 to be the restriction to D of order and type
in terms of the errors EP(F®?), here D is parabolic convex set. To the best of
our knowledge, these characterizations leave an important class of growth of
entire function GBASP F®# such as fast and slow growth. In this paper we
have tried to fill this gap. Moreover, we have extended the results of McCoy
to generalized orders and generalized types which will cover the cases of fast
growth as well as slow growth. Here we replace D by open hypersphere ¥%5.
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2. GENERALIZED ORDER AND GENERALIZED TYPE

Seremeta [I7] defined the generalized order and generalized type with the
help of general functions as follows.
Let LY denote the class of functions h satisfying the following conditions:

(i)
(i)

(iii)

¢(x) is defined on [a,00) and is positive, strictly increasing, differen-
tiable and tends to oo as x — oo.
It holds

i L0
for every function ¢(x) such that ¢(z) — oo, as  — 0.
Let A denote the class of functions ¢ satisfying condition (i) and
the following:
It holds

©-

) _
Jim 3oy =1

for every ¢ > 0, that is, ¢(x) is slowly increasing.

For an entire function f(z) and functions a(x) € A,B(z) € L,
Seremeta |10, Th. 1] proved that

— 1 aflog M(r.f)] __ a(n)
pla ) = limaup =™ =l S 2

Further, for a(z) € L%, ! (x) € LY and y(z) € L°, we have

T(o, B, f) = limsup Mr(’pf)] = limsup —2——,
oo Bl(Y()*] s o ﬁ[V(S%IanI_%)]

where 0 < p < 0o is a fixed number.

The above relations were obtained under certain conditions which
do not hold if & = . In 1968, Seremeta [16] obtained the results
connected with slow growth of entire functions. The characteristic for
slow growth entire functions f(z) = Y72, cx(f)2"* has the following
form:

9 = lim sup 2108108 M (. f))
T TS0 a(loglogr)

)

where M(r, f) = max|,|—, [f(z)| and a function o € A. Let us define

F(z,¢) = a Y(ca(z)), where ¢ € (0,00) is any constant. It was shown
in [16] that if for any ¢ € (0, 00) the inequality

0 < % < A(exp(F(l’aC))B)

is realized for any = > x1, where A and B are some constants (0 <
A, B < ), then we obtain

P = max(ph, 1).
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Here

ph = limsup o(logk) .
o T a(log(f log ek (£)71))
To refine this scale, Kapoor and Nautiyal [7] introduced a new class
of functions as follows: A function ¢(t) € Q if ¢(t) satisfies (ii) and:
(iv) There exists a function 6(t) € A and tp, K1 and Ky such that for all
t>1g

d(¢(t))
0<K1§W£g)t))§K2<oo.

Further a function ¢(t) € Q if ¢(t) satisfies (ii) and
(v)

i _d(o(t)
tlggo Tog)) = K, 0< K< .

Kapoor and Nautiyal [7, p. 66] showed that €, Q C Aand QNQ = @.
Let a(t) € Q or Q. Then following Kapoor and Nautiyal [7], p. 66|, for
entire GBASP F*# and associate we define the generalized order and
generalized type as

: a(log M (R,
(2.1) p= ploa, f) = limsup allog M(%./))
(2.2) T = T(a, v, f) = limsup w
r—00 a(logr) ]
(23) p* = p*(a, @, Fo) = lim sup 00 M(rr27))
r—00 a(logr)
(24> T* = T*(Og7 «, FQ,B) = lim sup %T’F;ﬁ)]v
r—00 a(log)?]
where
M(r, f) = mex |f(2)], M (r, FF) = nax |FOB (2, ).

Let K, be the largest equipotential curve of K defined by K, =
{z € C: |y(2)|d = r}, where w = y(z) is holomorphic and maps the
unbounded component of the complement of K on |w| > 1 such that
v(00) = o0 and 7/(00) > 0. When r = d = 1, K, = K. So we take
r>d,r>1. We set M(r, F*#) = sup,c. |F*P(z,0)| for r > 1.

McCoy [14] proved the following result:

THEOREM 2.1. For each GBASP F“P reqular in the hyper sphere ZS"B
there is a unique K, g associated even function f analytic in the disk D, and
conversely.

Now we prove the following Lemmas:
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LEMMA 2.1. Let F*P be real valued entire function GBASP with K,z as-
sociate f. Then the generalized order and generalized type of F®P respectively
are tdentical.

Proof. Let us consider the relation F®#(x,y) = K, 5(f). The nonnegativity
and the normalization of the measure leads directly to the bound

(2.5) M(r, F*%) < M(r, ).

The inverse relation

f(z) = K 5 (F*F)
leads to the inequality
2
[f(2)] < M(r,F*P)Nog(r), 7=(3),
where
Nos(1) = max{n |Sa,s(r, §)[; =1 <& <1},
However, for z = ere'(

M(er, f) < M(r, FQ’B)NQNB(T)

e real),

it gives
(2.6) M(r, f) < M(e7'r, F*P)N, 5(?).

Using inequalities (2.5)), (2.6) and definitions (2.1)—(2.4), the proof is com-
pleted. O

LEMMA 2.2. Let F*P be a real entire function GBASP of generalized order
and generalized type. Then

o a(log M (r,F*:5))

(2.7) p= 111:1 sup oz )
. aflog M (r,F*:P)]
(2.8) T = h?an SUP = fog T

Proof. Using the definitions of generalized order and generalized type of
entire GBASP and proof proceeds on the lines of Lemma 1 [6]. n

LEMMA 2.3. Let a(x) € Q and K C C be an arbitrary compact set with
card K = co. Let f € LP(K),1 < p < o0, be an entire function. Then f has
generalized order p(f),1 < p(f) < oo, if and only if,

(2.9) p(f) = O(L(f)),
where
(2.10) L(f) = limsup a(n)

n—oo allog{el(f,K)/m%, 1} 7]
and
max{1, L(f)}, if a(z)eQ,

OLW) = {1 +L(f), if a(z) €.
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Proof. Let d = max{|z|;z € K}. From the definition of eP(f, K), since
h € pn, we have

(211) A K) S 1 = hllp < AP max|£(2) = h(z)| = AFea(f, K),

where A is the area of K.
Now using Lemma 2 [2], p. 923], it has been shown that for R > d,

Rm* 2 i
(212) enll.K) < g [ 11(R)ab.
Using in we get
(2.13) b (f. 1) /mi < AvR(R —d)” ") M(R, ).

Suppose a(z) € Q and p < co. Then by the definition of p, we have for any
given € > 0 and R > Ry(e), R(e) € (0, 00),

(2.14) a(log M(R, [)) < a(log R)p, p=p+e.
In view of (2.13)) and (2.14]) we have
(215)  eB(f, K)/mhyy < ArR(R— d)""*? expla~ {pa(log R)}).

Since d is finite and fixed and the above inequality holds for all R > Ry(e),
we can choose

R = R(n) =exp {a_l {%H = exp [F(n7 pfll)} .
Substituting this value of R in (2.15]), we obtain

AU K sy < Abesp [0+ 0P (0 )]s o {30

< Av exp {—n {F(n i) — 1}]

) — oo as n — oo. Hence

1
log [{eﬁ( K)/m;+1}‘%] >

= ofl{p( 1)} {1 - (F(n,ﬁ—il))_l [l—l— nlplogA” > %.
Since a(z) € Q, as n — oo, we have

2.16 > 1+ limsu aln) )
(2.16) p(f) nsoor o[ logleh (K. )/ma 1] %]

since F'(n,

In order to prove reverse inequality, let us put

217 lim su a(n) = L(f).
( ) n—>oop a[log{eﬁ(f,K)/m;+1}7%} (f)

Suppose L(f) < oo. Then for given ¢ > 0 and all n > ny(e), we have

en(f, K) < migyexp[—nF(n, 20, I(f) = L(f) +=
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Now we consider the function

Z aZﬁ Ro? Lexp {— nF(n, Z(lf))}

n=ng

where Ry > d and

1
n+2 | 5 9 (n+1)
(n+1,Ry = {(1 + R%) L(ntz)] } .

Suppose {pn(z)}5° be the best polynomial approximating for the function f
on K. Let Dg denote the disk of radius R centered at the origin and I'p be
the boundary of Dg. Let

(2.18) S = (pesa(z) - pu(2)} + pol2).
n=0

In view of proof of [2, Th. 1, p. 924], it can be easily seen that the series
(2.18)) is uniformly convergent on I'p for any arbitrary R > 0. Thus the sum
represent an entire function. Now

S(z) = lim {Zn: {Pm+1(2) —pm(z)}} + po(2),
m=0

n—oo
= lim pny(2) = f(2).
On K C C we have the inequality

[Pns1(2) =pn(2)llp < [IPns1(z) = F(2)lp + [lpn(2) — f(2)lp
< 2¢(f, K).
Dovgoshei [2, p. 924] shown that

mas [pea(s) —pu2) < (B K) ]

z

For 1 < p < o0, we have

”pn—i-l(z) - pn(z)”p <

2ARn+1( + 2)(14_()):)] v leh (f K)]%

mn+1

leading to the relation

o
1 1 1
max 1) = 3 aiti g, B exo [ = nF(n, 75|

1
max |S(z) — p(2)| =2 A P||S(2) — pp (2) |-

zel'r

Y
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From the last inequality, using [7, Th. 4], the relationship between general-
ized order p for a(x) € Q and the Taylor coefficients of the function h*(z), we
obtain generalized order of h*(z) > generalized order of f.

If p1 denotes the generalized order of h*(z) then

a(n+1)

p1 = 1+ limsup

__1 -
n—o00 a{log{’aZiiRoyexp{—nF(n,ﬁ)}} (n+1):|

Since
log(an+1,R,) = Z—ﬁ log(1 + R%) + n%rl log <21(";dl)) =0(1), asn — oc.
0
Hence

1
log {‘02117}30‘ exp{ — nF(n7 ;F))}} (ntl) —
=~y log [exp (= nF(n, 7)) = O(1)

~ a7t [ — o).

_ n

1
= arnl (0 g5)
Since a(z) € Q, we finally get

p1:1+limsup%=1+Z(f):1+l/(f)+5'

n—oo
Since € was arbitrary, we get p; > p(f). Combining this with (2.16) we get
(2.9)- O

LEMMA 2.4. Let a(x) € Q and K C C be an arbitrary compact set with
Card. K =00. Let f € LP(K),1 < p < o0, be an entire function. Then f has
generalized order p(f) and finite generalized type T(f) if, and only if,

. a(lo : a(3)
(2]_9) T = T(f) = lim sup W = lim sup p(pf P —1_Nprl
n—00 n—00 {a[pfl log [e:;:n;l ] n]}

provided d[a—l{(zzsé[%(x)]ﬂp}] =0(1) as z — oo, for T,0 < T < 0.

Proof. First we assume that f is of generalized type T" with respect to the
finite number p i.e., p < co and a(z) € Q. Let T < oo. Then for arbitrary
e>0and R > R/(e),

M(R, f) < expla™{T[a(log R)]"}].

Using (2.13)), we get
(2.20)

B, K) i < AVPR(R — &)~ expla~{Ta(log R)*}, T =T +e.

The above inequality holds for all n and R > R/(¢). To minimize the right
hand side of (2.20) taking R = R(n) to be the unique root of the equation

n= logR(a_l{T[a(log R)|’}), mn=2,3,...,
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or
logR=a '[(£a(2))T] and (R—d)"=R™
substituting these values in ([2.20]), we get

log(ep,(f, &) /mp_1) < —nofl[(%a(%))ﬁ] + %a_l[(%a(np))ﬁ]

* 1 _q0(B) L
L1 log(eh (f, K) /miy 1) > o~ (5£2) 7]

o3

or
a(?)

T > . )
(25 log(eh (f,K) /m, )~ 7)]P~!

Since a(z) € Q, as n — oo, we have

(2.21) T > lim sup o) T .

n—oo  [a(;Ey log(en (f,K)/my, ()~ n)]P~?
To prove the reverse inequality, we follow the method of proof of Lemma 2.3.
Hence let

a(?) \

lim sup I
n—oo [a( L7 log(en (f,.K)/my, 1) )]~}

Then for a given € > 0 and all n > ng(g), we have

a(Z

LK) <miyep{=2(— Do (FE)T)), 7 =o' 4=,

Now consider the function g(z) defined by the infinite series

= a(m), 1
9z) = Yt exp{—2(p— D (T )},
n=ng
oo
= > bpp12" say,
n+ngo

1
where the sequence {aZﬂ,Ro} is as defined before. Since a™*{[a"!(ca(z))]?} —
00 as r — 00, we get

n 1 1
timsupla}i] g, exp{ 5 (0 — Do~ (%] 7)) =0
n—00 ’
and therefore g(z) represents an entire function. Now
i (),
max |g(2)| = > anii g R exp{=2(p — a7 ([5]70)}
n=ng
oo
2 Z aziiRoRn—i_leg(f?K)/m:-‘rl
n=ng

1
AP[|S(2) = p (2)lp-

Y
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Hence if g(z) is an entire function of generalized type T” with respect to the
finite number p then from above the entire function g(z), we have

(2.22) T’ = lim sup o)

n—00 [a(ﬁlog|bn|_%)}

p—1

Now

a(Z), 1
‘bn|% ~ (an+1,RO)exp{p—;1a’1([%](pfl))}j
L7 log |bn| 77 a—l([aé?)]ﬁ)u +0(1))
(%)

1y, a
[a(527 log [b|~7)]P7H = 222,

*|

Putting these values in , we get T/ = o* +¢. As stated above we have
T* > T. Hence we get for arbitrary € > 0,0*4+¢ > T, i.e., T < ¢*. Combining
this with (2.21)), the proof is immediate. O

3. MAIN RESULTS

Now we shall prove our main results.
Following on the lines of proof of [I5, Th. 1] we obtain the following in-
equalities for 1 < p < oo,

1
17 — Hl, wr|[f =hllp,  w=wla,B,p; K),
1 [e3%
If =hll, < 67|F* —Hlp,  &=0d(a,8,p;K)

IN

N

for H € on;;ﬂ and each h € KJIB(H) €Epon,n=0,1,2,....
Hence we get optimal approximates

_p
(3.23) PP (peof maBy < e eV (£, K),
and
P 1 _p
(3.24) esn (f,K) < 6@ By (F,$08).

THEOREM 3.1. Let a(z) € Q. For fizedp > 1, let the FP € LP(S%8) be the
restriction to X8 of an entire GBASP function. Then F*P has generalized
order p if, and only if,

p=0(L")
where

(3.25) L* = lim sup a(2n) T

n=00 a(logEY, (Fef EXF) m3, 5] @)

and O(L*) is defined as in Lemma 3.
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Proof. Let F € LP(X%P) be the restriction to £%# of an entire GBASP
function of generalized order p and let ¢ > 0 be given. From ({2.10), the
appraisal
(3.26) L(f) —¢ < olnl < L(f) +e,

a(logles,, (f.K)/m3, ] )

applies to the K, g associate with the lower bound holding for n € ni(e), an
infinite sequence of indices, and the upper bound for n € ny(e), as sequence
of all but a finite number of indices. From (3.24)), we have

(3.27) mE o> I(f) -
a(log[s/PEY (597) /m3, ] @) a(logled, (f.K)/mj, 5] @)

n € ni(e). For an upper estimates, (3.23)) gives

L(f)+e > @ 1
a(log(wP ef, (f,K)/m3, ) M)
(3.28) > o(2n) ——, n € ng(e).
a(log(EL, (8 237) fm3,, ) )
Thus,
L(f) —e < limsup o(2n) —— < L(f) +e.
n=00  a(log(EY, (Fo8.52f) /ms, ) @)
Hence the proof is immediate. O

THEOREM 3.2. Let a(x) € Q. For fizedp > 1, let the F“P € LP(X%P) be the
restriction to X8 of an entire GBASP function. Then F*P has generalized
order p and finite generalized type T(F®P) if, and only if,

a 2n
T = limsup ()
n=00 {al Ly log{Ef, (F5, S00) fmi, o} (zn)]}p 1
provided
-yr T/p
d(a{( dgoiioﬁ(x)] D _ o)), as2 00 for T.0< T < s
Proof. From Lemma 4, for € > 0 given,
2n
T—-—e< ((f)) — p71<T+5

ol - og | 2—— (2n)
{o 2 1os (B20) ")

with the lower bound for n € n;(¢) and the upper bound for n € na(e). Now,

using (3.24) we get
a(22)
T—¢e < G

(a2 log{ a0y s

a(2m)

__1
{al527 log{8V/PES, (Fe-B, 520 /m3, ,} B ]}e-t
p

(3.29) <
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for n € ny(e). The upper bound can be found by using ((3.23))

a(22)
p—— <
{a] 527 log{ES, (Fo8 £27) fm3, )~ @) |}o-1
2n
(3.30) < ) —
{al 527 log{w!/peh, (£.K)/mj,,,} @]}t
< TH+e.

Taking limit supremum and combining (3.29) and (3.31)) we get the required
result. O
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