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Abstract. In this paper, using majorization theorems and Lidstone’s interpo-
lating polynomials we obtain results concerning Jensen’s and Jensen-Steffensen’s
inequalities and their converses in both the integral and the discrete case. We
give bounds for identities related to these inequalities by using Cebyéev func-
tionals. We also give Griiss type inequalities and Ostrowsky type inequalities for
these functionals. Also we use these generalizations to construct a linear func-
tionals and we present mean value theorems and n-exponential convexity which
leads to exponential convexity and then log-convexity for these functionals. We
give some families of functions which enable us to construct a large families of
functions that are exponentially convex and also give Stolarsky type means with
their monotonicity.
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1. INTRODUCTION

Majorization makes precise the vague notion that the components of a vector
x are “less spread out” or “more nearly equal” than the components of a vector
y. For fixed m > 2 let

X = (3’:1, 7xm) 9 y = (y17 7ym)
denote two m-tuples. Let
T 2 T[] 2 - 2 T[]y Y[1] 2 Y2] = - 2 Y[m)»
1) ST < s STy Ya) SY@) S - S Y
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be their ordered components.
Majorization: (see [12, p. 319]) x is said to majorize y (or y is said to be
majorized by x), in symbol, x >y, if

I I
(1) Sy <y
i i1

holds for [ =1,2,...,m — 1 and

m m
2T = DY
i=1 i=1
Note that is equivalent to
m m
> v 2 T
i=m—I+1 i=m—I+1

holds for I =1,2,....,m — 1.

There are several equivalent characterizations of the majorization relation x >
y in addition to the conditions given in definition of majorization. One is
actually the answer of the question posed and answered in 1929 by Hardy,
Littlewood and Polya in [7] and [§]: x majorizes y if

m m

e) > o) <> o)

i=1

for every continuous convex function ¢. Another interesting characterization
of x >y, also by Hardy, Littlewood and Polya in [7] and [g], is that y = Px
for some double stochastic matrix P. In fact, the previous characterization
implies that the set of vectors x that satisfy x > y is the convex hull spanned
by the n! points formed from the permutations of the elements of x.

The following theorem is well-known as the majorization theorem and a
convenient reference for its proof is given by Marshall and Olkin in [11} p. 14]
(see also [12), p. 320]):

THEOREM 1. Let x = (21,..,Zm), ¥ = (Y1,---,Ym) be two m-tuples such
that x;,y; € [a,b], i =1,....,m. Then

m

(3) S o) <3 o)
=1

i=1
holds for every continuous convex function ¢ : [a,b] — R iff x >y holds.

The following theorem can be regarded as a generalization of Theorem
known as Weighted Majorization Theorem and is proved by Fuchs in [6] (see
also [I1, p. 580] and [IZ, p. 323)).
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THEOREM 2. Let x = (1,...,Zm), ¥ = (Y1, .--,Ym) be two decreasing real
m-tuples with x;,y; € [a,b] ,i=1,...,m, let w = (w1, ..., wy,) be a real m-tuple
such that

l l
(4) Zwiyi < Zwifci, forl=1,...m-—1
i=1 i=1

(5) Z Wiy = Z Wiy
i=1 i=1

Then for every continuous convex function ¢ : [a,b] — R, we have
m m

(6) > wid (yi) <Y wig (wi) .
i=1 i=1

Bernstein has proved that if all the even derivatives are at least 0 in (a,b),
then f has an analytic continuation into the complex plane. Boas suggested to
Widder that this might be proved by use of the Lidstone series. This seemed
plausible because the Lidstone series, a generalization of the Taylor’s series,
approximates a given function in the neighborhood of two points instead of
one by using the even derivatives. Such series have been studied by G. J.
Lidstone (1929), H. Poritsky (1932), J. M. Wittaker (1934) and others (see

[31)-
DEFINITION 3. Let ¢ € C*°([0,1]). Then the Lidstone series has the form

S (629(0)Ax(1 — ) + 6P (1)AL(a))

k=0
where Ay, is a polynomial of degree (2n + 1) defined by the relations
AO(t) = tv
(7) AL (t) = Apa(t),

An(0) = An(1) =0,  n>1.

Other explicit representations of the Lidstone polynomial are given by [2]
and [14],

71)k+1

0o
An(t) = (_1)nﬂ23+1 Z (k2”+1 sin k"ﬂ't,
k=1

n
1 6t2n+1 t2n71 2(22k+3_1) t2n72k73 o
An(t) = 6 {(271—1—1)! - (Qn—1)!] - Z (2k+4)! Bak 44 Gn—2k-3» "= L2,
k=0

22n+1

An(t) = WBQ”H (%) , n=1,2...,

where Bapi4 is the (2k + 4)-th Bernoulli number and Baj,4+1 (%) is the

Bernoulli polynomial.
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In [I5], Widder proved the fundamental lemma:
LEMMA 4. If ¢ € CPM([0,1]), then

n—1

(8) o(t) = Z [¢(2k) (0)AR(L —t) + ¢(2k)(1)/\k(t)} n /01 Gt s)qﬁ(?n)(s)dS,
k=0

where

is the homogeneous Green’s function of the differential operator % on [0,1],
and with the successive iterates of G(t, s)

(10) C(t, s) = /0 At p) G (0 5)dp, 1> 2.

The Lidstone polynomial can be expressed, in terms of Gy, (¢, s) as

(11) Anlt) = /O1 G(t, s)s ds.

DEFINITION 5. Let ¢ be a real-valued function defined on the segment [a, b).
The divided difference of order n of the function ¢ at distinct points xq, ...,
Ty, € [a,b] is defined recursively (see [4], [12]) by

ola] = d(x;), (i=0,...,n)

" ol - ol |
LlyeoeyTp| — Q|XYy. -y Tp—1
dlzo, ..., xn] = : L
Tn — 0
The value P[xo, ..., xy] is independent of the order of the points g, ..., Zy.

The definition may be extended to include the case that some (or all) of the
points coincide. Assuming that ¢(j_1)(aj) exists, we define

)
v S=—al

The notion of n-convexity goes back to Popoviciu [I13]. We follow the
definition given by Karlin [9]:

DEFINITION 6. A function ¢ : [a,b] — R is said to be n-convex on [a,b],
n > 0, if for all choices of (n+1) distinct points in [a,b], the n-th order divided
difference of ¢ satisfies
olzo, ..., xn] > 0.

In fact, Popoviciu proved that each continuous n-convex function on |[a, b]
is the uniform limit of the sequence of n-convex polynomials. Many related
results, as well as some important inequalities due to Favard, Berwald and
Steffensen can be found in [10].
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In [I] the authors proved the following majorization theorems for (2n)-
convex function:

THEOREM 7. Letn € N, x = (21, ..., Zm), Y = (Y1, -, Ym) be two decreasing
real m-tuples with x;,y; € [a,b] (i =1,...,m) and let w = (w1, ...,wy) be a

real m-tuple which satisfies and .

(i) If n is odd, then for every (2n)-convex function ¢ : [a,b] — R, it holds

(13) Zwiéb(fﬂi) - Zwi¢(yi) >

- 0ot [S e () - St ()
+ (b= [iszk(“) Z“’Z“GZ aﬂ'

(ii) If n is even, then for every (2n)-convex function ¢ : [a,b] — R, it holds
(14) D wig(x) — > wid(yi) <
= =1
1 m
(b—a)*¢*)(a [Z willy, (47) - szAk (= )]

+ 1<b a)** o) (b [Zwﬂ\k( )ZW"“(% aﬂ'

k=1

3‘}—‘

<

(]

Eod

:‘&

In [3] using Lidstone’s interpolating polynomials and conditions on Green’s
functions, the authors present results for Jensen’s inequality and converses
of Jensen’s inequality for signed measure. In this paper we give generalized
results of Jensen’s and Jensen-Steffensen’s inequalities and their converses by
using majorization theorem and Lidstone’s polynomial for (2n)-convex func-
tions. Then we give bounds for identities related to these inequalities by using
éebyéev functionals. We give Griiss type inequalities and Ostrowsky type in-
equalities for these functionals. We also use these generalizations to construct
a linear functionals and we present mean value theorems and m-exponential
convexity which leads to exponential convexity and then log-convexity. Finally,
we present several families of functions which construct to a large families of
functions that are exponentially convex. We give classes of Cauchy type means
and prove their monotonicity.
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2. GENERALIZATION OF JENSEN’S INEQUALITY

We will use the following notation for composition of functions:
(15) A (552) = Ax(2), w€lab] k=0,1,...,n—1,

(16) Ak (Z:—i):f\k(x), z€(ab,k=01,...,n—1.

THEOREM 8. Letn € N, x = (21, ...,Zpm), and w = (w1, ..., Wy,) be m-tuples
such that z; € [a,b], w; € R ji=1,....om, Wy, =37 w;, T = V[%Z?L Wi T
and ¢ € C?") [a,b]. Then

(17)

o Y wid(ai) — ¢(T) =
=1
n—1 m
= > ¢ (a)(b—a)* [w}m > wilg(as) — f\k(%)]
k=0 =1
n—1 m
£ S 600 -0 [ 3 wba(a) - o)
k=0 =1

+o—at [ b [Wlm S (55 2 - G (22, 2:5‘;)] 62 (1) dt.
=1

Proof. Consider

m

(18) = > wid(x) — G(T).

m
K3

—

By Widder’s lemma we can represent every function ¢ € C")([a,b]) in the
form:

n—1

(19) (@) = (b — )[4 (a)Ax(w) + 6 (b) Ay (a)]
k=0
b
(20) F= [ G (F0 ) 6 (e,
where Ay is a Lidstone polynomial. Using we calculate ¢(z;) and ¢(T)
and from we obtain O

Using Theorem [7| we give generalization of Jensen’s inequality for (2n)-
convex function:

THEOREM 9. Let n € N, x = (21, ..., 2y) be decreasing real m-tuple with
x; € [a,b], i = 1,....m, let w = (wq,...,wy) be positive m-tuple, W, =
i w; and T = W}m Wiy
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(i) If n is odd, then for every (2n)-convex function ¢ : [a,b] — R, it holds

e S wid(e) - 6(@) >
i=1
n—1 m
>3 P (a)(b %Z iln (i) — k(x)]
k=1 =1
n—1
(21) + 3 00— a)* | Z wiAg(xi) — f\k(x)] .
k=1 =1

Moreover, we define function F' : [a,b] — R, such that

(22) F(z) =Y (b—a)™ [ (a)Ax(w) + 6 (0)Ag(w)] .

If F is convex function, then the right hand side of s non-negative and
(23) W{niww» — 6@ 0.

(ii) If n is even, then for every (2n)-convex function ¢ : [a,b] — R, the reverse
inequality in holds.
Moreover, if F' is concave function, then the reverse inequality in is valid.

Proof. For [ =1, ..., k, such that x; > T we get

! l
Z w;T < Z WiTy
=1 =1

Ifl=k+1,..,m—1, such that 25,1 < T we have

l m
sz‘ﬂfi = Zwixi Z wix; > Zwlaz — Z W T = sz
=1 =1

i=l+1 i=l+1
So,

l !
(24) ZwﬁSZwixi foralll=1,...,m—1
i=1 i=1
and obviously
m m
(25) Z wiT = Z w;T
i=1 i=1

Now, we put x = (z1,...,2,) andy = (Z,...,Z) in Theoremto get inequal-

ity .
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For inequality we use fact that for convex function F' we have
m
WLmeZF(ZEz)—F(i’)ZO ]
i=1

REMARK 10. For z : [a, 8] — R continuous decreasing function, such that
z([a, B]) C [a,b] and A : [a, ] — R increasing, bounded function with A(a) #

_ [Pemane
A(B) and T = 7}15 0

(26) /::r(t) dA(t) Z/Wx('y) (1) z/%dx(t), yelnd].

o «

, for () > T, we have:

If x(vy) < T we have

Y B B
(27) /a 2() dA(t) = / () dA(t) — L (1) dA(D)

«

B B B ’Yj N
>/a rir) - [ :rd/\(t)—/a aN©), v elnhl.
Equality
B B
(28) /a 2(t) dA(t) = /a ZdA(t)

obviously holds.

So, If n € N is odd, then for every (2n)-convex function ¢ : [a,b] — R, we
obtain integral version of the inequality from the above theorem

S & (x()) dA(D)

fo’? (D) - ¢() =
n—1 B A
(28) () (p — 12k | do AR(@@)AAE) 5 w]
n—1 B
(26) () (p — 12k | Jo Ae@()dAR) 5 x]
(29) +k§1¢ (0)(b — a) l P an) Ap(T)]

which is result proved in [3].
Moreover, for the convex function F' defined in the right hand side of

is non-negative and
S ¢ (a(t) dA(t)
S d(®)

If n is even, then for every (2n)-convex function ¢ : [a,b] — R the reverse
inequality in (29)) holds. Moreover, if F' is concave function, then the reverse
(30

(30) —¢(7) = 0.

inequality in (30]) is also valid.
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REMARK 11. Motivated by the inequalities and , we define func-
tionals ©1(¢) and O2(¢) by

(31) 01(¢) = = Y wid(wi) — ¢(T)
i=1
n—1 m
=" 6 (@) (b — a)* [m}m S wiky () - Ak(x)]
k=1 =1

n—1 m
k=1 =1

and
_Few) e
3)  Oe) =57 L o
n—1 B A
LN 6 () (b — )2k | Ja A(z(®))dA?) 4 x]
Zomon-or [ELER2 - o

n—1 B8 x
N (28) (p)(p — 12k | Jo Ae(@()dAR) x]
oo [0 ]

Similarly as in [3] we can construct new families of exponentially convex func-
tion and Cauchy type means by looking at these linear functionals. The
monotonicity property of the generalized Cauchy means obtained via these
functionals can be prove by using the properties of the linear functionals as-
sociated with this error representation, such as n-exponential and logarithmic
convexity.

3. GENERALIZATION OF JENSEN-STEFFENSEN’S INEQUALITY

Using majorization theorem for (2n)-convex function we give generalization
of Jensen-Steffensen’s inequality:

THEOREM 12. Let n € N, x = (x1,...,&,) be decreasing real m-tuple
with ; € la,b], i = 1,...,m, let w = (wy,...,wy,) be real m-tuple such
that 0 < Wi < Wy, kK = 1,--- . m, W,, > 0, where W), = Zlewi and
T = ﬁ Z:il W; L5 .

(i) If n is odd, then for every (2n)-conver function ¢ : [a,b] — R, the in-

equality holds.
Moreover, for the conver function F defined in the inequality s also

valid.

(i) If n is even, then for every (2n)-convex function ¢ : [a,b] — R, the
reverse inequality in holds.
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Moreover, for the concave function F defined in the reverse inequality in

is also valid.

Proof. For [ =1, ..., k, such that z; > T we have

l -1
(33) Z Wiy — Wla:l = Z(:CZ — xH_l)Wi Z 0
i=1 =1

and so we get
l l
Zwﬁ =Wz <Wz < Z’wzxz
i=1 i=1
For! =k +1,...,m — 1, such that 11 <7 we have

m m
(34) x; Wy, — W) — Z wiT; = Z (im1 — xi)(Wy, — Wiz1) >0
i=1+1 i=l4+1
and now
(35) Y wZ =Wy —W)T> Wy, —W)ay > > wiw.
i=l+1 i=l+1

So, similarly as in Theorem EI, we get that conditions and for majoriza-
tion are satisfied, so inequalities and are valid. O

REMARK 13. For z : [a, 5] — R continuous, decreasing function, such

that z([a, B]) C [a,b] and A : [a, f] — R is either continuous or of bounded

8
variation satisfying A(a) < A(¢) < A(p) for all z € [a, f] and T = W7
for z(y) > Z, we have: “

/;x(t)dA(t) —x(7) /: dA(t) = — /: 2'(t) (/: d)\(;,;)) dt > 0

and so
z/: () < 2(7) /: dA(t) < /:as(t)dA(t).

If z(y) < T we have

+(7) /f (1) — /fx(t)d)\(t) S /j 2(t) (/tﬁ dA(:r)) dt >0

and now
B B B
z [y dA(t) > (7) L dA(t) > /7 2(D)dA(1).

Similarly as in the Remark [I0] we get that conditions for majorization are
satisfied, so inequalities and are valid.
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4. GENERALIZATION OF CONVERSE OF JENSEN’S INEQUALITY

THEOREM 14. Letn € N, x = (z1, ..., x,) be real r-tuple with x; € [m, M] C
[a,b], i = 1,...,7r, let w = (wy,...,w,) be positive r-tuple, W, = >, w; and
T = WLT er:l W; L5 .

(i) If n is odd, then for every (2n)-convex function ¢ : [a,b] — R, it holds
(36)

<

W D wid(x;) <
i=1

Moreover, for the conver function F defined in (@, we have

(37) I/Il/ > wig(a;) < TG (M) + 22 (m).
=1

(ii) If n is even, then for every (2n)-convex function ¢ : [a,b] — R, the reverse

inequality in holds.
Moreover, for the concave function F defined in the reverse inequality in

is also valid.
Proof. Using inequality we have

> wip(wi) =
i—1
= 1 Y wio (FmmM + f=m)
1=1
< b (M) + =5 ¢ (m)
n—1 T
— 3" 6@ (a)(b— a)% [A@_’fn[\k (M) + $=Z A (m) — = sz‘f\k(ﬂﬁi)]
k=1 i=1
n—1 r
— 3 6@ b) (b — ) l]xw_%/ik (M) + $EE Ay (m) — - Zwi]\k(xi)] :
k=1 i=1

Hence, for any odd n and (2n)-convex function ¢ we get .
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For inequality we use the fact that for convex function F' we have

T
Wy 2 wil (@:) < §ERF (M) + {20 F (m).
i=1
(ii) Similar to the part (i) O
COROLLARY 15. Letn € N, x = (x1, ..., x,) be real r-tuple with x; € [m, M],
let w = (w1, ..., wy,) be positive r-tuple, W, =37 w; and T = W% Yo WLy
If n is odd then for every (2n)-convez function ¢ : [m, M| — R it holds

r n—1 r
(38) > wid(xi) < Y (M—m)**> w; [515(%) (m)Ag(z;) + 62 (M)]\k(ﬂ?i)] :
i=1 k=0 i1

If n is even, reverse inequality in 1s valid.
Proof. We use inequality for m =a and M = b and .

REMARK 16. For z : [, 8] — R continuous function, such that z([a, §]) C
[m, M] C [a,b] and X : [, 5] — R increasing, bounded function with A(«a) #

[P a(t) ax)
A(B) and T = afﬁT(t)7 similarly as in Theorem |14] we get integral version
of converse of Jensen’s inequality:.

For odd n € N and for every (2n)-convex function ¢ : [a,b] — R we have:

O

(39)
2 o())ar() _
Jodx) T
< o (M) + 3226 (m)
n—1 8+
_ (28) () (b — 2% | Z=m } M-Z R () — Jo A (z(2))dA(?)
;;¢ ( )(b ) [M—mAk (M) + M_mAk( ) ff d)\(t) 1
n—1 8 %
_ (2k) _ )2k | Z=m R M-Z X () — Jo A(2(2))dA(?)
kz::lcf) (b)(b—a) [M_mAk (M) + 3755 Ak (m) P ] ,

which is result proved in [3].
Moreover, for the convex function F' defined in we have

B bz _ _
B _ a1 o)

If n is even, then for every (2n)-convex function ¢ : [a,b] — R, the reverse

inequality in holds.
Moreover, for the concave function F' defined in the reverse inequality in

(40) is also valid.

(40)
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REMARK 17. Motivated by the inequalities (36]) and (39), we define func-
tionals ©3(¢) and O4(¢) by

O3(¢) =

= - > wid(wi) — 7 (M) — 2= ¢ (m)
=1

n—1
+> 6P (a)(b - a)*
k=1

#5000 o [ R 00+ H R ) - o S ]
b1 i=1

and
O4(¢) =
B o B B
= IO e (1) f=me )
n—1 8 4
(26) () (b — 2% | Z=m } M-Z R () — Jo Ai(z(t))dA(t)
+k§1¢ ( )(b ) [M_mAk(M)+M_mAk( ) ffd)\(t) ]

8|

g

n—1 8
(2k) _ )2k | Zmm M- { () — Joo Ai(z(t))dA(?)
+kz_:1¢ (b)(b—a) lM_mAk (M) + 3755 Ak (M) 7 ) ] :

Now, we can observe the same results which are mentioned in Remark [T1]

5. BOUNDS FOR IDENTITIES RELATED TO GENERALIZATION
OF MAJORIZATION INEQUALITY

For two Lebesgue integrable functions f, h : [a,b] — R we consider Cebysev
functional

b b b
(41)  Q(fih) = L / FORE)dt — -1 / F(t)dt L / h(t)dt.
In [5], the authors proved the following theorems:

THEOREM 18. Let f : [a,b] — R be a Lebesgue integrable function and h :
[a,b] — R be an absolutely continuous function with (.—a)(b—.) [W']* € La,b].
Then we have the inequality

1 b 2
(42) | Qf, h) < %\/ﬁ </a (x —a)(b—x) [h'($)]2dx> :

The constant % n is the best possible.
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THEOREM 19. Assume that h : [a,b] — R is monotonic nondecreasing on
[a,b] and f : [a,b] — R is absolutely continuous with f' € Lo [a,b]. Then we
have the inequality

1 / b
(43) 1) IS gy | e [ (@ = @) (b= 2)dh().

The constant % m 1s the best possible.

In the sequel we use the above theorems to obtain generalizations of the
results proved in the previous sections.

1 0)), we denote

For m-tuples w = (w1, ..., wy), X = (21, ..., ) with z; € [a,b], w; € R,
i=1..,mT= g Yot wiz; and function G, as defined in 1

(44) T(t) = W%ﬂf:wian (352, 422) - Ga (2. 22) -
i=1

Similarly for = : [a, ] — [a,b] continuous function, A : [, 8] — R as defined
in Remark [10|or in Remark |13[and for all s € [a, b] denote

(45) $(s)  Ja G (55" =8 A

J& dA(®)
We have the éebyéev functionals defined as:
b b 2
(46) QY,Y) = ﬁ/ T2(t)dt — (,jla/ T(t)dt) :
v L [P e L [P ’
(47) QT, 1) = m/ T2(s)ds — <b_/ T(s)ds>

THEOREM 20. Let ¢ : [a,b] — R be such that ¢ € C®™ [a,b] for n € N
2
with (. —a)(b—".) [QZ)@”H)} € Lla,b] and z; € [a,b], w; € R, i =1,2,....,m,

T = g Ny wiw; and let the functions Gy, T and Q be defined in (10),
and . Then
(48)
m n—1 -
e S wid(e) — 6(2) = Y- 6P (@)(b - ) lwlm 2 wile(e:) = A’“(‘”)}
i=1 k=1 =
n—1 UL
= i=1

+ (b - a)anl <¢(2n71)(b) o ¢(2n71)(a)) %
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{Wmez[ ;) Anm)]—[Am)mn(x)}}+Hg<¢;a,b>,

where the remainder H}(¢;a,b) satisfies the estimation
(49)

1

| )6y < S e | - a) b1 [62 0 0] ]

V2

Proof. If we apply Theorem E for f — Y and h — ¢(2® we obtain

T(t)pP (t)dt — ;L [ Tt 1 b(2”)tdt
/ / tsts [ 60

H/ -0 o] e

<

wh—t
=

1
SW[Q

Therefore we have

a)%n 1/ T(1)e ) (¢
b
=(b—a)? (¢<2"*”<b) - ¢><2“*1><a>) / Y(t)dt + Hy(¢;a,b),

where the remainder H}(¢;a,b) satisfies the estimation . Now from iden-
tity and fact that A, (1 —1t) = fol Gn(t,s)(1 — s)ds (see [2]) we obtain
). O

Integral case of the above theorem can be given:

THEOREM 21. Let ¢ : [a,b] — R be such that ¢ € C®™ [a,b] for n € N with

2
((—a)(b—") [¢(2”+1)] € Lla,bl, let x : [, B] = R continuous functions such
that z([o, B]) C [a,b] and X : [o, B] — R be as defined in Remark [10] or in

B ~
Remark 13| and T = W. Let the functions G, T and Q be defined in

, (45) and . Then
(50)
JEoe@)ar® K2 ey " [ [P Rp(a(®)dr®) ]
Pa @l B s ;
n—1
(2K) on [ J2 Ap(z(0)dA(®) s x]
+>_ o 0)(b - a) l o — An(@)
+ (b= (60 (B) - 64D (a))




16 Generalization of Jensen’s and Jensen-Steffensen’s inequalities 21

2[R @) + A @®)] dr)
J2 d(D)

- A @ + A @) } + Hy(¢5a,b),

where the remainder H)(¢;a,b) satisfies the estimation

N|=

A 6ia,0) 1< S [ D] | (s - a0 - ) [o00(6)]"as

Using Theorem [19| we also get the following Griiss type inequality.

THEOREM 22. Let ¢ : [a,b] — R be such that ¢ € C®™ [a,b] forn € N and
»2tD) > 0 on [a,b] and let the function T be defined in {44). Then we have
the representation (48)) and the remainder H'(¢;a,b) satisfies the bound
(51)

2n—1 (2n=1) + @2n—=1) (4 (2n=2) (p)—p(2n—2) (¢
[H3(630,5)] < (b= a0 o { £l — eSS

b—a

Proof. Applying Theorem [19|for f — T and h — ¢2") we obtain

bla/abT(t)gb(Q”)(t)dt— bla/abT(t)dt-bﬂl/abW”)(t)dt

<

52 < gkl [ (=)o~ D6 0y

Since

/ (6~ a)(b — £)6C™ D) (1)t =

b
= / [2t — (a + b)] 6™ (¢)dt
= (b—a) [p*" D (b) + 6" V(@) —2 (6" (0) — " P (a))
using the identity and we deduce . g
Integral version of the above theorem can be given as:

THEOREM 23. Let ¢ : [a,b] — R be such that ¢ € C®") [a,b] forn € N and
»2 D) >0 on [a,b] and let the function T be defined in {45). Then we have
the representation (50) and the remainder H}(#;a,b) satisfies the bound

~ n— ~ (2n—1) b (2n—1) a (2n—2) b)— (2n—2) a
| H(650,8) |< (b= @)~ T/l { £ 0hpemle) _ o 2o Sl

We also give the Ostrowsky type inequality related to the generalization of
majorization inequality.

THEOREM 24. Let x; € [a,b], w; € R, i =1,2,....m, T = ﬁ Yo, wizi and
let (p,q) be a pair of conjugate exponents, that is 1 < p,q < oo and % —i—% =1.
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Let ¢ € C?™ [a,b] be such that ’(ﬁ 2")‘ : [a,b] — R is an R-integrable function
for some N. Then we have

(53)

W;iwmm—w 3 66— a* - zszkxz— @)

k=1

n—1 U

. Z ¢(2k)(b)(b _ a)2k [lem sz[\k(xz) — Ak(ﬁ?):H <
=1 =1

< (b—a)™ e, (/ th) E'

The constant on the right hand side of is sharp for 1 < p < oo and the
best possible for p = 1.

g

—at
) b—

Wmm w (G 18) G (5

0.‘ ‘

Proof. Let’s denote
) = -0 | Y (52 6) - 6 (0 9)|.

Using the identity (17)) and applying Holder’s inequality we obtain

m n—1 m N ~
W%ni;wm(xi) — ¢(T) — k§0¢(2k)(a)(b — a)* {W}mi;wij\k(xi) — Ak(x)}

_ nilgb@k)(b)(b — Q)Qk [W}m glwzj\k(xz) — Ak(ﬂf)] —

1/q
<H¢2">|p</ ot |qu) .

1
For the proof of the sharpness of the constant ( i) ; |W(t)] dt) i let us find a

function ¢ for which the equality in is obtained.
For 1 < p < oo take ¢ to be such that

o)1) = sgn W) [ ()] 7T
For p = oo take ¢(™)(t) = sgn W(t).

For p =1 we prove that
b
/ V(00 ()] < o (1) (/ d>(2")(t)‘dt>
te a

is the best possible inequality. Suppose that |¥(t)| attains its maximum at
to € [a,b]. First we assume that ¥(tp) > 0. For ¢ small enough we define ¢.(t)

(54)
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by
0, a <t <1,
de(t) =z (t = to)", to <t <ty+e,
ﬁ(t*%)"—l, to+e<t<b.

Then for € small enough

/ "B (1) 6@ (1) dt| =

to+e to+e
_/1 W@;ﬂ:;/ W (t)dt.

to

Now from the inequality we have

1 to+e to+e 1
g/ U(t)dt < \I/(to)/ Lat = W(ty).

to to
Since

to+¢e
lim 1 U (t)dt = U(t)

e—0 to
the statement follows. In the case ¥(tp) < 0, we define ¢.(t) by
ﬁ(t —to—e)" 1, a<t<t,
$e(t) =1 —zlt—to—e)",  to<t<to+e,
0, to+e <t <b,
and the rest of the proof is the same as above. O
Integral version of the above theorem can be stated as:
THEOREM 25. Let z : [, 5] — R be continuous functions such that x([a, f])
C [a,b],A ¢ [, 8] — R be as defined in Remark [10] or in Remark [13| = =
[7 2ty dx)

fﬁ 0 and let (p,q) be a pair of conjugate exponents, that is 1 < p,q < 0o

and % + % = 1. Let ¢ € C® [a,b] be such that ‘qb(Q”)‘p : la,b] — R is an
R-integrable function for some n € N. Then we have
(55)
J&O)ANE) KR on o)k [ff Ap(x(0)dA®) 4 ]
P ¢(z) kglqﬁ (a)(b—a) P k(T)

<

Qe

_ nil ¢(2k) (b)(b _ a)2k [fo? Ak(x(t))d)‘<t) o Ak(x)]
k=1
ff G”(xg)tz;a’ ﬁ)d)\(t) _ (E—a s—a)

S ()
< (b—a)® e, (/ab ) b=a’ b=a qu) :

The constant on the right hand side of is sharp for 1 < p < oo and the
best possible for p = 1.
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