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Abstract. Some new inequalities of Hermite-Hadamard type for H A-convex
functions defined on positive intervals are given.
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1. INTRODUCTION

Following [I] (see also [41]) we say that the function f: I C R\ {0} — R is
HA-convex or harmonically convex if

(1) Flartitny) < (L=1) f(2) +tf (y)

for all x,y € I and ¢ € [0, 1]. If the inequality in is reversed, then f is said
to be HA-concave or harmonically concave.

In order to avoid any confusion with the class of AH-convex functions,
namely the functions satisfying the condition

(2) F( =Dz +ty) < =57 0

we call the class of functions satisfying as HA-convex functions.
If I € (0,00) and f is convex and nondecreasing function then f is HA-
convex and if f is HA-convex and nonincreasing function then f is convex.
The following simple but important fact is as follows:

CRITERION 1. If [a,b] C I C (0,00) and if we consider the function g :

[1,1] = R, defined by g (t) = f(3), then f is HA-conwez on [a,b] if and only

if g is convex in the usual sense on [},1].
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For a convex function h : [¢,d] — R, the following inequality is well known
in the literature as the Hermite-Hadamard inequality

d
3) h(e) < o [ R a < MOP@

for any convex function h : [c,d] — R.
For related results, see [1]-[18], [21]-]26], [27]-[37] and [38]-]49].
If we write the Hermite-Hadamard inequality for the convex function g (t) =

f($) on the closed interval [3,1], then we have

1
a a @ b a
(4) F(25) < gt |7 F(h)de < L0
b
Using the change of variable s = % we have

w\»—\

/ )dt = / 1)g
and by we get

(5) (2 < bib/f ds < 1OH1@

The inequality (b)) has been obtained in a different manner in [41] by I. Iscan.
The identric mean I (a,b) is defined by

[ ——
I(a,b):= %(27) b=
while the logarithmic mean is defined by

L(a,b) = =4

Inb—Ina-

In the recent paper [25] we established the following inequalities for HA-
convex functions:

THEOREM 2. Let f : [a,b] C (0,00) — R be an HA-convex function on the
interval [a,b]. Then

L(a a)bf(b)+(b—L(a,b))af(a
(6) F(L (a,b) gbL/f do < D=0 Q) +0- Lol

and

THEOREM 3. Let f : [a,b] C (0,00) — R be a HA-convex function on the
interval [a,b]. Then

b
b b bf(b)+
(M) F(e8) 3 <ok ; xf (x) do < PHOGIE,
Motivated by the above results, we establish in this paper some new inequal-
ities of Hermite-Hadamard type for HA-convex functions. Some applications
for special means are also given.
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2. FURTHER RESULTS

We start with the following characterization of HA-convex functions.

THEOREM 4. Let f,h : [a,b] C (0,00) — R be so that h(t) = tf (t) for
t € [a,b]. Then f is HA-convex on the interval [a,b] if and only if h is convex
on [a,b].

Proof. Assume that f is HA-convex on the interval [a, b] . Then the function

g:[3. 1] =R, g(t) = f(3) is convex on [, 1]. By replacing ¢ with + we have

¢
f)= g(t)'
If A € [0,1] and z,y € [a,b] then, by the convexity of g on [},1], we have

h(1=Nz+Ay)=[1=-XNzx+Xy]f((1=Nz+Ay)

(1 =Nz + Mg (=)

(1=Nzl4ayl
=[1 =Nz + My 9<Ww+,\zy)

(1-\)z +ayg (L
< (1= N+ 2] (lg(k):)cﬂzg(y)

= (1= Y29 (3) + s ()
= (1= X)2f () 4+ Mf () = (1= ) h(@) + M (9),

which shows that h is convex on [a, b] .
We have f (t) = @ for t € [a,b]. If A € [0,1] and z,y € [a, b] then, by the
convexity of h on [a,b], we have

f (Aﬁw 5 ) _ ()\er(l A)y)

(1= Az—&-(l Ny

)\x—i-l )\yh

:Ax-i-(l )\yh<(1 )\) —r )

Ae+(1=N)y j, (1(1 /\)A)lxj:f\\l y)

)\er(l A)y)

Yy

Aet(1-A)y (1=A) 3 h(@)+A L h(y)

= zy (1-X)5+A5
= (1= N zh(@) +A5h @) =1 =) f (@) +Af (),
which shows that f is HA-convex on the interval [a, b]. O

REMARK 5. If f is HA-convex on the interval [a, b] , then by Theorem [4] the
function h (t) = tf (t) is convex on [a, b] and by Hermite-Hadamard inequality
() we get the inequality . This gives a direct proof of @ and it is simpler
than in [25]. O
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In 1994, [I1] (see also [32, p. 22]) we proved the following refinement of
Hermite-Hadamard inequality. For a direct proof that is different from the
one in [I1], see the recent paper [24].

LEMMA 6. Let p : [c,d] — R be a convex function on [c,d]. Then for any
division c = yg < Y1 < ... < Yn—1 < Yn = d with n > 1 we have the inequalities

n—1
®)  p(9) < 2 Y (e — ) p (BHE)
=0
< L d < 1 i _ i) P tplui)
— d—c c d ‘ ?/+1 yz 2

IN

3 () +p(d)].
We can state the following result:

THEOREM 7. Let f : [a,b] C (0,00) — R be a HA-convex function on the
interval [a,b]. Then for any division a = g < x1 < ... < Tp—1 < T, = b with
n > 1 we have the inequalities

O () Sty X (R ) 7 ()

S% zf (x)dx

a

< % Z Tit1 — i) zi f (z z)+x§+1f(m7«+1)
=0

§§[af( a)+bf (b)].

Follows by Lemma [6] for the convex function p (z) = zf (z), z € [a,b].
If we take n =2 and z € [a,b], then by (9) we have

(10) =52 F(%50) < oty (27 — @) F (552) + (0 — ) F(252)]

b_la/abtf(t)dt
< ﬁ[(b—a)xf(fff)Jr(x—a)af(a)Jr(b—w)bf(b)}
< 3 laf (a) +bf (b)].

IN

If in this inequality we choose z = “T‘H’, then we get the inequality
b b 1 b+3 b+3 3b 3b
(1) 2 F(50) < oty e () + 2y (442))
b

<G tf(t)dt

a a afla)+bf(b)
< 4 |egtr(egt) + LU0

< 5laf(a) +bf (0)].
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If we take in 1) x = %’ then we get

(12) 32 1(*4°) < jriop [a2 (a+30) f (S ) + 02 Ba+b) f (o)) ]

[

1
b—a
g%[abffi% + CLOPIO] < Laf (a) + bf (b))

<

We also have:

THEOREM 8. Let f : [a,b] C (0,00) — R be a HA-convex function on the
interval [a,b]. Then for any division a = xo < x1 < ... < Tp—1 < T, = b with
n > 1 we have the inequalities

n—1
2ab ab e ] 2T 1175
as) @) <L () (35T
j=0
< bfb Qdﬁ
—a

< ab (acjﬂij) f(ﬂﬁj)+g($j+1) < f(b)-gf(a)‘

Tj412] -

Proof. Consider the convex function p(x) = f (%) that is convex on the
interval [%, é] The division a = 29 < 1 < ... < Tp_1 < Tp = b withn > 1
produces the division y; = ——, i € {0,...,n} of the interval [},1].

Using the inequality we get

n—1
(4 f <i> <ty (tatm—as)f (i)
7z i L

Tn—i
2

v )
< 1 1 1.) Fn—i—1 Fn—i

<3[r(4)+1(3)]

that is equivalent to

INA
Bl
| (=
@\H\
~
—
|
S~—
QU
o~

n—1
2ab b Tn—i—Tn—i—1 2Tp—i—1Tn—i
(15) f (ﬁ) S ba;ill Z ( Tn—i—1Tn—i ) f (xn—i“‘mn—i—l)
=0
1



6 Inequalities of Hermite-Hadamard type 31

ab Tn—i—Tn—i—1\ f(@n—i—1)+f(@Tn_i)
S b—a Z ( Tp—i—1Tp—iq > 2
=0

S%Um+fw»

By re-indexing the sums and taking into account that

/ (Lydt = /f(g)da:

we obtain the desired result . O

REMARK 9. If we take n = 2 and = € [a,b], then by we have, after
appropriate calculations, that

(16) HEDES { et (55) b mf(fi’z)}
< 2 ’ G
<1 [f (L;) + (z*a)bfg?bt(:)*w)af(b)}
< [0,

If we take in xr = Qib [a, b] , then we get

(1) f(fi%) <3 |7 G) + Gty

If we take in z = % € [a,b], then we get
(

a(a+b) b(a+b)
IR ()
atb/ = a+b
éﬁ;*%m
a b a)taf(b f(D)+f(a
S%[ f( a+bf()} < ()2f()'

3. RELATED RESULTS

We recall some facts on the lateral derivatives of a convex function.

Suppose that I is an interval of real numbers with interior I and f:I—>R
is a convex function on I. Then f is continuous on I and has finite left and
right derivatives at each point of I. Moreover, if x,y € [ and z < y, then
fL(x) < fl(x) < fL(y) < fi(y) which shows that both f_ and f are
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nondecreasing function on I. Tt is also known that a convex function must be
differentiable except for at most countably many points.

For a convex function f : I — R, the subdifferential of f denoted by Jf is
the set of all functions ¢ : I — [—00, 00] such that ¢(I) C R and
(19) f(x)>f(a)+ (x—a)p(a) for any x,a € I.

It is also well known that if f is convex on I, then df is nonempty, f’,
[l e df and if ¢ € Of, then

fL(z) < p(x) < fi (z) for any z € I.

In particular, ¢ is a nondecreasing function. If f is differentiable and convex

on I, then 8f = {f'}.

LEMMA 10. Let f : [a,b] C (0,00) — R be an HA-convex function on the
interval [a,b]. Then f has lateral derivatives in every point of (a,b) and

(20) f@)=f(s)=sfils)(1-3)
for any s € (a,b) and t € [a,b].
Also, we have

(21) £ &)= f(a) > af} (a) (1-9)
and
(22) F) = F(b)=bf 1) (1-1)

for any t € [a,b] provided the lateral derivatives f! (a) and f' (b) are finite.

Proof. If f is HA-convex function on the interval [a,b], then the function
h(t) =tf (t) is convex on [a, b], therefore the function f has lateral derivatives
in each point of (a,b) and

Wy (t) = f(t) +tfL (1)

for any t € (a,b). Also, if f} (a) and f’ (b) are finite then

bl (a) = f(a) +af’, (a) and b’ (b) = f (b) + bf" (b).
Writing the gradient inequality for the convex function h, namely

h(t) = h(s) > hy(s)(t—s)
for any s € (a,b) and t € [a, b] , we have
tf(t)—sf(s) > [f(s)+sfi(s)](t—s)=f(s)(t—s)+sfi(s)(t—>s)
that is equivalent to
tf(t)—tf(s) = sfi(s)(t—s)

for any s € (a,b) and t € [a,]].

Now, by dividing with ¢ > 0 we get the desired result .
The rest follows by the corresponding properties of convex function h. [

We use the following results obtained by the author in [19] and [20]
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LEMMA 11. Let h: [a, B] = R be a convex function on [a, B]. Then we have
the inequalities

23) [ (%52) -] (B -a)

IA

Ale)th(B) _ 1 / h(t) dt

< LWL (8) ~ W ()] (B =)

and

00 L[ (2) - h ()] (8- o) < gty [ h (- n(=2)
(

The constant % is best possible in and (24]).
The following result holds:

THEOREM 12. Let f : [a,b] C (0,00) — R be an HA-convex function on the
interval [a,b]. Then we have

) A () s ()] 07 ) <
< @B 1 / Lf (£) dt
<glf ) = F@)(b—a)+ g [bfL (b) —afi (a)] (b= a)

£(st) =1 (532)] (- ) <
< it [1r@an- sty (23)
<L 0)— F@)b—a)+ L[ () = afl (@) (b —a).

Proof. Making use of inequality in Lemma (11| for the convex function
h(t) =tf (t) we have

et () - ()] 0o <
W”(“);bf@_bla/abt (t) dt
<L [FO) +bf2 () = f(a) —afl(a)] (b—a),

which proves the inequality .
The inequality follows by . g

COROLLARY 13. Let f : [a,b] C (0,00) — R be a differentiable HA-convex
function on the interval [a,b]. Then we have

b
(27) 0 < eflatbit) _ 1 / tf (t)dt

<3O = f ()] (b—a)+ g [bf (b) —afi ()] (b—a)

IN
<~
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(28 0 %/tf()dt afby (e0)
1

s[F(0) = (@] (b—a)+g[bfl(b) —afi(a)] (b—a).
We remark that from . we have

(29) (3a+b) f(a )+(a+3b)f(b [bf ( )_ af_/’_ (a)] (b . CL) <

S ﬁ / tf (t) dt S af(a)';bf(b)

and from (28]) we have
b
(30) sf (242) <pls [t ()t

<ofbf (o) + L[ (0) ~ f (@) (b—a)

+5 [bfL () —afi (@] (b—a).
The identric mean I (a,b) is defined by

<
<3

1
b\ b—a
I(a,b):= %(27)
while the logarithmic mean is defined by
(CL b) lnb ilna

The following result also holds:

THEOREM 14. Let f : [a,b] C (0,00) — R be an HA-convex function on the
interval [a,b].

(i) I bf (b) —af (a) # [, f (s)ds and
fbs2f’(s)ds b2 f(b)— an(a) 2f sf(s)ds

(31) = f;’ sf'(s)ds bf(B)—af(a)— [} f(s)ds € la.b]
then
b

(32) flap =iy [ £s)ds

(i) If f (b) # f (a) and

Usf'(s)ds  bf(b)—af(a)— [ [(s)ds
(33) br = ffj f’(s)js === f(b)—f(fcf) = € fa.t)
then
b

(34) £8) 2 it [ £ (s)ds

(iii) If af (b) # bf (a) and
(35) v = e € (o)
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then
b
(36) fapz i [ s,

Proof. We know that if f : [a,b] C (0,00) — R is an HA-convex function
on the interval [a,b] then the functions is differentiable except for at most
countably many points. Then, from we have

(37) F@&)=f(s)=sf(s)(1-7%)
for any t € [a,b] and almost every s € (a,b).
(i) If we take the Lebesgue integral mean in (§ . then we get

B9 S0k [ FOds =gty [ sy [ ()

for any ¢ € [a, b].
If we take t = oy in ) then we get the desired inequality .
(ii) If we divide the mequahty . by s then we get

(39) L) — L9 > (s) — Lsf' (s)

for any t € [a,b] and almost every s € (a,b).
If we take the Lebesgue integral mean in , then we get

b b b
[ (t) 5= a/ 1ds la/ @dsﬁ/ f’(s)ds—%ﬁ/ sf' (s)ds

that is equivalent to

b #(s ~ fa bf(b)—af(a)— [ f(s)ds
@) Ak [ s> Mt MO,

—a

for any ¢ € [a, b]
If we take t = B¢ in then we get the desired result .
(iii) If we divide the inequality ( . ) by s2 then we get

(41) L) -5 > I8 Lpry)

for any t € [a,b] and almost every s € (a,b).
If we take the Lebesgue integral mean in , then we get

b b, b
PO [ = gty [ sz gt [ Eas gk [ s

which is equivalent to

b
Fy L - f(s)d > [0 sy [T 19 gg] 110

ab b—a a b a w °
or, to
b
b)—b b)—
F) L -2 [ H0gg > 1 e/-bti@  1/0)-f@
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REMARK 15. We observe that a sufficient condition for and (33) to
hold is that f is increasing on [a,b]. If f(a) < 0 < f(b), then the inequality
(35 also holds.

We also have the following result:

THEOREM 16. Let f : [a,b] C (0,00) — R be an HA-convex function on the
interval [a,b]. Then we have

b
a af(a)+b
(42) f( ;b) < lnbilna a a+(b)tdt < . )JF L )

Proof. Since the function h (t) = tf (t) is convex, then we have
() < 0

for any z,y € [a,b].
If we divide this inequality by zy > 0 we get
(43) 3G+ <5 (MR 1),

for any z,y € [a, b] .
If we replace x by (1 —t)a+tb and y by ta + (1 —t)b in , then we get

1 1 1 a+b ((A=t)attb) | f(tat+(1—t)b)
(44) 3 ((1—t)a+tb + ta+(1—t)b) F() <3 ( tor(i=06 T T(1onati ) )
for any ¢t € [0,1] .

Integrating on [0, 1] over t we get

1 1
1 1 1 atb
(45) 2 (/0 T—narmdt +/ at l—t)bdt) f(557) <
1 f((1=t)a+tb) f(ta+(1-¢)b
SQ(O ta+1t dt+/ (1ta+tb )

Observe that, by the appropriate change of variable,

1 1 b
1 _ 1 du __ Inb—l
/0 (1—- )a—i—tbdt A ta—i—(l—t)bdt - b—a/a Tu - nb—ana

flta—i—tbdt Urtatr—ny) 1 [P fw) du
ta+(1—1)b " (1-t)attb ta+tb T b—a " a+b—u

and by (45]) we get the first mequahty in .
From the convexity of h we also have

(1—=t)a+th) f(1—t)a+th) <(1—t)af (a)+tbf (b)

and

and
(ta+ (1 —=1t)b) f(ta+ (1 —1t)b) <taf (a)+ (1 —1t)bf (b)
for any ¢ € [0, 1].



12 Inequalities of Hermite-Hadamard type 37

Add these inequalities to get
(T—=t)a+1tb) f (1 —t)a+1tb) + (ta+ (1 —t)b) f (ta+ (1 —t)b) <
< af(a)+bf (b)
for any ¢ € [0, 1].
If we divide this inequality by ((1 —¢)a + tb) (ta+ (1 —t)b), then we get

f((1—t)a+tb f(ta+(1-t)b af(a)+bf(b
(46) StEH—(l)—t)b) + (( g +)b) < ((l—t)a-lEtIZ)(ta-&(-()l—t)b)

for any ¢ € [0, 1].
If we integrate the inequality (46)) over ¢t on [0,1], then we obtain

flta+tb fta+(1-t)b
(47) / F(- t)b)dt+/ = tga—&—tzy)dt =

<laf(a)+bf (b )]/0 ((17t)a+tb§l€ta+(1ft)b)'

Since )
dt _ 1 du
/0 (T—t)attb)(tat+(1-1)d) — m/a u(a+b—u)
and
e = am (e + e
then

b b
d _ 1 1 1 2
/a U(Tz—u)_ a—l—b/a (ﬂ+a+b_u)du—m(lnb—lna).
By (47) we then have

b
+bf(b) | Inb—Ina
bga/a a-l-(b )udu < 2[ e )+bf( )} l 2—31 ’

which proves the second inequality in . O

4. APPLICATIONS

We consider the arithmetic mean A (a,b) = “E2, the geometric mean G (a, b)
= vab and harmonic mean H (a,b) = %}3} for the positive numbers a,b > 0.

If we use the inequalities for the HA-convex function f (t) =t on the
interval [a, b] C (0, 00) then for any divisiona =z < 1 < ... < Tp_1 < T, = b
with n > 1 we have the inequalities

(48) L < LE zjr1-zj  G*(ab) ~ _ab nz_:l T =T A(a,b)
a+b b—a —~ Tjp1+x; — L{ab) — 2(b—a) 4 ‘ Tijp1x; — L
j= i=

In particular, we have

(49)  H (a,b) < 2ab( ) < Glab) o HlabtAlad) (< 4 (q,1)).

L(a,b) — —

1 1
at36 1 3010

Consider the function f : (0,00) = R, f (t) = HT Observe that g () = f(%) =
—tlnt, which shows that f is HA-concave on (0,00) .
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If we write the inequality for the HA-concave function f (t) = ¢ on

-t

(0,00), then we have for any division a = zo < 1 < ... < Tp—1 < T, = b with

n >
(50)

1 that

n—1 T2 n—1 Ti1—T;

A(a,b) > [ (B2 "5 > [ (a,0) > [[ (mwina) 209 > G (a,b).

i=0 =0

In particular, we have

(51)

The

b 707 (04 -9

(
>1I(a,b) >+/A(a,b)G(a,b) (> G(a,b)).

interested reader may apply the above inequalities for other HA-convex
_ h®)

functions such as f (t) = =2, ¢t > 0 with h any convex function on an interval

IcC

(1]

[10]

[11]

¢
(0,00) etc. The details are omitted.
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