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APPROXIMATION OF CONTINUOUS FUNCTIONS
ON HEXAGONAL DOMAINS
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Abstract. Some approximation properties of hexagonal Fourier series are in-
vestigated. The order of approximation by Nérlund means of hexagonal Fourier
series is estimated in terms of modulus of continuity.

MSC 2010. 41A25, 41A63, 42B08.

Keywords. Hexagonal Fourier series, modulus of continuity, Norlund means,
order of approximation.

1. INTRODUCTION

Let C5,; be the Banach space of 2m-periodic continuous functions on the
real line, equipped with the norm

1 llcy, = sup |f (@)].

<zx<2mw

The modulus of continuity of a function f € Cy, is defined by

w(f,0) == sup |If =Th(f)llc,,, (0>0),
0<|h|<é

where T}, (f) () := f(x 4+ h). For 0 < a < 1, we denote by HS_ the Holder

class of functions f € Cay, such that w (f,0) < 0%, where A < B means that

there exists a constant K > 0 such that A < KB holds.

Approximation of functions belonging the space Ca, by trigonometric poly-
nomials is one of the most important topics in approximation theory and it has
a very rich history. Especially, the order of approximation of functions in Hg_
classes was studied by several mathematicians. Linear summation methods of
Fourier series are mostly used tools in these studies.

Let f € Cy; has the Fourier series

0 F@)~ S Felte,

k=—o00
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with partial sums

n
= Z fre®®, (n=0,1,..).

k=—n
We denote by (o, (f)) the sequence of Fejér means of (1)), i.e.,

o (F) (@) = 15350 (F) ()

In 1912, S.N. Bernstein obtained the following estimate for the approxima-
tion order by Fejér means.
THEOREM A. [2]. Let f € HS. (0 < o <1). Then the estimate

L a<l1

(2) Hf —On (f)HC27r < { l:garz a=1

n

holds for n > 2.
S.B. Stechkin extended Bernstein’s result as follows.
THEOREM B. [14]. Let f € Cyr. Then the estimate

(3) 1f = on (D, < i d_w(f 557)

k=0
holds for every natural number n.

n
Let p = (pn),— be a sequence of positive real numbers and let P, = > pg.
k=0

Norlund means of the series with respect to the sequence p are defined by

No (p; f) (2) = pinzn:pnfksk (f) (=
k=0

It is known that Norlund summability method is regular if and only if
Pn/Pn — 0asn — oo [8 p. 64]. It is clear that N, (p; f) coincides with oy, (f)
in the special case p, =1 (n =0,1,...).

In 1976, A.S.B. Holland, B. Sahney and J. Tzimbalario obtained a more
general result than Theorem B.

THEOREM C. [9]. Let p = (pn),—, be a sequence of positive real numbers
such that np, < P,. Then for every f € Car, the inequality

(4) ||f_Nn(pv ||C’2 < P, Z Prw fak

holds.
It is clear that in the case p, =1 (n =1,2,...) reduces to . Theorem
C also extends a result of B. Sahney and D.S. Goel [13] which states that

n
(5) 1f = N (93 F)llcy, < 77 ) ta

k=1
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for f € HS., where (p,) is a non-increasing sequence of positive real numbers.

These theorems can be found in the survey [10]. Also, we refer to the
monographs [I], [3], [4], [L6] and [I§] for more information and results about
trigonometric approximation theory.

Approximation problems on cubes of the d—dimensional Euclidean space
R? are studied by assuming that the functions are 27w-periodic in each of their
variables (see, for example [16], Sections 5.3 and 6.3] and [I8, vol. II, ch. XVII]).
But, in the case of non-tensor product domain, for example for hexagonal
domains in the Euclidean plane R?, another definition of periodicity is needed.
For such domains the most useful periodicity is the periodicity with respect
to the lattices.

Let A be a non-singular d x d matrix. The discrete subgroup AZ? = {Ak :
k € Zd} of the Euclidean space R? is called the lattice generated by A, and
the matrix A is called the generator matrix of this lattice. The lattice A~¥"Z¢,
where A~ is the transpose of the inverse matrix A~1, is called the dual lattice
of AZ®. A bounded set Q C R? is said to tile R? with the lattice AZ? if

Z xax+a)=1

a€AZL

holds almost everwhere, that is, for almost every x € R? there exists exactly
one a € AZ% such that z + « € Q. In this case the set Q is called a spectral
set for the lattice AZ?. One suppose that the spectral set Q contains 0 as
an interior point and tiles R? with the lattice AZ¢ without overlapping and
without gap, i.e.,

S xa(z+Ak) =1

kezd
for all z € R? and Q + Ak and Q + Aj are disjoint if k # j. For example we
can take Q = [ — %, %)d for the standard lattice Z? (the lattice generated by
the identity matrix).

Let © be the spectral set of the lattice AZ?. L? (Q) becomes a Hilbert space

with respect to the inner product
(.90 = by [ 1 (@) g @i,
Q

where [Q] is the d—dimensional Lebesgue measure of Q. A theorem of Fuglede
states that the set {e?™(®%) : o € A="Z?} is an orthonormal basis of the
Hilbert space L?(£2), where (o, ) is the usual Euclidean inner product of o
and x [5]. According to this theorem, Fourier series and approximation on
the spectral set of the lattice AZ? can be studied by using the exponentials
6271'1'(04,:(:) (Oé c Aftrzd)‘

A function f is said to be periodic with respect to the lattice AZ? if

[z + Ak) = [ (2)
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for all k € Z°.

If we consider the standard lattice Z¢ and its spectral set [— %, %)d, Fourier
series with respect to this lattice coincide with usual multiple Fourier series of
functions of d—variables.

We refer to [I1] for more detailed information about Fourier analysis on

lattices.

2. HEXAGONAL FOURIER SERIES

In the Euclidean plane R?, besides the standard lattice Z? and the rect-

angular domain | — %, %)2, the simplest lattice is the hexagon lattice and the
simplest spectral set is the regular hexagon.

The generator matrix and the spectral set of the hexagonal lattice HZ? are

given by
V3o
H_[—l 2

and

Oy = {(331,%‘2) € RZ: 1 < x2,§m1 %xQ < 1} .

It is more convenient to use the homogeneous coordinates (1, ta, t3) that satisfy
t1 +to +t3 = 0. If we define

(6) ty = —% + \/52“”1, ty i= w9, 3 := —% — 7‘/%“31

)

the hexagon Q0 becomes
Q= {(t1,ta,t5) €R®: =1 <yt ~t5 < 1, by + 1o+ t3 =0}

We use bold letters t for homogeneous coordinates and we denote by R%,
the plane t| 4+ to 4+ t3 = 0, that is

R3, = {t: (tl,tg,tg) €R32t1+t2+t3:0}.

Also we use the notation Z?}’q for the set of points in R% with integer compo-
nents, that is Z% =73nN R?jq.

It follows from @ that the Jacobian determinant of the change of variables
Tr = (331,1’2) —t = (tl,tg,tg) is Cl$1dl’2 = L\?’/gdtldtg.

In the homogeneous coordinates, the inner product on L? (Q) becomes

o = iy [ 1©) 9 ),
Q

where || denotes the area of €2, and the orthonormal basis of L? (€2) becomes

{qu (t) =508 jezd, ¢ eRi}{}.
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Also, a function f is periodic with respect to the hexagonal lattice (or H-
periodic) if and only if f (t) = f (t +s) whenever s = 0 (mod 3), where t =s
(mod 3) defined as

t1 —s1 =tg— sp =t3—s3 (mod3).

It is clear that the functions ¢;(t) are H—periodic. If the function f is
H —periodic then

/f(t—i—s)dt:/f(t)dt, (seR%).
Q Q

For every natural number n, we define a subset of Z3; by

H, = {j = (1, j2,Js) € Ziy : =1 < ju, o, js < nf

Note that, H;, consists of all points with integer components inside the hexagon
n{2. Members of the set

My :=span{¢;:je H,}, (neN)
are called hexagonal trigonometric polynomials. It is clear that the dimension
of H,, is #H,, = 3n® +3n + 1.
The hexagonal Fourier series of an H—periodic function f € L' (Q) is
(7) F)~ > fio;(t),
jez3;

where

~ 2w s .

fi=y [f ) F 00, (jez).
Q

The nth partial sum of the series is defined by

Su(f)(8) == > fig5(t), (neN).
jeH,

The partial sums have the integral representation
®) S0 (f)(©) = by [ (¢~ 5) D (s) ds,
Q

where
jeHn
is the Dirichlet kernel of order n.
It is known that ([I5], [I1]) the Dirichlet kernel can be expressed as

(9) D,(t)=06,(()-0,_1(t), (neN),

where

gin (D —to)m o (ndD)(ta—tz)m o (nt1)(t3—ty)m

(10) O, (t) :=

(t1—to)m . (to—tz)m . (t3—tj)=
3 Sin 3 Sin 3

sin
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for t = (t1,t2,t3) € RY,.
More general information about hexagonal Fourier series can be found in
[11] and [I7].

3. MAIN RESULT

We denote by Cp () the set of complex valued H—periodic continuous

functions defined on R%. Cr () becomes a Banach space with respect to the
uniform norm

1, @) = sup {1/ (V)] : 6 € O}
The modulus of continuity of the function f € Cp(Q) is defined by
wg (f,0):= sup ||f —Tn(f)

o< <o lew(a)
where Ty, (f) (t) = f (t + h) and
[h|| := max {|h1], |hal, |hs|}

for h = (hq, ha, h3) € R%,. It is known that [I7] the modulus of continuity is a
non-decreasing function and satisfies

(11) wr (f;A0) < (1+ N waw (f,9)

for A > 0. B
For 0 < a < 1, we define the Holder class H*(2) of H—periodic continuous
functions as

HYQ) = {f € Cu(@) : wir (£,0) < 6%, 6> 0}.
The Fejér means of the series are defined by

on (F) (8) = 2580 () (8).
k=0

The following analogue of Theorem A for hexagonal Fourier series was
proved in [6].
THEOREM D. Let f € H* (ﬁ) (0 < a < 1). Then the estimate

1

ne«?

a<l

(12) 1f = on (Dlley @) < { (

2
lognn) Ca=1
holds for n > 2.

Let p = (pn),—, be a sequence of positive real numbers and (N, (p; f)) be
the sequence of Norlund means of the series with respect to the sequence

p, that is

(13) No ) (0) = 23 pusSi (1) (8), (neN).
k=0
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By considering , we get
(14 No (i) (8) = by [ £ (6= 8) B (pis) ds,
Q

where
n
Z Dy (t

The aim of this work is to prove an analogue of Theorem C for hexagonal
Fourier series. The main result is the following.

THEOREM 1. Let p = (p,) be a non-increasing sequence of positive real
numbers. Then the estimate

(15) 1f = Na (3 Dl @y < 25 log (£2) Z%PM )

holds for every f € Cy () and for every natural number n.

Proof. By (14)), definition of wg (f,-), and we have
(16)

1O = Na i) O < 7 [ wn (£ ]s]) ds.

pn+§n:]3n—k (O (8) —Ok-1(s))
k=1

Since the function

Pn + ipn—k (O (t) — Ok-1(t))
k=1

t = wn (f, [[t]])

is symmetric with respect to variables t1,ty and t3, where t = (t1,t2,13) € €,
it is sufficient to estimate the integral

pn+ ipn—k (O (t) — Ok-1 (t))| dt,

k=1

L= [ wn (£, 161)

where

A= {t = (tl,tg,t;),) GR?;I : 0 < tq1,t2,—t3 < 1}
= {(t1,t2) : t1 >0, t2 >0, t1 +t2 <1},

which is one of the six equilateral triangles in €. By considering the formula
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, we obtain

Pn + ipn—k (O (t) — Ok-1(t))

I = oo (. 1¢]) t
A k=1
n (kD (b —to)m (k41 (tg—t3)m . (k+1)(t3—t1)™
sSin Sin Sin
:/WH (fatl + t2> Dn + anfk( ‘.3 (t1—t)m - (t2—3t3)1r - (a—tpw 4
k—l Sin 3 Sin 3 Sin 3
A =

S

. k(ty—to)m . k(to—t3z)m . k(tz—t1)w
111 S s
) ’dt.

( E ) ( . ) ( 3)
. t1—to)m _. to—tg)m . tg—t1)m
sin 3 Sin 3 Sin 3

If we use the change of variables

S1 -

_ ti—t3 _ 2t1+t2
- 3 - 3 52

oty _ 1426
T 3 - 3

as in [I7], we get

sin((s1—s2)7) sin(sam) sin(—s17)

In :3/WH (f; Sl+82) pn‘i‘zpnfk(Sin((k+1)(51_82)ﬂ) sin((k+1)som) sin((k+1)(—s17))
~ k=1
A

_ sin(k(s1—s2)) sin(ksam) sin(k(—s17)) )
sin((s1—s2)7) sin(sam) sin(—s17)

dsidss,

where A is the image of A in the plane, that is
A= {(s1,59) : 0 < 51 <259, 0<59<2s1, 51+52<1}.

Since the integrated function is symmetric with respect to s; and ss, we have

sin((s1—s2)m) sin(sam) sin(—s17)

I, = 6/ (81 + Sg)a
A*

D + an—k (sin((k+1)(81—82)7r) sin((k+1)som) sin((k+1)(—s17))
k=1

__sin(k(s1—s2)m) sin(ksa) sin(k(—s17)) )
sin((s1—s2)7) sin(s2m) sin(—s17)

d81d82,

where A* is the half of A :
A" = {(31,32) €A:s < 32} ={(s1,82) : 81 < s9 <251, 51+ 82 < 1}.
The change of variables
51 1= M52, 59 1= %
transforms the triangle A* to the triangle

FZ:{(Ul,Ug)ZOSUQS%, Oﬁulgl},

hence we have

I, = S/wH (f,u1) |pn + Y _pn—iDj; (u1, us)| dusdus,
T

k=1
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where

Sm((’fﬂ)uzﬂ)Sm((k+1)“1+“27r) Sln((k+1)(“1 ug ))
ez sin (TS ) i 1)

sin(kuam) sin(kuh;u2 7r) sjn(k(wﬁ))

sin(uzm) Sin(ulgw 7r) sin(u1 2 71-)

Dk (uh Ug)

By elementary trigonometric identities, we obtain
(17) Dy, (u1,u2) = Dj 1 (w1, u2) + D 5 (u1,uz) + Dy 5 (u1, uz2) ,

where

ST —
sin(ua) Sin(% ) Sin(“lqu ﬂ_) )

Dz,l (u1,uz) := 2cos ((k; + %)Uz

kuam) sm(% u1+u2 7r) sin((k+1)%ﬂ.)

3 — 9y
sin(uam) sm( “1; 2 ﬂ.) s1n(“1 2u2 ﬂ.)

D;;Q (U1,UQ) = ((k 4 )u1+uZﬂ_> sin(

and

i) (252 ) in(} 215 )

sin(ugm) sin(ulgu2 ﬂ') sin( ul ;"2 ﬂ,)

D;;,S (U17U2) = 2cos ((k + )u1 ’LLQﬂ_)

Since
sin 2z 4 sin 2y 4 sin 2z = —4sinx sinysin 2

for x +y + 2z = 0, we also get the expression
(18) Dy, (u1,u2) = Hyq (u1,u2) + Hyz (w1, u2) + Hy 3 (u1, uz),

where

1 cos((2k+1)uam)
Hyi (u1,u2) = 3 sin (152 7) sin (15 2’

1 cos((2k+1)wﬂ)
2 sin(ugm) sin( D52 1)’

cos ((2k+1)“15"27)
1tu 2ﬂ.)'
2

Hy o (ug,u2) i= —

Hk;73 (ul,uz) = %

sin(ugm) sin (

By considering the fact (n + 1) p, < P, and by we get

/anH (f,wr) durduy < ppwp (f,1) < Lowp (f,1)
r

- PnWH(f? )<< Pnan(f7n)
= Z%PnWH (f.4) Z Prwr (f
k=1
since the sequence (P,,/n) non-increasing and wy (f, -) is non-decreasing. Hence,

n
1) In < L+ S kP (£4),
k=1
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where

n
an—kD;; (UI, U2) duidus.

k=1

I = /wH (f,u1)
r
If we partition the triangle I' as I' = I'y U T U '3, where

Iy := {(ul,ug) el:u < %H}’
_1

[y := {(U17U2) eliur 2 59, ug < 3(n1+1)}’
I3 := {(U17U2) el:u > =, ug > ﬁ}
we have
I=1 1+ 1o+ I s,
where

n

> Pu—iDj; (u1, uz)
k=1

[:L,j = /wH (f,ul) dulduz, (] = 1,2,3) .

r;

We shall need the well known inequalities

(20) sant| <n, (neN),
and
(21) sint > 2¢, (0<t< %)
to estlmate 1ntegrals nisdn o and ID o
By (17) and we obtain
n
i = /wH (fou1) | > _Pn—kDj (u1,u2)| duydus
) k=1
n
< /wH fru1) <Z (k+1) pn—k> duydus
Iy k=1
< (n+1) Pn/wH (f,u1) duidus
1“1
3(n+1))1/(n+1)
(’I’L—|— 1 / / WH f,u1 dulduz
3ug

1/(3(n+1))1/(n+1)

<+ 1 P (£5h) [ /dulduQ

0 3ug

SPnWH(fa%) :z”:% Powr (f, 3)-
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Since the sequence (P, /n) is non-increasing we get

(22) nl > ZkPkWH
We write the rectangle I'y as I'y = Ty, UTY, where

F/2 = {(ul,uQ) el :us < W}

and

b= {(Ul,UQ) €l :ug > 3(71—2%}

to estimate I, o
By we obtain

n
/UJH (fiu1) D pn—kDj 1 (ur,uz)| dusdug <
1—*/ kil
2
P 1
< / / (fsw (an k‘Dm Ul,uz)D duydus
o -
TP 1 1
< P, / / wH(f» )duldu2 _ 3(511) / WHELJ%uI)dul
0o 1 S
n+1 n+1
n+1 n k+1
n 1\ 74— _pn 1
= 30D /WH(faf)dt— T D (/WH(f» t)dt>
1 k=1 k
n n
S np_;:l ZWH(fa % Z Pka
k=1
For j = 2,3, by and ,
n
/wH (frun) D _pn—ikDj j (u1,u2)| durduy <
/ k=1
FQ

Pn
1 3(n+1)Pn

< / / wr (f,ur) <I§pn_k ‘D,’;j (ul,u2)‘> duaduq

L 0

k=1

1 m
< / / wH(f’ul (kan k) dusduy <
T
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1 3<n+1)Pn 1
<o [ <, | g
n+1 %«H
n+1 n k+1
— / wn(F1/0) gy — 5 / wn(F1/1) gy
1 k=1 \ "%
n n n
< Z% Z% wwri (f, 1) <O Pewn (1)
k=1 k=1 k=1

Hence we get

(23) /UJH (fru1) D pn—kDj (ur, ug)| durduy < Y 1 Prwn (f,3)-

1'\/ k:1 kzl
2
To estimate the integrals I}, ; and
/wH (fsu1) ankaZ (u1,u2)| duydus
4 k=1
2
we shall use the expression of Dj (u1,u2).
Lemma 5. 11 of [12] yields
n
> Pn—icos ((2k + 1) ugm)| < P(Qng)
k=1

and

;pn_k cos ((2k + 1) “5%27)| < P (W)

for (u1,uz) € I'y UT'3, where P (t) := Py. By Lemmas 5. 11 and 5. 10 of [12],
the fact

sin % < - sin (ulqu ),

f
and , we get

an g cos ((2k + 1) dtzr)
k=1

< P(

u17r)

for (u1,us) € T UT's. Hence by considering these inequalities and we
obtain

(24) an kHi (u1,u2)| < 5 P(57;)
k=1
and
n
(25) S pnokHi (un,u2)| < A-P(32-) (7 =2,3)
k=1
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for (ul, UQ) € Fg uTs.
By we obtain

n
/WH (foua) D pn—iHi 1 (u, ug)| durdug <
1—v2/ k=1
1
1 304D
< / / wr (f,u1 (an k!Hk1(u1,u2)!) duaduy
n+1 3(n+1)Pn
1 3(n+1)
< P, / / wH(f, du2du1<n+1/wH(f’ul)dU1
n+1 3(n+1)Pn n+1
n+1
— P P’n/
= nAl / u(f.4)d —n+1ZWH
1
<

> tPwn(f. 1
P

For j =2,3 by we get

/wH (fsu1)

1/
FQ

n
> Pu—iHyj (ur, ug)| duyduy <

k=1

1
1 3(n+1)
UJH(f,ul) 3
< / / ) p (32 dusdun
1 Pn
n+1 3(n+1)Pn
1

= log (&) /“’HEL{’“”P(%?ul)dul

= () [ (5 )

=
Il
—
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< log (1%) Z%Pka(f, %)
k

Thus, and this inequality give

n n
oo (F0) | Sopu D (o) | s < log (£2) >4 Plons
ry k=1 =
and hence
n
(26) Iy < log (5;) S P (£1/k)
k=1

By and by the inequality
ulfh) ) (5, < g
which is easily obtained from ,

/wH (fiw)

I's

n
an—ka,1 (u1,u2)| duyduy <

k=1

< //“’H%“”P(ﬁ)duldw

1
3(n+1)

f,3
< / /wHulu;LQ 27ru )dulduQ

3(n+1)
1

3

= [ e p( ) tog (k) dus

IA
<)
09
—~
S
+
—_
~—
,_.\w\,_.
€
T
iy
w
<
N
—
[
~—
U
£
[\

n
< IOg (%) Z%Pka(f, %)



56 Ali Guven 15

By , for j = 2,3,

n
/OJH (foua) D pn-rHrj (u1,u2)| durduy <
Ty k=1
1T
< / / oulhun) (3 ) duyduy
T 3D

n+1
1
< oglos ) [ P8
sy
n
< IOg (%) %Pka(f, %)
k=1
Thus,
n
27) Lis < log (£) 34 Pewon (£, 4)-
k=1
Combining , , , and give . O

4. CONCLUSIONS
CoNcLUSION 1. For f € H*(Q2) (0 < @ < 1), Theorem 1 yields the follow-
ing analogue of :
n
Py

1f = No (93 Pll ey () < 7; log (52) D

k=1

Note that this estimate was obtained directly in [7].
CONCLUSION 2. In the case p, =1, (n =0,1,...), (15]) reduces to

1
1 =on (Nlley @) < ﬁi’fzwﬂ

which is the analogue of for hexagonal Fourier series. B
CoNcLUSION 3. Inthecasep, =1,(n=0,1,...)and f € H*(Q) (0 < a < 1),
gives

logn < a<1

noe

£ = on (Pl m) < { -

n i

a=1.

This estimate yields the same approximation order with in the case a = 1.
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