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SECOND DERIVATIVE GENERAL LINEAR METHOD
IN NORDSIECK FORM

ROBERT I. OKUONGHAE" and MONDAY NDIDI OZIEGBE IKHILE*

Abstract. This paper considers the construction of second derivative general
linear methods (SD-GLM) from hybrid LMM and their transformation to Nord-
sieck GLM. We show how the Runge-Kutta starters for the methods can be
derived. The representation of the methods in Nordsieck form has the advan-
tage of easy implementation in variable stepsize.
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1. INTRODUCTION

The representation of second derivative hybrid linear multistep methods
(SD-HLMM) as SD-GLM and transformation to its Nordsieck form for easy
implementation will be the main focus herein. Nordsieck method was intro-
duced by Arnold Nordsieck in 1962 as an easy means of changing step size in
LMM [I]. Variable step-size implementation is readily achieved for formulas of
Nordsieck kinds and in fact, LMM can be represented by Nordsieck formulas,
details can be found in [1], [3], [10], [12], [18] and [19]. Hybrid LMM which can
be with one or more off-step points are aimed at bypassing the Dahlquist [7]
order barrier for the conventional LMM in computing the numerical solution
of the autonomous initial value problems (IVPs),

(1) { y' = fly(x)), € lzo,X]
y(xo) =vo, ye€R™ f:RxR™ m>1,

Examples of hybrid LMM are in [3], [4] [13] and [15]. Indeed, it is somewhat
difficult to implement the hybrid LMM in variable step-size because of the
problems associated with attempt to put the input and output data in their
standard representations at each step of approximations of the solution of .
The problems associated with the direct implementation of the hybrid LMM
make it less attractive compared to the Nordsieck GLM [3],[4]. Indeed, over
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2 Second derivative GLM in Nordsieck form 63

the years there is now a greater sophistication in the understanding of the
GLM,

Y = hAF(Y) + Uylr—1,

(2a) gl = hBE(Y) + V1),

where n =1,2,...; h = (rp+1 — o) is the stepsize. The GLM (2a) is readily
represented also as,

Y \ (A|U hF(Y)
(25) ( y[n} > - ( B ‘ V ) ( y[n—l]
where, k is the number of input quantities, s is the number of stages, ¥ =
(Y1,Ys, ...,YS)T denote the stage values computed in step n, then y[”*” =
(ygnfu,ygn*l] e ,y,&nil])T represent the vector of input quantities at the start
of step n, while y = (y[ln},ygn] e ,y,&n])T is the output solution and de-
notes the vector quantities exported to the next step, n + 1. The F(Y) =
(f(Y1), f(Ya), ..., f(Y:))T is the stage derivatives computed in step n and the
matrices defining the structure of the method are A = {a;;} € RC*®) B =
{bij} € R&*9 U = {u;;} € RE*F) and V = {v;;} € REXF, The ¢ =

[ce1,...,¢s]" is a vector of the stage abscissas. The Nordsieck form of (2b) is
Y A | UT hE(Y)

o () () (),

where,

(30) N A R

with the Nordsieck vectors in the past and present being respectively,

Y(@n—1) [ y(zn) ]
hy' (zn—1) hy' (xy,)
2 (o 2,1
(3b) Snen) _ | e |y | R )
] = | B3y®(@ny) |+ Y = h3y(3)(xn)
_hpy<p).(xn—1)_ L hpy(p)(l'n) ]

Hybrid LMM can in general be easily represented in the GLM formalism as
in (2b) and when it is possible to define Nordsieck vector in (3b), then it is
readily implementable as a variable stepsize Nordsieck GLM in . The [4]
has given a practical example of the transformation of hybrid LMM into the
Nordsieck form of a GLM in (2b).We are therefore motivated following
[4] to consider the transformation of a certain class of hybrid second derivative
LMM into its Nordsieck SD-GLM for the purpose of easy implementation in



64 Robert I. Okuonghae and Monday Ndidi Oziegbe Ikhile 3

variable step-size. In this regard, the multi-derivative GLM is

hF(Y)
h2F'(Y)

R F(f'*l) Y
*ymj_)
in [11], [I6]. This method engages directly the higher order derivatives of the

solution of in the implementation of (2b). In particular, the SD-GLM in
the Butcher sense is

Y €>17

A ooA=1) A0 U
(4) (ﬁ%) = (B<1> (V=0 v)

(50) Yo\ AW | A® | U h@?%))
y[n] B ‘ B® ‘ v w

This class of methods introduced in [2] which incorporates second derivatives
of the solution of , enhances (2) in order and stability wise for a comparable
number of stages with respect to (2b). The terms in (5a) which extend (2) are

the matrices A1) = {agjl-)} € REX9) - AQ) = {ag)} € Rtx9) B = {bfjl)} €
R®9), B@) = (5P} e RW), U = {uf} € REM, V = {u;;} € REH) and
the second derivatives stages F'(Y) = (f'(Y1), f'(Y2), ..., f'(Ys))T respectively.
The picture of (5a) in Nordsieck form is now

y AN | A® | pT )
(50) P 1M [ 7-1R® [ -1 h F(Y)
7 T-1BW [ 7-1B® | T-lyT =

The transformation matrix 7 is as in equation (3a). The stability matrix of
(5a) is

M(z) =V +2(BY + 2B (I — 2AW - 22AP)~y, 2 = A,
and the stability polynomial is given by
II(w, z) = det(wl — M(2)).

It is readily obvious that (5a) and (5b) exhibit the same stability characteris-
tics. The same for (2b) and (Ba). An example of the explicit SD-GLM (5a) is

from [14],
A ‘ A®2) ‘ U
B[ BY |V -

The interval of absolute stability of this SD-GLM [14] is (—12,0). Again, see
[2] and [14] for some further examples of the SD-GLM in (5a). Sequential
SD-GLM have been derived in [17] and inherent Runge-Kutta stable methods
are proposed in [18].
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A direct generalisation of GLM of Butcher and O’Sullivan [4] incorporating
multiple hybrid points is
(6a)

j+e-1

y(wn—l + C] Zuﬂ Yn—i + hzu(]+ fo—i+h Z aﬁ)fn—&-ci—l;
=0
—2k+2(j+£—1), 0<¢; <1, j=L1)s—-1; £=0,1,

with the last stage and also serving as an output method is given as
(60)
s+0—1

xn 1+th Zvlz Yn— z+hzv21 fn i+h Z b(l) fn+C7,717
1—2(1)k, —2k+2(s+€—1)—(k—1)—1, v11(t) =1,
{v1i(t) = 0}y, t=rco=1,
where fpic,—1 = f(y(xn-1 + ¢ih)) and zp—1 = z,, — h. A new SD-GLM

extension of this class of methods becomes

k
Y(Tn_1 + cjh) Zuﬂ Yn— Z+hzu(j+ fosi +0*D u ]+2)fn ;

i=1
(7a) R e
+h Z ag‘i)fn+cz-—1+h2 Z a§'z‘)frlz+ci717
i=£ i=(

p=3k+2(j+0—-1)—1, 0<¢ <1, f=FfF

with last stage as the method,
(70)

yﬁn 1+th Zvlz Yn— z+hzv22 f'rL z+h Z'U&

s+0—1 s+4—1
+h Z bﬂ (t) frtei1 +h* Y bﬂ ) hie—1, i =2(1)k,
=0

p—3k+2(s+€—1)—(k—1)—1, v11(t) =1,
{Uli(t) = 0}?22, t= Cg = 1.
This class of methods is of interest in the next section. This will be im-
plemented as first same as last (FSAL), see [3]. To construct an explicit or
diagonally implicit SD-GLM from (6a), (6b), and (7a), (7b) set the flag ¢
accordingly as,

0= 0; gives an explicit SD-GLM
| 1; gives an implicit SD-GLM
By setting £ = 0, k = 2, s = 3 and the coefficients {a(l- }i=o0, {u (7+2) f 0

{aﬁ) F=0s {vsi(D)}; k_, and {a ( )1 k_, in (6a) and (6b) respectively to zero,
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[4] using the Cauchy integral formula we obtain the hybrid LMM

(8)
oz = 8+ B+ (BB + HBE). p=3
:/y\n = %ynfl - %yan +h (% n71ls - %fnfl - %fnf2> , p=3,
Yn =Yn—1+h (% n—- + %GSan + %fn—l - %fn—?) y P=

By (3a) and (3b) the Nordsieck form of this becomes,

(9)

0 0

01 225 3375 3375 125

189 0 0 1 =27 =137 —433 1551 —2669

92 92 115 575 575 575

3375 25 g 1 433 1 -1 1 -5

5152 168 2208 276 184 138 552

3375 25 1 2433 T —T T -5

A(1) ‘ UT 5152 168 2208 276 184 138 552
= 0 0 10 O 0 0 0 0 ,

T-1R) ‘ T-vT —3375 —575 3 ( 623 35 -7 —T 17

896 672 384 48 32 24 96

—111375 —275 13 j 9957 633 —335 —149 1527

20608 224 4 2044 368 736 184 736

—57375 —425 3 () 16927 1363 —167 —431 3949

20608 672 2 8832 1104 736 552 2208

—10125 —25 1 (j 1039 91 3 —47 373

20608 224 4 2044 368 736 184 736

T
The abscissa vector for the GLM in @ isc= (18—5, 1, 1) . The T transforma-
tion in this representation is

1000 0 0
1-11 -1 1 -1
1-2 4 -8 16 —32
(10) T=10100 0 o

01 -23 -4 5
01 —412 —32 80

The interval of absolute stability of (9)) is (—1.231,0), see Fig. 1 for its stability
plot. The region of absolute stability is the closed region in the left half plane
(LHP) of the complex plane in Fig. 1.

Fig. 1. Region of absolute stability (closed region in the LHP) of the method
in (9).
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An implicit counterpart of @D is

92

0 0 1 52 512 —1792 —4096 3328
165 155 6975 104625 104625 34875
—189 22 o q 1303 112 _—96 16 256
2300 7 6900 8625 14375 43125 43125
3375 o 25 | 433 1 —1 1 -5
5152 168 2208 276 184 138 552
3[BE g 2B ] L33 1 =T T =5
) 5152 168 2208 276 184 138 552
<4L(WML71 . T*1VT> = 0 0 10 0 0 0 0 0
T—'B —3375 ) 1441 () 628 35  —7 -7 77
896 672 384 48 32 24 96
—111375 453 9957 633 —335 —149 1527
0 0
20608 224 2944 368 736 184 736
—57375 (5 583 (j 16927 1363 —167 —431 3949
20608 672 8832 1104 736 552 2208
—10125 4 31 1039 91 3 —47 373
20608 224 2044 368 736 84 736

The ¢ = (%, %, l)T is the abscissa vector for the implicit counterpart of the
method in with the angle of absolute stability, & = 77° and having as
its T'.

This paper is organized as follows. Section 2 is on the transformation of
SD-HLMM(7) into its Nordsieck form which is illustrated for step numbers
k = 1,2. In section 3 we derive the SD-HLMM (7) of step number k < 3,
while section 4 presents the variable step-size implementation. The section
5 presents how the RK-starters for the methods can be obtained and with
examples. Section 6, presents results of numerical experiments.

2. THE SD-HLMM (7a,b)

Consider an extension of the methods of [5] provided in (7a) and (7b) to
SD-GLM. The explicit stage predictors are,

k
J=1

and
d (2) (1)
g(xn—l +02h Z QJyn j +hzu ‘fn—j +ha2,1fn+c1—1
: ] 1
3
(12) +h22ug7;f;,j+h2 g%fmcl 15

=1

for computing the off-step points at x,4¢,—1 and xp4c,—1 respectively. The
last stage that will also serve as the output method is,

k

(13) y<$n—1 + th ZUIJ Yn—j + hZ'U2] fn —j T hbll ( )fn+cl 1+
7j=1
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+hbm( ) frteam1 + I ng,] () fr ]+h2 11()fn+c1 1
j=1

+ th(Q)( )fn+02 1> t=1

The ¢ = (c1,c2) € [0,1], is the stage abscissas vector, the continuous coeffi-
cients vy 1(t) and vy 2(t) are assumed to be one and zero respectively. The first

and the second stage derivatives are F(Y) = [f(Ynser—1) f(Unses—1)]” and

F/(Y) = [f/(ynJrq 1) f (yn+62 1)]T respectively. Here fn+c¢*1 = f(y(mnfl +
cih)),i = 1(1)s, frye,o1 = 'y (:Un 1 —f—clh)) i = 1(1)s and xy—1 = =, — h.
The order of the algorithms in 12) and ([13]) are 3k —1, 3k+1 and 3k +2
respectively.

Similarly, the equivalent methods of the implicit case are

k
(14) y(xn—l‘i‘clh Zu jYn— j+hzu1]fn ]+h2zu1] n—j
7j=1 7j=1 7j=1

—|—ha1 1fn+C1 1+ kG () o1 1)

and
(15)
k
U(zn—1+ c2h) :Z QJyTL j‘i’ZUijn g+ha21fn+c1 1+h022fn+cQ 1
: ] 1
3 2
+h22ug,])'f7lz—j +h2ag,%f7/z+c1—1 +h*a é%fn—i—m 1s

=1
with the last stage as an output method,

k

nyn 1+th Z/Ul] yn j"‘hZUQ] fn g‘l‘hbn()fn—‘rcl 1
7j=1

+hb§1)( )fn-i-Cz 1 +hb13( )fn-i—t 1+h ZUS,] fn j

2
(16) + B2 () o+ 020 (t)f,’l+02,1+h2b§3) O f) ey, t=1.

The prospect of these classes of SD-HLMM is the fact that the explicit
and implicit methods have a common 7" transformation (3a) for a fixed k
in their Nordsieck GLM. Moreover, the explicit method — can serve as
a starter for the implicit one in —. The SD-HLMM can be transformed
into Nordsieck methods. To get started, the SD-GLM representation of the
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SD-HLMM (T1), (12), (I3) when k = 2 is
0 00 0 0 0ul)wul) a0

1 2 1)1 (2 (2. 3 @3
azy 0 043 0 0wy ugy) ugd gl wgy wy)

0 Y 060 D0 1 0 o ol o off
a70)  (gau) = | TTouT o 1 0 Wl o o |,

o 000 O0OO1 O O O 0 O

o 010 O0O0O0O O 0 0 O 0

o 00O O0O0OO0O O 1 0 0 O

o 000 010 O O O 0 O

o 000 OOO O O O 1 o0

while the implicit SD-GLM partitioned matrix of the SD-HLMM , ,
when k£ = 2 is

adV 0 0 a® 0 o0
(AEI;A?)U)_ o o 0 o) o 0 v
1 2 1) (1) (1) (2) (2) (2
BY | B® [V o} oy bl biY b3 b3
BM B®@ %

(17b)

)

where B, B U, V are of the same structure as in (17a). The stages, stage
derivatives, the inputs and the output approximations for the implicit method
in (17a, b) are:

Y =[y(zn—1 + c1h), y(Tn-1 + c2h), y(zn—1 + th)]",
F(Y) =[f(y(xn-1+ c1h)), f (y(@n—1 + c2h)), f (y(zn—1 + th))]",
FI(Y) =[f(y(wn-1 + c1h)), f'(Y(@n-1 + c2h)), ' (y(zn—1 + th))]", and
™ <[y Y1, Pfs i B2 f 12 )T

respectively. To achieve our aim we seek a transformation of (17a) into the
form

0 0 0 0 0 0 1uy -~ uie
“é? 0 0 afl) 0 0 1ugy - usg
1,0 2 (2
by b 0 b b{Y 0 Twi - v
[P EN @ ;@
&) <) biy bz 0 by by 0 1 wiy e vig
(1861) (T*lBl T-1B2 TﬁlVT) = 0O 01 0 0 00O - O ,
0 0 0 0 0 100 -~ 0

ba1 bg2 baz bg1 baz baz 0 v41 -+ w49

bo1 bga bos bg1 bgz bgz 0 vg1 -+ vog
using the Nordsieck vectors of (3b). Similarly, the implicit case (17b) is

adV oo 04?0 o0

1 1 2 2
(18b) ( A 4® g ): oV o) 0 a? W2 0 ur
T7-1gM) 7-1B® T-1yT 1 1) 1) (2 (2 (2
bll b12 bl3 bll b12 b13

T-1BM T-1B® T-lvT
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The UT, T-'BM, T-'B®? and T~'VT are of similar form to that in (18a).
To arrive at this the stage values and the stage derivatives at step number n
are

Yn+cy—1 fn+61—1 7/7,+le1
Y = | Yntea—1 || F(Y) = fn+62—1 ) F/(Y) = f?lz+(:271
Yntt=1 Jntt—1 frtio1

Thus, the (3 +9) x (3 + 3 +9) partitioned matrix of the SD-GLM (17a) is

00000 0 0w ulou?u?ou®uo

(1) (2) (1) (1) 2 (2 (3) ,(3)

azy 0 Oayy 0 0wy’ uyy 0uyy uzy 0wy uyy 0

(1) (1) (2) ;(2) (2 (2 (3) (3

biy b1y 0677 b1y 01 0 00y vy 0vyy vyy 0

(€PN EN) @) ;2 [N E) [CNE))

biy biy 067 b1y 01 0 00y vy 0vyy vyy 0

(194) (4<1) A(2) U): 0 000 001 000 00O 0O
BW B v 0 000 00O 100 00O 0O
0 01 0 0 0 O 0 0 0 0 0 O 0 0

0 00 O 0 0 O 0 0 1 0 0 0 0 0

0 0 0 O 0 0 O 0 0 O 1 0 0 0 O

0 00 0 01 0 0 0 O 0 0 O 0 0

0 00 0 0 0 O 0 0 O 0 0 1 0 0

0 0 0 O 0 0 O 0 0 0 0 0 0 1 0

In the same manner,

ad 0 0 a® 0 o
A AR U\ | 0 o 0 v
BM ‘ B2 ‘ v )

(196)
1 1 1) (2 2 2
bgl) b52) b§3) bg1) b52) b§3)
BM B®@ %

for the implicit method in (18b), where v,,_3, hf,_3 and h?f/ 5 are the addi-
tional input data with coefficients zeros, which will be included to write the
method (19a,b) in this (3 +9) x (3 + 3 + 9) partitioned matrix, following the
ideas of [4]. The incoming and the corresponding outgoing vectors are now,

yy gl
[ s
Y3 Yn—3 Ys -
vy ™! Z;"’l vy hfn

I Kl e v R P S v
v n2f ol o
Y= n2f ylr! R
! n2fr i) n2g
vy ol




10

Second derivative GLM in Nordsieck form

The T obtained through Taylor’s expansion of y™ in about x,, using (3a)

1S
100 0 0 0 0 O 0
1-11 -1 1 -1 1 -1 1
1-2 4 —8 16 —32 64 —128 256
010 0 0 0O 0 0 0

(21) T—]l01-23 —4 5 —6 7 -8
01 —4 12 —32 80 —192 448 —1024
001 0 0 0 0 0 0
00 2 —6 12 —20 30 —42 56
00 2 —12 48 —160 480 —1344 3584

Carrying out the operations UT, T-'BM, 7-'B®) and T-'VT on (19a,b)
yields the Nordsieck algorithms in (18a,b). The transformations above are
illustrated by practical examples in the next section.

3. THE TRANSFORMATION OF SD-HLMM TO SD-NORDSIECK METHODS

First, consider the derivation of the SD-HLMM in for K = 1 and its
transformation to the explicit Nordsieck methods (18a). For the derivation let
the polynomial solution of be

N
(22) y(z) = Z ajx’, N =3k+1,
=0

to set up the following interpolatory system of linear equations,

(23) XA =B,
where
Lon-1 an, o1 Yn—1
0 1  2zp Nzt ao Fr1
N1 o f
X — 0 1 2In+c1—1 an+cl 1 , A — a2 , B — rH;C1*1 ,
as
0 0 2 N(N-1)z =2 ay ot
00 2 N(N-1)z)72 et

for the algorithm in . For k=1 in the reduces to

Lan1 @)y ao Yn—1
(24) 0 1 2w, (“1> = f’fl , N=2.
0 0 2 a2 n-1

Solving this resulting system of linear equations for a;, j = 0(1)2 and substi-
tuting the resulting values into with ¢y = (z—x,—1)/h yields the following
coeflicients:

(1)

Uiy =

(2) _ (3) _ o
]., UH —017 UH — 71.

(25)
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A predictor exists for any choice of ¢;. Consider for example, fixing ¢; = %
into (25)) which gives thus

2
(26) yn,% =Yn—1+ %fn—l + %féfla p=2.
Similarly, setting N = 4 in (22) yields . Solving for aj, 7 = 0(1)4 and
22)

substituting the result into (22| lead to
(1) (2) c3 ca 3) c2 2c3 ca
upy =1, upp =c2— 3+ o, up =3 <35 T
_ (1 _ < 2 _ _ <
(27) t = ca, by = C? —ﬁ, by ——%—i—é.

These coeflicients in show that an infinite number of output methods (|13))
exists for step number k = 1. Inserting ¢ = [ ,1] into ( . 27)) yields

(28) Yn = Yn— 1+hfn 1+h2( fn 1+3f ) p=4.

Following the approach in (17)—(20]) the Nordsieck form of (26)),(28) is

11
00 00124000

1 1
00 20112000
00 30113000

1) 2)

(20) AL |4 | UT {01 00000000
T-1R) ‘T_lB(Q)‘T_l‘/T 00 100100(7)000
0-6%3062000
0-853083000
0-321033000

2

The transformation matrix 7" in (29) is
0000 0
11 -11 -1
0

1
0

(30) T =

V)
o w o
ovlk

1
1
0 0
0 5
0 0
0 2

co = |
N =

-6 12 —20

The eigenvalues of the stability matrix of (29) are
(14242 +2 +2,0,0,0,0,0,0}
and the fact that only one of them is not identically zero means that the

method Will behave like a Runge-Kutta method with stability function R(z) =

1 + z + C 42 + 51> see [6]. The interval of absolute stability of the algorithm
in 1s thus [—2.785,0]. For the stability plot, see Fig. 2.

Similarly, the abscissa vector ¢ = [%,1]T in and gives another
fourth order SD-HLMM for step number k£ =1 as

2
yn,% =Yn—1+ %fn—l + %fn—ly p=2,

(31)
Yn = Yn—1 + Thﬁ (9fn7% + 7fn71) + %2; (frlLé + fé—l) , p=4
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73

The Nordsieck form of this is

2 2
00001 2 2000
9 1 7 1
2 0 Lol L L ooo
9 T 7 T
T70 01 £ L o000
(32) A ‘ A®) Ur | 0o 10000 0 000
T—lB(l)‘T—lB@)‘T—IVT 485 0 (5)10 2 (1] 000
B 6330 2 1 o000
135 15 7 1
185 _g 130T 1000
27 3 3 1
Z _3310-3 -1o00

The transformation matrix 7" in is as in (30)).

The eigenvalues of stability

matrix of are {1+ z + % + %+ %,0,0,0,0, 0,0}, see [19]. There is only
one non-zero eigenvalue and is thus RK is nearly stable because of the term
%. The interval of absolute stability of the method in (32) is [-3.117, 0], see
Fig. 2.

—— Method (3.10)

—— Method (3.17)

Im(z)

Fig. 2. Region of absolute stability of the Nordsieck methods in (29) and
(32).

The coefficients of the first predictor of the SD-HLMM for step number
k =2 are:

ugll) =(1+ec1) 3 (1 —3c1 + 66%) , u§2 = c‘;’ (10 + 3c1 (54 2¢1)),
33) u® = (1+e)?(-1+3c), u=-3(1+e)@d+3a),
uggl) = %c% (1+¢p)3, ug) = %c:{’(1+c1) 2,

If ¢; # —1, a family of predictors exist and 0 < ¢; < 1. Inserting ¢; = % into
the coefficients and substituting the resulting values into ([L1]) gives the first
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predictor scheme

(34) Yn-1 =85y, -y, o+h (-%if)fn—l - %an_z)
2 (250 100
+h (m n1— 913 ;1—2), p=5.
The relevant equations for the second predictor using are thus ob-

tained and following the above process leads to the coefficients in (A) of the
appendix. Fixing ¢; = % and co = 1 into (A) gives (12) as

(35) 3771 =2Yn—1 —Yn—2th (% n—% + %fn—l - %fn—Q)
2 (21 3 1
th (200 L%"‘g n—1" 35 7/L—2>a p=".
The coefficients in terms of (c,t) are very large expressions hence we fix the
abscissa value of the output method as ¢ = 1 as defined in section 2 to give
the coefficients of the output method in in terms of the other abscissa

values ¢ = [c1, ca]. The expressions are in (B) of the appendix. Now inserting
c= [%, 1] into (B) and substituting the resulting values into gives

— 60993 883 7 1009 521
(36)  Yn =yn-1+h (140000 n—3% *+ 3360./n T 3360./n—1 420000fn*2>
2 (1863 ¢/ 59 7y 107 ¢/ 1 g —
th (28000 n—3 3360/ n t 3360 fn—1 4000fn—2> , p=8

Composing the methods in , and and reorganizing their data in
SD-GLM format as in (19a) yields

0 0 0 0 0 0
243 27
1000 0 200 0 0 U
1 o 1009 521 107 1
1) @) 3360 420000 3360 4000
60993 883 —1863 —59
(37) A ‘ A ‘ U — 140000 3360 © 32000 3360 O
B ‘ B(®) ‘ Vv 0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0 Vv
0 0 0 0 0 1
0 0 0 0 0 0
where
10 1009 521 107 1
625 544 250 80 250 100 3360 420000 3360 4000
81 81 81 27 243 ~ 243 10 0 0 0 0
1 46 3 1
I e o I FT R
1 0 1009 _ 521 107 1
3360 420000 3360 4000 00 O 0 0 0
00 O 0 1 0

Putting all these details together as in (18) with 7" in we find the coefficient
matrices of the Nordsieck method to be

0 0 0 O 0 0
243 27
1000 0 0 3555 0o o0 UT
(38) 60993 883 —1863  —59 ,
140000 3360 28000 3360

T-1M T-1B@ T-1yT
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with k = 2, where UT, T'BW 7-1B@ T-1VT are in appendix C. By
verification Det(wl — V) = w* '(w — 1) thus guaranteeing zero stability of
the Nordsieck method in (19a). The stability polynomial of @ is

5lz 67wz 75722 187wz>2 388123 50wz3 150724

w(w —1) + 5 6 T 560 T 140 T 10080 — 63 T 20160
119wz* 112° 4769wz 5926 59wz%
+ 960 T 1890 — 120060 — 60480 | 24192

The interval of absolute stability is (—0.2342,0), see Fig. 4. The stability inter-
val of explicit Nordsieck methods as with explicit LMM generally are usually
very severely limited compared to their implicit counterpart; this is compen-
sated by the flexibility in their automatic stepsize implementation allowed by

such methods.
From (33), and (B) with ¢ = [1,1,1]7, the SD-HLMM for k = 2 is

(39)
Yy, 1= 8yn 1_8yn 2+h( %fn—l fn 2)+h2( n—1 69f7/1—2)7 p=9,

_ 128 9 1792 32 962
Yn =39 Yn—1 — gyn—2+h<—m n L + 55fn-1 — 733 n—2>

2 4
+h (% ;71 +42179fT/L—1 261fn 2) , p=T,
2

N

Yn =Yn—1 + h(% n—% + % n+ %fn—l + ﬁfn—2)
2( 8 g L 1o 1 g _
+h (mfnfé —@fn+gfn—1+mfn—2)a p=2_8.

Its Nordsieck GLM form is

0 0 00 0 0
_ 1792 64
(40) 192 0o o8 o o0 UT
% fs O3z —wm O ’
T-1BM T-1B@ T-1yT

where UT, T-*BW T7-1B@) T-1VT are in appendix D. To distinguish be-
tween the wide range of special subcases within and , with a view
to making a choice for practical use, we consider the stability region for the
given abscissae vector ¢ = [3,1,1]7. The stability polynomial det(wl — M (z))

ofis

79z 135wz 47522 2759wz 31123 1516wz> 241924
w(w —1) + Z¢ — =5~ — 1624+ 1624 = T 6090 — 1015 T 24360

79wz 7692° 1357wz® Jwz0
+ 203 + 48720 ~ 16240 2320 + 2320 °

The interval of absolute stability is (—0.4,0), see Fig. 3.

4. VARIABLE STEPSIZE IMPLEMENTATION OF THE NORDSIECK GLM IN (5B)

Take note that Section 3 has shown how — can practically be rep-
resented as the Nordsieck method in (5b) and found in (18a,b). An effective
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Method (40) Method (42)

Im(z)
Im(z)

- . . i i | . 08 . . 1 . . . ; .
=025 02 015 01 _ 005 0 005 o4 2045 04 035 -03 -025 02 -015 -01 -005 0
Re(2)

Fig. 3. Region of absolute stability of the Nordsieck methods in (38)
and (40).

implementation of (18a,b) requires step-size changing and rescaling of the vec-
tor of the external approximations as it becomes necessary, see [I7]. The
variable stepsize form of (5b) is

Y =h  AVF(Y) + h2ADF (V) + UTy" Y,
(41)
y™ =h, DT ' BYFY) + k2D )T 'BPF/(Y) + D(r)T 'V Tyln—1

where the rescaling matrix is given by

(42) D(T) :diag (17T7T27"' 7Tp> ) r :hn/hn—la
and
. 1/(p+1
(43) hp, =rhp_1; 7 =min { max {0.5, 0.9 x (%) /(pt )}, 2.0},
where n = 1,2,..., TOL =107 m > 1. is the step-size required

to advance from step n — 1 to n, if the last step was successful, while h,_;
represents the step-size in the last attempt either a successful or a failed step,
p denotes the order of the corrector formula and TOL is the allowable error
estimate specified by the user. The A,, in is the local error estimate with
the condition ||A,|| < TOL. If it passes this condition, the step is successful
and the next step-size will be obtained using the step-size increment formula
in (43). We compute the local error estimate using a linear combination of
the stage derivatives of the current step only. That is,

(44) Qb y ) = b, Y OF(Y) + 2 g (Y)
=1 i=1

where €2, 11 is the error constant of the output point of the Nordsieck method.
Expanding using the Taylor series, it follows that the values of ©; and v;
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satisfy the resulting system of equations

p p p p
> 0i=0, Y ¥i+> 0ici=0, > i
i=1 i=1 i=1 =1

p p p p
iC; 0,c? i Q;ct™!
(45) S G =0 %qc2.+z( e

=1 =1 =1

icd !

p p o
(qzl, +Z 1); =1, ¢=5,6,...
=1

see [12], page 86-87. Consider for example, the method of order p = 4,
Qs = ;0 with absmssa vector c= [;, 1)7 in . Solving the resulting system
of linear equations in (45)) yields no value for the Varlables ©1, B9, ¥ and 1/12
No local error estlmate exist for the methods in 38) and (| . ) from ,
therefore, an alternative approach to estimate the error is adopted. To control
the error in and , N =3 in to obtain a method of order 3, one

order less than the corrector. The resulting error estimators for (j =1)
and (7 = 2) will therefore be based on |y’ — ygn]H, j=1,2 with

2
ynl =Yn— 1+ (4fn_% _fn—1> _% 7/1—17 p:37

y'r? =Yn—1+ 1 (fnfl + 3fn7%> ) fn = f(l’n,ygn]), = 2.
Similarly, for the Nordsieck methods in (7 = 3) and . ) the

methods adopted to control the error can be:

Yn' =Yn—1+h (5250fn 2+ Tagofn—1 + 12006/n -1t 21ofn)

2 243 1 n
+h (1680 ! ~ 2800 ;_% 42 7,;>> fn:f(xnaygl)a p:?,

Uit =1+ h (g2 + g fact + o fu+ §3850 1)
2
12 (st + gisli g — ). =T

The A, in is now |jyn’ — y, ]|| = 3,4 and is the error estimate
for the proposed Nordsieck methods in , and . This is defined as the
difference between the output methods of proposed Nordsieck methods in ,
and , and the alternative scheme used to control the error. As a result of

the asymptotic behaviour of |y’ — ygn] l,7 = 3,4 we use r in (43) to increase
or decrease the error predicted in the next step by multiplying it by h,_1,
(see [3], pp. 130 - 131, Algorithm 271c). The availability of initial data yz[n_l]
facilitates easy adjustment of stepsize. The Nordsieck vectors (3b) in are
the outgoing and incoming approximation at step number n respectively. The

application of to the scalar test problem y/(x) = 0, yields
(46) y™ = D(ryT vy,



78 Robert I. Okuonghae and Monday Ndidi Oziegbe Ikhile 17

The zero stability property of the method is determined by the eigenvalues
of the matrix D(r)T~'VT, see [12] and [17]. Consider for example the matrix
T=VT in (29a) given by

112000
000000
000000
T'VT'=|o06Z000
082000
031000

The eigenvalues of D(r)T VT from (29a) are found to be {1,0,0,0,0,0}. We
obtain similarly the eigenvalues of the methods in and as

{1, %, 0,0,0,0,0,0,0} and {1, %, 0,0,0,0,0,0,0} respectively. This means that
the Nordsieck methods are zero-stable.

5. THE RK AND SD-RK STARTERS

To start up the methods (5b), we find an approximation to the Nordsieck
vector

T
(47) y = (‘y(wo) hoy'(wo) hdy"(zo) ... BhyP(zo) ) .
by use of a RK starter

Y = hAF(Y) + Uy,

48 - Y
(48a) ylO = RBF(Y) + Vyo.

In the search of a high order starter for a given stage number, the SD-RK
starter
Y = h?AF'(Y) + hAF(Y) + Uy,

) Y% = W2BF'(Y) + hBF(Y) + Vyp,

comes in handy to advance the solution at xg through one single step to xo+h.
The vectors of U and V in (48a) and (48b) are (1,1,...,1)" , and (1,0,...,0)"
respectively. In the Nordsieck vector, the first and second components of
are known from the initial values defining the ODE , but we can determine
the other components using a Runge-Kutta method with multiple outputs. To
obtain (48a) we use the internal stages of the method given by

i—1

(49a) Yi=h> a F(Y;)+y, & €l0,1],
j=1

and for (48b) we use

i—1 i—1
(490) Yi=h*Y ayF'(Yj) +h) @ F(Y)) +y, &el[01],
j=1 j=1



18 Second derivative GLM in Nordsieck form 79

where Y; = y(z¢ + ¢;h). Expanding (49a) by Taylor series and equating the
powers of h yields the first stage order condition as

(50) un =1l,an =0,
for the second stage we have
1
(51) Up1 =1,) Ggj =0y,
j=1

while the third stage gives

2
2
— — ~ —_ o~ C
(52) Usy =1, @s; =3, »_a3;C; = 51,
Jj=1 Jj=1
and the fourth stage order conditions are
3 3
- =3
_ - =~ — o~ g1 — 2o
(53) g =1, Za4] = C4, Z:cmjcJ =k, 3 Za4]cj = =}
=1 =1 j=1
Also, the fifth stage order conditions are
4
(54) Us1 =1, Y @55 = s,
=1
4 4 4
2 -3 A
_ ~ _c 1 _ 2 c 1 _ 3 c:
DTG = 5h 3D s = 3 31 Tsi) = 4t
i=1 =1 i=1

Let ¢ = [0, }1, é, Z, 1)7 in . and solving the resulting system of linear

equations we obtain the value aws of matrix A.

Similarly, the components of the output method in (48a) are obtained using
(55) Yyl = y(zo + th) = waF ) + Yo

The t = 0, gives the output value at x = xg. If we set t = 1 the output values
will be for the first point 1 = xg + h. Expanding by Taylor series and

equating both sides in powers of &, the first component ygo} = y(xo+th), yields

5
(56) > by =t, > bije; = 51t

5 5 5
1 722 1,43 1 7.8 _ 144 1 7
o > byet = gt 51 D b1e = gt sz
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The system of linear equations for the second component ygo] = hy'(zo + th)
is

5
(57) > by =1, > boje; =t,

7j=1 7=1
5 2 > 3 5 4
T T 74
72 b = G, 500yt =5, 1D bty =4
j=1 j=1 j=1
The third component ygo} = h%y"(x + th) gives
5 B 5 B
9 Sy = 0.3 b = 1
J=1 7=1
5 5 , 5 ,
T T 7
2 205G =ty D bsiC = oo D b = G
j=1 j=1 j=1
In the same manner, the fourth component yZ[LO} = h3y" (xo +th) of the output

method (48a) gives

5 5
(59) > by =0, > byjc; =0,
j=1 j=1
5 5 ~ ,
7D buyci =1, 31> bac) =t, 1D byty =5
j=1 j=1 J=1

Similarly, the fifth component yéo] = hiy®W (z¢ + th) yields

5 5
(60) > bs; =0, > bsic; =0,
j=1 j=1
5 5 5
FY RS0 A=t A =t
7j=1 7=1 7j=1
while the sixth component y([so] = hoy®) (xq + th) gives
5 5
(61) Z b6j =0, Z b6]/\] =0,
j=1 j=1
5 5 5
72 be =0, %Zbﬁa% =0, Dbty =1

J
The GLM representation of (48b) is defined by

AU Al AU
) )
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respectively. Again, let ¢ = [0, i, %, %, 11" and t = 0 in - and solving
the resulting system of linear equations respectively gives Egjs and their values
are in matrix B in (62), given here as,

00 0 001
$0 0 001
b= 1
A T 03 0 001
— — = 3 9
Bt_OV EOEOOI’
2 1 2
05 -5 501
Bi—o V
o 0 0 0 01
1 0 0 0 00
o . -2 16 —-12 B 10
(63a) (BolV)=| e —as 1o s m

—160 576 —768 448 —960
256 —1024 1536 —1024 256 0

At t =1 we have

00 0 001
1
10 0 o001
= 1
A |7 0l 0 o001
— — = 3 9
Bt*l vV ic0 15 001 ’
2 1 2
03 -3 301
Bi—1 v
716 2 16 1 4
90 45 15 45 90
0 0 0 0 10
_ — 1 =% 12 18 2o
(63b) (Bt |V ) = g g
- 44 224 416 140
3 —5 b2 -5 0

96 —448 768 —576 160 0
256 —1024 1536 —1024 256 0

Following this, a starting method for the Nordsieck method in and
(40) is derived. The outputs of the scheme are the starter for the explicit
Nordsieck method in and respectively. As was noted in [12], this
idea of using a RK method with multiple outputs as starter for a Nordsieck
method was introduced by Gear[§]. This can readily and analogously extended
to SD-RK starters through (48b).

6. NUMERICAL EXPERIMENTS AND CONCLUSION

To illustrate the application of the schemes, and for the purpose of compar-
ison consider implementation of the methods

(i). order four Adams-Bashforth methods (ABF4) in [3], page 116, Table
244(1),

(ii). order four Runge-Kutta method (RK4) in [3], page 102, (2351),

(iii). order four second derivative Nordsieck method (SDNM4) in (32)),
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(iv). order four second derivative GLM with nearly Almost Runge-Kutta
methods stability (SDNARK4) in [20] on the following DETEST problems:
Problem 1:

y’(w):—§, y(0)=1, y(z)=1/V1+z, =z€]0,5].

Problem 3: A nonlinear chemical reaction.

vi(z) = -y,  pi(0) =1,
yo(x) =y1 — 93, 42(0) =0,
yh(z) = y3, y3(0) =0,
z € [0,5].

In Tables 1-3, TOL is the tolerance, ns represent the number of total step,
nfs is the number of failed step, nfe denotes the number of function evalua-
tions, Error is the |Yezact — Yn|, while ||Ap|lco represents the maximum error
of the error estimate. The yerqer and y, are the exact and the numerical solu-
tions respectively. The results obtained by each of the fourth order methods
for Problems 1-3 with Tol = 1077, j = 2,4, 6 are given in Tables 1-3.

Method Tol ns nrs nfe

ABF4 1072 11 0 40
RK4 1072 9 0 32
SDNM4 1072 8 0 21
SDNARK4 1072 64 0 252
ABF4 10~% 39 2 160
RK4 1074 25 1 100
SDNM4  107* 16 0 45
SDNARK4 10™* 6351 9 25436
ABF4 107° 316 4 1276
RK4 107 99 2 400
SDNM4 10°° 38 1 114
SDNARK4 107% 635065 11 2540300

Table 1. Results for solving Problem 1. Output x = 5, starting h = 0.1.

Table 1 shows that the SDNM4 (i.e., the order 4 second derivative
Nordsieck method) performs better than ABF4, RK4 and SDNARK4 in terms
of accuracy and computational cost. The main advantage over other RK
methods is that its stage order is two. In addition, the transformation of
the SDHLMM ((11)—(13)) to Nordsieck method (18a) also enhanced the perfor-
mance of the SDNM4 (32) in variable step-size implementation.

The numerical results given in Table 2 are the results of evidences for the
very good performance of the proposed method compared with the methods
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Method Tol Error [|An||oo Time
ABF4 1072 7.4843 x 1072 3.2649 x 1073 0.010317
RK4 1072 3.3662 x 107° 1.8535 x 1073 0.006815

SDNM4 1072 5.8506 x 1074 1.4734 x 1073 0.005878

SDNARK4 1072 5.7540 x 107 6.5610 x 1073 0.006422
ABF4 107% 7.5249 x 1073 5.4075 x 10~° 0.010725
RK4 107* 3.1057 x 1073 4.4688 x 107° 0.009433
SDNM4  107% 1.2355 x 107° 3.4720 x 107° 0.006053
SDNARK4 107* 5.2965 x 1073 6.5610 x 107° 0.204725
ABF4 107% 2.7454 x 103 6.3987 x 10~ 7 0.019703
RK4 107% 4.1923 x 1073 5.9825 x 1077 0.010058
SDNM4  107% 3.3229 x 10~ 5.2121 x 1077 0.006593
SDNARK4 107% 3.7533 x 1073 6.5610 x 107 2525.875703

Table 2. Continuation of Table 1.

SDNM4  10°¢

30 87

Method Tol ns nrs nfe
ABF4 1072 28 0 108
RK4 1072 9 0 32
SDNM4 1072 6 0 15
SDNARK4 1072 27 0 104
ABF4 1077 214 0 852
RK4 1074 23 0 88
SDNM4  107* 12 0 33
SDNARK4 107* 1796 2 7188
ABF4 107% 2078 3 8320
RK4 1076 89 0 352
0
9

SDNARK4 107

179623 718524

Table 3. Results for solving problem 2. Output x = 1, starting h = 0.001.

Method Tol Max Error Min Error
ABF4 1072 2.1963 x 10~2  5.0052 x 1073
RK4 1072 1.5545 x 107*  1.0623 x 107*

SDNM4 1072 7.3033 x 107* 2.8690 x 104

SDNARK4 1072 4.4695 x 1072 1.7568 x 1073
ABF4 107% 2.2598 x 10~° 4.4308 x 10~ 2
RK4 107* 5.6210 x 1077 4.4258 x 1077

SDNM4  107* 9.7776 x 1077 3.5894 x 10~ "

SDNARK4 107*% 2.5733 x107% 5.6534 x 107°
ABF4 107% 1.2749 x 10~* 9.2037 x 10~°
RK4 107 1.5644 x 107° 1.2320 x 107°

SDNM4  107% 3.9004 x 107° 1.1259 x 10~°

SDNARK4 1076 2.5277 x 10™* 6.6029 x 1075

Table 4. Continuation of Table 2.

considered for comparison. In terms of computational cost, the SDNM4 in

(32]) outperform the ABF4, RK4, and SDNARK4, for details, see Table 2.
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Method Tol 1AL oo Time
ABF4 1072 5.4844 x 10~ 0.0210
RK4 1072 9.3170 x 107* 0.0124
SDNM4 1072 25921 x 10~% 0.0134
SDNARK4 1072 6.54x 1073  0.0149
ABF4 1077 6.4298 x 10~° 0.0343
RK4 107% 3.7849 x 107° 0.0172
SDNM4  107% 4.3744 x 107° 0.0147
SDNARK4 107% 6.5610 x 1075 0.0683
ABF4 107% 6.5476 x 10~ 0.1079
RK4 1075 5.5693 x 1077 0.0187
SDNM4 107% 5.6670 x 1077 0.0174
SDNARK4 107% 6.5610 x 10~7 287.43

Table 5. Continuation of Table 2.

Method Tol ns nrs nfe AR oo Time
ABF4 1072 45 2 184 5.0653 x 10° 0.026
RK4 1072 13 0 48 2.4439 x 1073 0.021

SDNM4 1072 9 0 24 2.2116 x 1073 0.015

SDNARK4 1072 110 3 448 6.5609 x 1072 0.021
ABF4 10°F 406 4 1636  6.3484 x 107° 0.040
RK4 1074 44 1 176 4.9075 x 107° 0.018

SDNM4 1074 21 0 60 4.0231 x 107° 0.020

SDNARK4 107% 10999 9 44028  6.5610 x 107° 1.254
ABF4 107° 4067 5 16284  6.5387 x 10~ 0.342
RK4 1078 187 2 752 6.1335 x 107 0.028

SDNM4 10°° 57 1 171 5.4834 x 1077 0.017

SDNARK4 107% 541521 12 2166128 6.5610 x 1077 19329.266

Table 6. Results for solving problem 3. Output x = 5, starting h = 0.1.

The numerical results given in Table 3 confirm the improved performance
of the SDNM4 over ABF4, RK4, and SDNARK4 in terms of accuracy and
computational cost. In fact, in all the problems solved the SDNM4 has the
smallest number of function evaluations when compared with other methods
considered herein. However, the numerical results presented in Tables 1, 2
and 3 show the accuracy of the new scheme. Observe from Tables 1-3, as the
tolerance becomes smaller, the better is the accuracy of the SDNM4 in ;
however, SDNARK4 at high tolerance gives poor response time.

Conclusively, we have described in this paper the construction of second
derivative Nordsieck methods (5b) for nonstiff differential systems ([I}). This
approach can be extended to a higher step numbers and off-step points in
f. We have shown thus that it is possible to extend the methods of
[4] to multiple hybrid points with Nordsieck implementation.
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APPENDIX A

(1) _ 2+7c}(14c2)®(1—-8ca+6¢3)+2¢3(21+5¢2(7+3c2)) —Ter (—14c5(15+2ca(12+5¢2)))

Ug1 = 2+7ci(1+c1) 2+7c1(1+c1) ;

(1) _Cg(770%(10+362(5+262))7203(21+562(7+302)) 7e1ea(15+2c2(124-5¢2)))
Uy = 2+7c1(1+er) + 2+7c1(1+c1) ;
uéQI) _- (cg(l—i—cg)3 (—c‘;’(2+7cl (14c1))+3c3 (2+7c1 (14c1))e2

(c?(2+7c1(1+cl))) ’
c1(2+e1(2—c1(17+35¢1)))ca+(—1+c1 (—24c1 (4+1501)))cg))
(c§(2+7c1(1+c1))) ’

(2) _ (c3(c3(20+c1(68+Tc1(1144c1))) |, c1(—304c1(—69+c1(—147c1(13+7c1))))eca+12c3)

U2 =T (raPErTara)) T ((I+c1)3(2+7e1(14c1)))

_ S(Bea(—4te1(—41+Ter (=T+(=14c1)er))) 4 22e2e1(53=Tey (~Lrer (945¢1)) e
((1+c1)?(2+7c1(14c1))) ((1+c1)?(24+7c1(14c1)))

X (10+c1t(35+c1 (41+15¢1)))c2))
((A+c1)?(2+7c1(14c1))) 7

3) _ c2(1+cz)® (30% (247c1(14+c1)) c1(8+c1(31+35¢1))c2+3(1+4c1(445¢1 ))c%)

Ugr = 6c2(2+7c1 (1+e1)) 6c2(2+7c1 (1+e1)) g

u(3) _ B(l4c2)?(c3(1047c1(443c1))  e1(15+ci (44435¢1))ca+3(2+c1 (6+5¢1))c3)
22 — c3(1+c1)3(24+7c1(1+4c1)) 6(1+c1)%(2+7c1 (14c1)) ’
(1) _ c3(1+ca)3(cater(—2+5cater (—8—Te1+5c2)))

a1 = A(1+er)® (2471 (141)) g

a(2) _ 3(14c2)(3catc1(—4—Tc146c2))
2L 7 6c2(14c1)2(2+7c1 (14c1))

APPENDIX B

b(l) :(140?(142-’-762(—494—3102)) —7C%(5+262(103+62(—253+15562))))
11 (420(c1—c2)3c3(1+c2)3) (420c3 (1+c1)3(c1—c2)3) ’

p(D) _ (e2(97047(5—284es)ca) 146} (—49-+5es (—1481c2)) | 26} (568 +ea(793—Tea(2534217c2))
12 (420(c1—c2)3c(1+c2)3) (420(c1—c2)3c (1+c2)3)

c1(—485+2c2(—119547co (103+343¢2))))

+ (420(c1—c2)3c3(14c2)3) ’
(2) (485422 (—568+343¢2)—dey (1424 Teo (—49+31e0)))
by = 3
11 (840c7 (14c1)?(c1—c2)?) ’
(1) (1) _
Ull :1, U12 —07
(2) _ (485—568co+2c1 (—568+7c1 (49—62c2)+686¢2
biy = p
12 (840(c1—c2)2c5(1+c2)?) ?
1)(2) _ (8c2(—1+4c2)(14247c2(—49+31cz)) + c2(485+2c2(—568+343c2))
1 = (420c3¢3) (420c3¢3)
+ c1(4854c2(—24734+4(970—497¢c3)c2)) + 14c3(49+c(—142+(124—15¢2)c2)))
(420c3c3) (420c3c3) ’

(2) _ (735+2¢5(—595—86e2+350c3) e1(=1190-+¢>(1957+2(181—665¢c2)ca)) |
V12 = @201+ 1)3(1+¢2)%) (420(1+c1)3(1+c2)3)
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2c2(—86-+c2(18147ca(—19+11c2))) | 14c3(50+ca(—95-+c2(11+45¢2))))

+ @20(1+c1)?(1+2)%) @20(1Fc1)?(1+e2)%) ;
2
1)(3) :(485+202(—568+343cg)—82012(1424-702(—49+3102)) n 14c2 (49+02(—21224+85C2)))
11 (840c#c3) (840c%c3) ’
v(3) _ (22544ca(—130+77ca)—4c1 (13047 (—44+27c2)) | 14c2(224c2(—54+35¢2)))
12 (840(1+c1)2(1+c2)?) (840(1+c1)%(1+c2)?)
APPENDIX C
60993 883 0 _ 1863 _ .59 0
140000 3360 28000 3360
0 0 1 0 0 0
0 0 0 0 0 1
6038307 20139 1o 184437 1947 9
560000 4480 112000 4480 2
66055419 318763 _ 117 2017629 _ 21299 33
T—lB(l) _ 2240000 17920 1 T—lB(2) — 448000 17920 4
75204369 362913 _ 501 ’ 2297079 _ 24249 63
2240000 17920 16 448000 17920 8
43488009 629579 _ 279 _ 1328319 _ 42067 33
2240000 53760 16 448000 53760 8
12625551 60927 _ 79 _ 385641 _ 4071 9
2240000 17920 16 448000 17920 8
182979 883 9 _ 5589 59 1
280000 2240 16 56000 2240 8
1 2 _u2 8 16 32 _lo4 88 _ 1472
3 243 27 81 243 81 27 243
UT = |1 252 3 1z _ 1 1 1 138 37
- 1000 1000 125 125 25 125 125 125 I
1 63323 4181 311 _ 103 101 1 _ 109 107
210000 140000 140000 52500 84000 17500 60000 26250
63323 4181 311 _ 103 101 1 _ 109 107
210000 140000 140000 52500 84000 17500 60000 26250
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 — 1480341 _ 286081 _ 669211 14101 31333 _ 17401 _ 23597 47281
280000 560000 560000 70000 112000 70000 80000 35000
0— 20190397 _ 3171977 _ 10163187 190317 512461 _ 261417 _ 419349 782377
T_]-VT — 1120000 2240000 2240000 280000 448000 280000 320000 140000

0_25214247 _ 2264827 _ 14736537 220167 825511 _ 366267 _ 764799 1295227
1120000 2240000 2240000 280000 448000 280000 320000 140000

0 _45990701 41053 _ 10138257 294061 1920013 _ 226787 _ 2117717 3200041
3360000 2240000 2240000 840000 1344000 — 280000 _ 960000 420000
0 _4590713 445467  _ 3295623 10393 230969 _ 52293 _ 327521 436133
1120000 2240000 2240000 280000 448000 — 280000 _ 320000 140000
_ 67927 12543 _ 51567 _ _103 3601 3 _ 7609 8857
140000 280000 280000 35000 56000 35000 20000 17500
32 23 8 1
63 112 0 515 ~s0 U
0 0 1 0 0 0
0 0 0 0 0 1
88 2277 _qg 22 _ 99 9
7 448 35 7320 2
722 24909 _ 117 61 _ 1083 33
T7-1g(1) _ | 31 T2 ~ 4 T7-1p(2) _ | 270 ~1280 4
274 28359 501 |’ 137 1233 63 |’
7 1792 16 70 1280 8
1426 16399 _ 279 713 _ 713 33
63 1792 16 630 1280 8
46 4761 _ 79 23 _ 207 9
7 1792 16 70 1280 8
16 69 _ 9 4 _ 3 1
21 224 16 105 160 8
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7. APPENDIX D

;L 11 1 1 13 1T _g
2 64 8 16 32 32 16
UT — | 1 685 2125 _497 1841 _ 1987 643 _ 1667 1201
- 783 783 261 783 783 261 783 783 )
1 280 17 11 1 ! 1
1008 630 560 630 1008 720 315
1 289 17 1 1 1 0 —_L 1
1008 630 560 630 1008 720 315
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 2533 _163 _ 2701 59 123 _1 _ 91 93
448 280 2240 280 448 1 320 70
0 —102811 _ 5413 _ 40917 2369 6073 _ 15 _ 4921 4643
T*1VT — 5376 3360 8960 3360 5376 16 3840 840
0 —42391 _ 1381 _ 59247 913 3273 _ 21 _ 3017 2571
1792 1120 8960 1120 1792 ~ 16 1280 280
0 —231415 _ 1109 _ 40727 3697 22889 _ 13 _ 25193 19099
16128 ~ 10080 8960 10080 16128 ~ 16 _ 11520 2520
0 _ 7689 181 13233 47 919 _ 3 _ 1303 869
1792 1120 8960 1120 1792 16 1280 280
0 _341 17 _ 207 _ 1 43 0 o1 53
672 120 1120 ~— 420 672 280 105
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