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ON THE NUMERICAL PICARD ITERATIONS WITH
COLLOCATIONS FOR THE INITIAL VALUE PROBLEM

ERNEST SCHEIBER"

Abstract. Some variants of the numerical Picard iterations method are pre-
sented to solve an IVP for an ordinary differential system. The term numerical
emphasizes that a numerical solution is computed. The method consists in re-
placing the right hand side of the differential system by Lagrange interpolation
polynomials followed by successive approximations. In the case when the number
of interpolation point is fixed a convergence result is given. For stiff problems,
starting from a stabilization principle, it is given a variant of the Picard iteration
method.
Finally, some numerical experiments are reported.
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1. INTRODUCTION

This paper presents variants of the Picard iterations to solve an initial
value problem (IVP) for ordinary differential equations. On subintervals the
right hand side of the differential system is replaced by Lagrange interpolation
polynomials and then successive approximations are used. The interpolation
nodes are the images of a set of reference points. The number of these reference
points can be fixed or variable, i.e. increasing in number [g].

When the number of reference nodes is fixed the approximations of the
solution of the IVP are computed by collocations. A convergence result is
given. This case appears in [7, p. 211]. In [3] the spectral deferred correction
is defined adding a term to the iteration formula and the convergence of that
method is proved.

If the number of reference points increases then the values of the unknown
function are determined iteratively [8].

The idea to replace the right hand side of a differential equation with an
interpolation polynomial occurs in the multi-step methods, but instead of using
the points of the main mesh a reference set of points is used. The usage of an
iterative process to obtain some convergence is present in predictor-corrector
methods.
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We use the terminology numerical Picard iterations to emphasize that the
method builds a numerical solution. For an IVP the usual Picard iterations
are exemplified with Computer Algebra code in [12].

For stiff problems, starting from a stabilization principle, [4], [2], we derived
a variant of the Picard iteration method.

There is another approach to the numerical Picard iterations for an IVP,
where the approximations are a linear form of Chebyshev polynomials [6], [1],

Sometimes to verify a numerical computation, it is a practical rule to use
two different tools or methods. The presented methods offer an alternative to
solve an IVP.

The paper is organized as follows. After introducing the numerical Picard
iterations method in Section 2, two cases are presented in the next sections.
In Section 3 the Picard iteration method is studied when the reference set
contains a fixed number of points, while in Section 4 the Picard iteration
method is considered with an increasing in number of points of the reference
set. In Section 5 the case of a stiff problem is treated. In the last section some
results of our computational experiments are presented.

2. NUMERICAL PICARD ITERATIONS
Let the IVP be given by

(2.1) y(@) = [f(z,y(@)), =€ [wo,zy],
(2.2) y(zo) = 3°
where the function f : [z, 27| xRY — R¥ has the components f = (f1,..., fV).
In RY for y = (y1,...,y") we shall use the norm |[|y|| = max;<j<n [y/].
We assume that f is Lipschitz continuous, i.e. there exists L > 0 such that
N . .
| @) = A y) SLY I -l Ve eRY, pe{l,2,... N}
j=1

and consequently

1f (@, 91) = Fla,y2)|l < Liiyr = well,

where L = NL.
The IVP (2.1)-(2.2) may be reformulated as the integral equation
x
(2.3) y(@) =y + [ f(s,9(s))ds.
o

Within these hypotheses the problem ([2.1])-(2.2) or (2.3)) has a unique solu-
tion. This solution may be obtained with the Picard iterations

y™ () = "+ [ f(s,y"™(s))ds, neEN,
Zo

y () = o,
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for x € [0, ¢]. The sequence (y™(z))en converges uniformly in [xg,z] to
the solution of IVP.

Let M be a positive integer, h = L];[wo and the mesh be defined as z; =
xo + ih, i € {0,1,..., M}. The numerical solution is given by the sequence
up = (ug, u1,...,uprr), where each u; = u(z;) is an approximation of y(z;).

If u; was computed, on the interval [z;, ;1] the function f(s,y(s)) under
the integral in

(24) y(a) = y@) + [ flsy()ds
will be replaced by a Lagrange interpolation polynomial
(2.5)

u(z) = u(w;) + /I L(Pp—1;2i1,%i2, - Tim; f(u(-))(s)ds, = € [z, ziq1].

The interpolation nodes x; < x;1 < xj2 < ... < Zim < 2441 are fixed by a
certain rule. The used notation states the interpolation constraints

L(Pr—13 %51, Ti2, - - -, Tigms [ u()) (@) = f(@ig,u(zig), Je€{L,2,...,m}
From (2.5)) we deduce

(2.6) ule) = ute) + 3 (f | b)ds ) faig.ulaiy),

where (I;)1<j<m are the Lagrange fundamental polynomials

(27) lj(l') (x_zi’l)"'(x_xiajfl)(x_xi,j+1)---(x—$i,7n)

T (wig—win)-(@i =m0 @i =@ 1) (@i —Tim)

3. PICARD ITERATIONS WITH A FIXED REFERENCE SET

In (2.6]) the values
w(win), w(@iz2), -, w(im)

are unknown. To compute these vectors the collocation method will be used.

Choosing x := x;;, in (2.6) we get
(3.1)

m Tk
(i) = ulw) + 3 ([ 160 S u@g), ke (12 m).
j=1 N
The relations (3.1)) form a nonlinear system with the unknowns u(x; 1), ..., u(x;m) €
RY x ... x RN ~R™V,
—_————

m
In order to simplify and provides a unitary approach to the computation of
the integrals from (3.1)) we fix the nodes &; < & < ... < &, within an interval
[a, b]. We call these nodes the reference interpolation nodes. The function

pi(§) = 2 + 2 (€ — a)
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maps the interval [a, b] into [z;, z;4+1]. For any i € {0,1,..., M — 1} the nodes
x; j will be defined as

a:i,j:goi(gj), Vj€{1,2,...,m}.
If s = p;(&) then

)t ) =) —m) 7
Li(8) = & ey te, 60 66 e = LilE)

and

Denoting

s

1 Sk
wj k= bf/ 1;(£)dg
the nonlinear system (3.1) becomes

(3.2) w(zi k) = u(x;) +h Z wipf(xij,uw(xij)), ke{l,2,...,m}.
j=1

In order to prove the existence of a solution of the nonlinear system we shall
use a simplified notation u(x; 1) = ug, k € {1,2,...,m}. Then the system ([3.2))
is written as

(3.3) up = u(z;) + thMf(xi,j,uj), ke{1,2,...,m}.
j=1
The operator

D = (Pp)1<p<m, where @y :RY x .. xRV 5 RY
<k<
m

is defined by

Dp(u) = u(wi) +h Y wirf(zijug),  w=(u,... ).
j=1

The used norm in RY x ... x RV will be
N—————

el = WCus s um)ll = M-
j=1
If u=(uy,...,up) and v = (v1,...,v,) then following equality is valid
Op(u) — @x(v) = h Y win (f(wij uy) = fzig,vy)), ke {l2,... ,m}.
j=1

Then

m
@5 (u) — @ (V)] < LY Jwjxlllu; — v
j=1
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and
m - m
> ®k(u) = ()| <AL Y7 Jwipllug — o5l
k=1 k,j=1

If w = maxi<j<m Y _p—q |wji| the above inequality gives

(3.4) ®(w) — @)l < hwLllu — vl.

Thus, if hwLl < 1 then ® is a contraction. Following theorem is a consequence
of the above:

THEOREM 3.1. For h small enough (h < —-) the nonlinear system (3.2)
has a unique solution.

In the hypothesis of the above theorem, the nonlinear system (3.2)) may be
solved using the successive approximation method

(3.5) u(”H)(xi,k) = wu(x;) + thka(a:m, u™ (xij)), nmneN
j=1
(3.6) u(zin) = ulz)
for k € {1,2,...,m}. Because ® is contraction, (3.4, the sequences
uy;) « u(")(xi,j), neN, je{l,2,...,m}
will converge to the solution of the system ([3.2)).

The iterative relations (3.5 can be written in matrix form
(3.7)

wi,1 .- Wim
1 1 1 w2,1 ... W2m
—_—

m Wm,1 - Wm,m

o (ui)1<j<m the

iterations stop when the following condition is fulfilled Hugn) - ugnfl)H < g,
where € > 0 is a tolerance. The initial approximations are chosen as ug?j) =
u(z;) for any j € {1,2,...,m}.

This method to solve the nonlinear system leads to an approximation
to the solution of the IVP in the most right node which may differ from z;4;.
We point out two variants of the computations:

(n) _

where f;; = f(zij,u; /), 7 € {1,...,m}. Denoting u; ' =

e We change the initial mesh such that x;;; will be the most right
node (z;41 = ¢i(&mn)) and the computation continue in the interval
[€it1, i1 + h]. In this case we have

def (n)
Uit1 = UW(Tit1) = Uy -

e In (2.5) we set z := z;j11 = p;(b) and

m b _
Ui+1 o u(zit1) = u(w;) + % Z (/ lj(g)dg)f(mivj’ “z(,nj))'
j=1 27



94

Ernest Scheiber 6

In this way m new integrals must be computed additionally.

With the new notations we have g % u(wg) = y°.
The coefficients w;;, do not depend on the computation interval. We high-
light some cases when these coefficients may be easily computed.

Some particular cases.

(1) Equidistant nodes. If §; =

(3.8)

je{1,2,...,m}, then

m 1’
£k~ ( l)m J :1711
wia = [0 = Gy | T (-1 — e
H;ZJOI

The following Mathematica code computes these coefficients:
Weoeff[j_, k_,m_|:=
Module[{z, w},
w = Integrate[Product[If[i # j — 1, (m — 1)z — i,1], {¢,0,m — 1}],
{z,0,(k —1)/(m — D)}; (-1)*(m — j)w/((G — 1)!(m — 5)})]

The results obtained for m = 2 are

MatrixForm|Table|Wcoeft([j, k, 2], {k, 1,2}, {4, 1, 2}]]

Because x;1 = x; §i x;2 = xj+1 the recurrence formula (3.5)-(3.6)
becomes

Uz(‘Tfl) = u;+ % (f(xz', u;) + f(@is1, Uz@ﬁ) 3
FLC )
i+l T Wi

For m = 3 the results are

MatrixForm|Table[Wcoeff(j, &, 3], {k, 1, 3}, {4, 1, 3}]]

( 0)
1
24
1
6

ol=Rloo
whowl—=O
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. 1 def
In this case ;1 = xi,xig = 5z + 2i1) = T 1,Ti3 = Titl and
the recurrence formulas . ) become
(n+1) _ 5 (n) 1 M) y).
UH% =u; + h{ 5pf(ws,u;) + §f($1;+%aui+;)) —aqf (@ir1,u; ) )
(n+1) _ h (n) (M.
(3.9)  wiy  =ui+ g (f(@iu) + 4f($i+%vui+%) + f(wig1, ;1) );
0
“(+)1 i
0) _
Wipy =i

In matrix form the above relations are

i B 0 00 i) (n)
ul+7 =\ u | +h % 1 14 f( Z+1>u+)
WD) u; 1 ()"

' 6 3 6 f@i1,uh)

Transposmg the above equality we get the form corresponding to .

To compute u;11 we observe that for m = 2 the trapezoidal rule
, while for m = 3 the Simpson integration formula are used.
Chebyshev points of second kind §; = cos w, j€{1,...,m}. Then

&k m— & M
win =4 [ ods = S [T (e- g
-1 k=1,k+j
: 0.5 if je{l,m
with 7 :{ 1 if je }2,...},771—1}
The nodes are the roots of an orthogonal polynomial. Now we suppose
that the polynomial py,(§) = [[7Z;(§ — &;) is orthogonal to Pp,—1, the
set of polynomials of degree at most m — 1, with the weight p(§) on the
interval I = [a, b]. In this case the Lagrange fundamental polynomials
1;(€), j €{1,...,m} are orthogonal.
o If p(€) = 1,1 = [a,b] then pu(€) = gy dme (€ — @)™ (€ — )™
the Laguerre polynomial. For a = 0,b = 1 and m = 1 following
results are obtained

nE) = -5 = =3
wip = / d¢ =

(nt1) _ n)
wiy = gl

Again we observe that u(z,; 1) is computed using the rectangle
2

rule in the right hand side of ({2.5).

e The Chebyshev polynomials p,, (&) 2m ST cos(m arccos§), m €

N, are orthogonal with the weight p(§) = \/t in I =[-1,1].
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The nodes will be
5]-:(308M =z =z + L&+, je{l2,....m}.

2m

The biggest node is z; 1. The Lagrange fundamental polynomials
are

[;(€) = 221 (~1)7 L sin (QJQﬁ)” 11 (5 _ COSW)

and

) cos (2k2—1)w m
m— i—1 . (25-1 m 2u—1
T s (T
- =1
i
The integral can be analytically computed but it involves rounding
errors.

3.1. The convergence of the method. When h, the distance between two
mesh points x; and x;41 = x; + h, is small enough the convergence of Picard
iterations is provided by the contraction condition. We recall that m, the
number of the reference set is fixed. The convergence problem refers to the
behavior of the numerical solution (ug,u1,...,up) to the analytical solution
(y($0)7 y(xl)v R y(J?M))
We suppose that:
A; The function f(x,y(x)) is continuous and then there exists a constant
K4 > 0 such that
o
i i (el < Ko
Ag The function f(z,y) have continuous partial derivatives of order m for
any z € [ro, 7],y € RY. There exists K,, > 0 such that

dm fi(
max max ‘de“ < K,,
1<p<N z€lzo,z¢]

In any interval [x;, z;11] the following equality is valid, [I0, Th. 2.1.4.1],
(@ y(@) = L(Pm—15 201, %25 - - Tim; [H(59()) (@) =

m
_ 1 . dmf“(w7y(w))
= H T = Tij) dzm

T="pu

where 7, € [z, xi+1].
We denote by RHM(z) the right hand side of the above equality and then
MaX, ez, 2:4,] R ()| < Eh™ If R(z) = (R'(z),...,RY(x)) then im-
plies the vectorial relation
(3.10)
x x
y(z) = y(xi) +/ L(Pm—ﬁxi,laxi,%--~7xi7m;f('7y(')))(8)d3+/ R(s)ds
.

T
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and | [ R(s)ds|| < K pmtl,
We make the following notations
ei = |ly(@i) — i, ie€{0,1,...,M};
r = ly(ag) —u) G e {12, m);
rW = max < (n)
i = 1<j<m Ty 5 -

and additionally

[i@al,  a=m

We emphasize that n represents the number of iterations on an interval [z;, x;41].
This number differs from one interval to another. For simplicity we omitted
the index ¢ when n is written.

Several times the following theorem will be used

1
, Max ;=

w=maxq max |wjj
P 1<i<m

1<j,k<m

THEOREM 3.2. If (zi)ken @s a sequence of nonnegative numbers such that
zpr1 <azp+b VkeN g a,b>0, a#1,
then

2k < afzo + b“;:ll, vV keN.

The above inequality implies: if a > 1 then z, < a” (zo + a%l) and if a < 1
then zp < aFzy + %.

The following result of convergence occurs:
THEOREM 3.3. If the above assumptions take place then

li ) — ]| =0,
K e W) =l

that is, the convergence of the method.

(n).

Proof. In the beginning we determine an evaluation for r,

For n = 0 the equalities hold:
0
y(wig) = ul) =y(wig) = wi = (y(wig) = y(@) + () - w)

i,

= f(s,y(s))ds + (y(zi) — us)

T

and then we deduce

U<Kihte, Vjie{l,2,....m} = ) <Kh+e.

If n > 0, for x = x; ), the equality (3.10) may be written as

X

(3.11) Y(@ig) = y(@:) + h > wjpf(xi, j,y(ziy)) + /M R(s)ds.
=1 @
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Subtracting (3.5]) from (3.11))we obtain

y(xz k) - ug k:+1) =

= y(@i) —ui+hY wr (f(mi,jyy(ﬁi,j)) — f(@ig, ” / R(s
j=1
It follows that
(nH) <e;+ thrZ( n) @h’”H = rgnﬂ) <e;+ hf/wrgn)—l—%hmﬂ

If h is small enough (hLw < 1) then

" < WLw)"r” + i (et )
< (WL)" (Kih + e) + = (e + K1)
= \n " n m m—+1
(3.12) = ((hL@)" + =iz ) e+ W (Do) Ky + At

Evaluating e; we distinguish two cases depending on the definition of u;41:

Ujp1 = UE Y=+ hzwg mf (@i j,u Z(T; ), (@i+1 = pi(m))

j=1
or
Uip1 = U; + b—hai (/b (g)d§> f(ij, Z(j)) (@it1 = @i(D)).
j=
Corresponding to the two cases, from we obtain the equalities
Yleeer) =y + 1Y wif g yas)) + [ RS

j=1
and respectively

m b Tit1
y(zit1) = ylzi) + 324 2_: (/a lj(f)d£> f(@i g, y(wiz)) + /z R(s
Computing y(x;+1) — uj+1 it results
Y(@ip1) —wit1 =y(x:) —u; + hiwj,m (f(xi,j,y(xz,] e 1) +/
respectively

m b
Y(@ip1) =i =y(zi) —uit gty (/ Q(&)dg) (f(xi’j’ y(xm))_ugz)) +
=1 a

It follows that 3
eiv1 < e+ hLir™™V 4 Enpmtl
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and

eiv1 < e+ hf/l]]rfn) + %hm+1.
We remark that between the two estimates only the upper index of r; differs.
This justifies that in the second case m additional integrals must be computed.

From hereon it is sufficient to consider only the first case. Using (3.12) we
obtain

€ir1 <

T ~ T ~ — > . _ m+l
< eithL (((hLad)" ™ iz ) et B (L)~ K+ Ao ) 4 Ko

. T ~\n hLw n+l/7 ~\n Ky hmtl
= i (14 (hL0)" + 25 ) + W (L) K+ i

Because hliw < 1 = (hLw)™ < hlab the above inequality becames

eir1 <€ (1 + hiw + L@ ) + B2 Lok, 4+ Knh" T

1—hL® m!(1—hLw)’
Consequently
~ m+1
- N R2Lip Ky +-Bmh
i ~ hL® m!(1—hLw)
e; < (1+th+ lfhf/u?) <€O+ Py hLd
1—hL®w

. 7o~ hLw 75 Kmh™
< el(th-‘rl_him) <eo n thKl+7w> .
Because eg = 0, from the above inequality it results that:

~ 1 F o~ Knlhm
max e; < e(mffxO)Lw(1+1—th> thKler!”(l—hEu")) 0
1<i<M '~ Lo+ 25— ’

for h 0O & M — oo. 0

4. PICARD ITERATIONS WITH A VARIABLE REFERENCE SET

We shall keep some of the above introduced notations and we shall define
those that differ.

Let a < &M < &0 < ... < &N < b be the roots of the polynomial p,,(z),
where (pp,)men is a sequence of orthogonal polynomials with the weight p €
Ls[a, b] on the interval [a,b]. It is assumed that % € Lo[a,b], too. These are
requirements of the convergence theorem [§].

If ¢; is the affine function transforming [a, b] onto [z;, z;11] then the nodes
are introduced

z = pi(&"), je{1,2,...,m}, meN"
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For z € [x;, zi11], we define

W) =t [ LBria el FO7 () (s =
:ul—l—z</ (s ) £ u(aly)

:ui—i_ba (/ lm d€> 7,_77 ( ))7

where ¢ = ¢; () and

P (e) = oSG (e ) (EE)
J =g &= & =& )€ —&m)

The vectors u;; are defined iteratively

1 .
Ui =W,

2

31
=+ ot ([ B©ae) £l ub)
=ui + 25 (&1 — ) f (251, u0,);

£2
U?,z :Ui‘f‘bha</a (§)d§>f( Ti1, U 111)
=u; + %(fg - a)f(l’z‘l,la uzll)

It was taken into account that [1(£) = 1. As a rule
m u™ m x:nk m m m
=) = g Y ([ ) 1t atal)

for k€ {1,2,...,m+ 1} ¢si m € N*.
We must compute

m
uﬁ_il_l _ um+1($ +1 bL Z (/ )f(xzzau(fl?%))’

too.
The computation of the vectors u;”,:rl, ke {1,2,....,m+ 1}, uf_ﬁl can be
written in matrix form. For smaphclty we denote

m+1

wip = /k M(e)dg, jefl,...,m}, ke{l,...,m+1},

b _
w; = /Q;n(g)dg, jefl,...,m)
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and the matrix

w11 w21 cee Wm,1
w12 w2 2 cee Wm,2
W= ﬁ € Mm+27m(R)
W1 k+1 W2 k+1 -+ Wmk+1
w1q w9 e Wm

F=[f (@i, uih), f(wi2,ui), - f(@, )] € My m(R)
The following equality holds
T
[uﬁ“,u?fjl, . ,u?ﬁil,uﬁtl]ip = [ui, ..., u)" +W-FT,
—_——
m+2

For an imposed tolerance € > 0, the iterations occurs until the condition

[ut! — || < e is fulfilled. The initial approximation is u} ; = w;. If the

above condition is fulfilled then we set u;1 = u?ﬁl

A convergence result is given in [§].

5. STIFF PROBLEMS
From (2.3), if s = xg + ho then

T—xQ

y(x) = y(wo) + h/o " f(xo + ho,y(zo + ho))do,

with « € [xg,20 +h] & o€ ]0,1].
Setting
y(xo + ho) = yo + hv(o)
we derive that v(0) = 0 and

dg(o‘_’) = f(xo + ho,yo + hv(o)) &  v(s) = /OS f(zo + ho,yo + hv(o))do.

Following [4], [2], by the stabilization principle, the solution of the partial
differential system

ow(Ct) _ ¢
(5.1) e w((,t)+ [ flxo+ ho,yo + hw(o,t))do
0

has the property, cf. [4], [2],
(5.2) Iim [lw(¢.) = v(Q) =0, for ¢e 0,1

We give a numerical solution to find an approximation of the solution of

BD.
Let be 7 > 0 and the sequence t" = n71, n € N. The equation (5.1)) may be
rewritten as

¢
GetquEC,t) — et/ f(fL'O + hO’, Yo + hu)(a'7 t))dg
0
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and integrating from n7 to (n+1)7 it results
(5.3)

w(C )= e (g, e

nt

()T
e"(/ f(xo+ho, yo+hw(o, n))da)dn

Without changing the notation for w, we substitute in (5.3) f(xo+ ho,yo +
hw(o,n)) by a Lagrange interpolation polynomial

(5.4)

w(c’ tn+1) —
Tw (¢, ")+

+e*<"“>T " CL(}P’ 33 ; h h dr)d
0 m—1; 17"'7§maf($0+ '7y0+ w()n)) n

tn te~ TH—le
Tw (G, 1) .;/

where 0 =& <& < ... <&y =1.
We denote w™(¢) = w({,t") and in the right hand side of (5.4) we take
w(&;,n) = w" (), for any j € {1,2,...,m} and n € [n7, (n + 1)7]. Then

(n+1)7

([ o+ hs, o b m) (o))

nr

wn—i—l(g):e—’r ”(<)+ 176 Zf x0+h§],yg+hw 5] / l

Denoting w? = w"(§;), for ¢ = §k, k € {1,2,...,m} we obtain the iterative

relations
m

&k
wit = e Twp + (1 —e” Z xo + h&;,yo + hw?)/o lj(o)do.

The iterations occurs until the stopping condition maxi<j<m, Hw?Jrl —will<e

is fulfilled. Here € > 0 is a tolerance. According to (5.2)) we consider v(1) =
w?“ and the procedure continues with ;11 = u; + hw?.
6. NUMERICAL EXPERIMENTS

Using computer programs based on these methods we solved the following
IVPs:

(1) ([9, p. 234])

. 3_
g o=yl ozl
y(0) = 15
with the solution y(z) =1+ (z +2) + (z + 2)? + (z + 2)3.
For M = 5 and the tolerance ¢ = 107° the maximum error

maxo<i<n ||y(x;) — w;|| and Ny, the number of calling the function
f, are given in Table [6.1]
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Fixed equidistant
reference set m = 3

Variable reference set

Error

| Ny

Error

| Ny

1.82591e-08 | 75 [ 8.94274e-08 |

99

(2) ([9, p. 244])

Table 6.1. Results for Example (1).

Y1
Z{é ) Y2
Y3
=, Ya

r € [0, 7y],

where r = \/y? + y3 and with the solution y; = cosz,ys = —sinz,y3 =
sinz,y4 = cosz.
The results of our numerical experiments are listed in Table

Fixed equidistant | Variable reference set
reference set m = 3

xy | M € Error [ Ny Error [ Ny

27 [ 10 [ 107° [ 0.0247309 300 6.47998e-05 550
27 | 10 | 107° | 0.0246415 480 2.24345e-09 1050
47 | 10 | 1075 | 0.888217 534 0.000142862 966
47 | 20 | 1079 | 0.0496889 960 1.05491e-08 | 2100
6m | 10 | 1075 | 14.4197 762 6.23799e-05 1530
6m | 40 | 107° | 0.0232977 | 1560 | 3.06542e-09 | 3640

Table 6.2. Results for Example (2).

Now we compare the results obtained using equidistant nodes and
Chebyshev points of second kind for the reference set. For the same
example the obtained results are given in Table

Fixed equidistant | Chebyshev fixed
reference set m = 5

zy | M e Error [ Ny [ Error [ Ny
27 [ 10 [ 107° [ 6.93002e-05 | 400 | 2.69646e-05 | 400
27 | 10 | 107° | 1.91509¢-05 | 650 | 8.13527e-06 | 650
47 | 10 | 107° | 0.00215349 | 600 | 0.000338729 | 551
47 | 20 | 107° | 3.85763e-05 | 1300 | 1.6391e-05 | 1300
6m | 10 | 107° | 0.0275954 900 0.0164587 820
6m | 40 | 107° | 1.00764e-05 | 2200 | 4.18516e-06 | 2200

Table 6.3. Results for Example (2).
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As expected, the results using Chebyshev points of second kind are
better than that obtained using equidistant nodes, due to the bet-
ter approximation property of Lagrange interpolation polynomial with
Chebyshev points of second kind toward the equidistant points, [I1].

(3) (]9, p. 245]) Keeping the differential system as in the previous example
but changing the initial value conditions to y(0) = [0.4,0,0,2], for
xp=2m, M =20 and ¢ = 1072 with the method based on variable

reference set we obtained maxg<;<ns ||y(7;) — ;|| = 2.94126 - 1072 and
Ny = 1400,
In this case the solution is
y(x) = [cosu — 0.6, 71:0%1;58”, 0.8 sin u, 719'33%8();‘“],

where x = v — 0.6 sin u.

Based on the previous examples the method with variable number
of reference points is more efficient than the method with fixed number
reference points, but we cannot deduce theoretically such a conclusion.

Using the method for stiff problems presented above we solved:
(4)
{ y1 = 998y; + 1998ys, y1(0) =1, x € [0,1],
Y2 = —999y1 — 1999yy, y2(0) =0,

T _ 6—1000:5 e % 4 e—lOOOz‘

with the solution y; = 2e~ J Y2 = —
For 7 = 10 the results are given in Table We recall that 7 is
the length of the step for the ¢ variable of the stabilization principle.

Fixed equidistant | Chebyshev fixed
reference set m =5
M € Error [ Ny [ Error [ Ny

300 [ 107> | 0.00164977 | 8585 [ 0.000402419 | 8435
500 | 1077 | 0.000128781 | 10700 | 4.35037e-05 | 10555

Table 6.4. Results for Example (4).

y = —20y, y(0)=1, =z€][0,1].
For 7 =10, M = 20 and € = 10~7 the results are given in Table

Fixed equidistant | Chebyshev fixed
reference set m =5
Error \ Ny \ Error \ Ny

1.19382¢-06 | 800 | 4.58431e-07 | 785

Table 6.5. Results for Example 5.
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To make the results reproducible we provide some code at https://github.
com/e-scheiber/scilab-ivpsolvers.git.
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