JOURNAL OF NUMERICAL ANALYSIS AND APPROXIMATION THEORY
J. Numer. Anal. Approx. Theory, vol. 47 (2018) no. 2, pp. 159-166

ictp.acad.ro/jnaat

GENERALIZED GROWTH AND APPROXIMATION ERRORS
OF ENTIRE HARMONIC FUNCTIONS IN R”, n >3

DEVENDRA KUMAR*

Abstract. In this paper we study the continuation of harmonic functions in
the ball to the entire harmonic functions in space R™,n > 3. The generalized
order introduced by M.N. Seremeta has been used to characterize the growth
of such functions. Moreover, the generalized order, generalized lower order and
generalized type have been characterized in terms of harmonic polynomial ap-
proximation errors. Our results apply satisfactorily for slow growth.
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1. INTRODUCTION

Since the entire functions form a simplest class of analytic functions which
includes all polynomials several researchers like Varga [14], Batyrev [1], Reddy
[7], Ibraginov and Shikhaliev [3], Vakarchuk [I3], Kasana and Kumar [6] and
others had obtained the characterization of growth parameters of an entire
function f(z) in terms of the sequences of polynomial approximation and in-
terpolation errors taken over different domains in the complex plane. Simi-
lar characterizations had been investigated for entire harmonic functions in
R™ n > 3 in terms of harmonic polynomial approximation errors. When we
discuss time dependent problems in R it leads to study the entire harmonic
functions in R*. Therefore, it is significant to mention here that the harmonic
functions play an important role in theoretical mathematical research, physics
and mechanics to describe different stationary processes. Hence, sometime it
is reasonable to study generalized growth characteristics of harmonic functions
in an n-dimensional space.

Let x € R™(n > 3) be an arbitrary point where x = (x1,x2,...,2,) and

put |z| = (22 + 23+ + x%)% The set of all non-constant entire harmonic
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functions on R" is denoted by H. For each u € H,r > 0 we have an expansion
into a Fourier-Laplace series [I1]

(1) u(rz) =Y V¥ (z;u)r*,
k=0

where z € S™ = {& € R" : |z| = 1} a unit sphere in R" centered at the origin
and

k) (k k)« (k
y (k) (x;u) :ag )Y1( )(x) + aé )YQ( )(ac) 4+ 4 a,(Yi)Y,Y(If) (x),

(k) _ (k)y _ (%) (k) I e
ol ~(u.v) = 2 [ u@yPas, =T,

e = (2k+r;:(i)£kz—)|—!n—3)! ‘

Here dS is the element of the surface area on the sphere 5", (u, Yj(k)) is the

scalar product in L?(S™) and Y is a spherical harmonic of degree k,k €
Zy =4{0,1,2,...,} on the unit sphere S™(n > 2) [10].

Let Bgr = {y € R : |y| < R} be the ball of radius R in space R",n > 3
centered at the origin, and By be the closure of Br. We denote Hp, the class
of harmonic functions in Br and continuous on Bg,0 < R < oo.

An approximation error of function v € Hg by harmonic polynomials P €
II;, is defined as

) Bh(e) = jnf {max u(y) ~ P(y)])

where II; be a set of harmonic polynomials of degree not exceeding k.
We state some results which will be useful in the sequel.

LemMA 1. [15] If u € Hpg, then for all k € N inequality
k) (... E o 4(k+20)% k-1
max 1Y) (2;u)|RF < @ Er (u)

holds, where v = ”T_Q

LEMMA 2. [I5] For an entire harmonic function v € R",n > 3 which is
assigned by the series , the following inequality hold

2v)! -
B o max [V O (a5 w)| < M(rswr ™, VkE€Zy,r >0,

where M (r;u) = maxzegn |u(rz)].

LEMMA 3. [15] For an entire harmonic function u € R™, n > 3, the following
estimation holds

Efy(u) <\ oy (2v + D)(k +20) M(r;u)(5)*, Vk € Zs, 7 > eR.
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2. GENERALIZED GROWTH PARAMETERS

Let ¢ be a real valued function defined and differentiable on [a,+00) at
some a > 0 such that ¢(x) is positive, strictly monotonically increasing and
tends to co. Then ¢ is said to belong to the class L? if for every real valued
function ¢(x) such that ¢(z) — 0 as © — oo, ¢ satisfies

iy Gld+p@))z]
(3) Jm T =
and belongs to the class A if for all ¢,0 < ¢ < oo, we have the stronger
condition
plez) _
(4) Am oy =1

Using the functions from the classes L°, A Seremeta [§] obtained the follow-

ing characterizations for entire function f(z) = Y52, apz":

THEOREM A. Let a(z) € A,B(x) € L°. Set G(z,c) = B Yea(x)]. If

dﬁ(():;,;) =0(1), as x — oo for all ¢,0 < ¢ < 00, then the generalized order

. B, =1 a(log M(r;f)) =1i a(k)
Pl [y =0 s T togn = ISP o By

where M (r; f) = max;—, | f(2)].

THEOREM B. Let a(x) € L°, 87 Y(x) € L°,¢(x) € L°. Let p,0 < p < o0,

be a fized number. Set G(z,0,p) = ¢ Y[ (o (a;))]%} Suppose that for all
o, 0 <o < o0,

(1) If o(x) € A and a(x) € A, then dGl.0p) O(1), as z — oc.

dlog x
(2) If o(x) € L° — A or a(x) € L° — A, then lim,_, de(lz’g":;”) = %.
Then we have
alk
lim sup W = lim sup T ()
rreo k—oo  B{le(e? lak| k)]"}

S.M. Shah [9] introduced the generalized lower order A(a, 3, f) as

— i inf ellog M(rif))
Aa, B, f) = lim inf =520

and proved the following theorem:

THEOREM C. Let f(2) = S arz" be an entire function. Set G(z) =
Bi(a(x)). For some function £(x) — oo B(B‘Té(f))) — 0, d%if;g) = 0(1), as
r — 00,

]a';ﬁ\ is ultimately a non decreasing function of k. Then

= lim inf &
Ma,B, f) = k—oco  B(loglag|™ k)



162 Devendra Kumar 4

It has been observed that the functions G(z,c) and G(x) of Theorem A
and Theorem C respectively, do not satisfy the conditions when a(x) = 5(z)
i.e., when the entire function f(z) is of slow growth. To include these func-
tions, Kapoor and Nautiyal [5] introduced a new class of functions and defined
generalized order and generalized type as follows:

Let Q be the class of functions ¢(z) satisfying the following conditions:

(H,i) ¢(x) is defined on [a,00) such that ¢ is positive, strictly increasing,
differentiable and tends to co as x — oco.

(H,ii)

lim 4@) — g 0< K < 0.

z—500 d(logx)

The generalized order p(a, v, f), generalized lower order A\(«, «, f) and gen-
eralized type of the entire function f(z) were defined as

—1 a(log M(r;f))
P(Oé, «, f) - hﬁsogp oz(logr) ’

Ma, a, f) =liminf 20EMEI) 3 < N, 0, f) < pla, o, f) < oo,

a(log M(r;£))

T(o, a, f) =limsup a(iog 17

r—00

where a(z) € Q.

N. Juhong and C. Qing [4] extended the range of a(x) by defining a new
class Q* as the extension of ) and obtained some results concerning above
generalized growth parameters of entire function f(z).

Let Q* be the class of functions ¢(z) satisfying the condition (H,i) and
(HL i),

(HLiii)

dol) K, 0< K <oo,p>1peNT,

=0 d(logl?! )

where log[o] T = x,log[l] x = logz, log[p} r = log[p_l] logz. Also ¢(z) satisfies
and .

It is clear that a(z) € € is a particular case of a(z) € Q* for p = 1.

THEOREM D. [] Let a(x) € QF, then some necessary and sufficient condi-
tions of the entire function f(z) with generalized order p is

a(log M(r;f)) a(k)

lim su — 1 =limsup ——~—, =1,
r—>oop a(logr) k_>oop a(log|ak|7%) b

lim sup o (k) T §limsupM Slimsup%—i—l, p=23,...
kosoo a(loglag]"F) —  rooo  @o87) koo a(logax| " F)
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THEOREM E. [4]. Let a(x) € QF, then the entire function f(z) of general-
ized order p,1 < p < 00, is of generalized type T if, and only if

a(log M(r; f) a(k)

: ) 75 _

h?’i)sogp [a(logr)]r T hgisogp [a(10g|ak\7%)]ﬁ—1 b= ]-a

limsup%m—hmsup%, p=223,...
T—00 s k—oo [a(loglak| )]P

3. MAIN RESULTS

In this section we shall characterize the generalized growth parameters of
entire harmonic functions in space R™,n > 3 in terms of harmonic polynomial
approximation error defined by .

Let uw € Hi. Then the generalized order pr(«, 3,u) and generalized lower
order Ar(«, 8, u) of u is defined as
prla, B,u) =lim sup 20eEM ),

(5) r—00 g
(e, B,u) =liminf “UENED) 1 < \p(a, B,u) < pr(, B,u) < o0

—00 a(logr)

Further, for 0 < pr < 0o, we define the generalized type Tr(c, 3,u) of u as

(6) T(a, 3, u) = lim sup allog M(ruu)

The functions «, 5 and ¢ satisfy the conditions stated in Theorem B.
Now we prove our main results.

THEOREM 4. a(z) € A, B(z) € L°. Set G(x,¢) = B~} (cal)). If §Ged =

O(1), as x — oo for all ¢,c € (0,00), then for u € Hr can be continued to the
entire harmonic function in space R™,n > 3, for which generalized order

. o, B,u) = limsu %
(7) pr(a, B, u) k_mp B(log R[EY (u)]~ k)

Proof. Consider the complex valued functions
N Vo) (2)
hz) =) V(2o 1) (kt20)2 )(F)" Z bi" (say),

9(2) =) (2?/)1(]‘5 +20)* ER(u) (%) Z k2" (say).

From Lemma [B] we have

[,

1

(8) lim (bg) * =00 and lim (¢;) * = oo,
k—o0 k—o0

therefore, fi(z) and g(z) represents entire functions of complex variable z.
Further, we have

log(br) ™! ~log R¥[E%(u)] ™! as k — oco.
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Using Theorem A, we get

. a(log M (r; f IRT a(k
9) hmsupw = limsu (k)

r—00 koo Bllog RIEL(w)] %)
If p(r; f1) denotes the maximum term of fi(z) then by a result of Valiron
[12, p. 34], we get log M (r; f1) ~ log u(r; f1) as r — oco. From Lemma [1| we
have

M) < [Y2(E )| + by 32k + 202 Bl L (u) ()"
or =
(10) M(r;u) < [YO(&Gu)| + M(r; g).
Now from Lemma [3| and we have
(11) p(rs f1) < M(r;u) < [Y°(&u)| + M(r;g).

Thus gives

a(log M(r;f1)) a(log M (r;u)) a(log M (r;g))

(12)  limsup S5 57 < lim sup Zogre, 35 < lim sup =are s
Now using , @D and we get . 0

THEOREM 5. Letu € Hg be of generalized order pr(a, 5,u),0 < pr(a, B,u) <
o0o. Let the functions «, B and @ satisfy the conditions of Theorem B, then the
function u can be continued to the entire harmonic function in space R™, n > 3,
for which generalized type

a(5= E =)
13 T(a,B,u) = hm sup Aoe Mriw)) 15 oy )
(8) e o) = Bnsue Stcetrmy. = B ue o BRIl ()] F)}or]

Proof. Since a € L°, we have from Theorem [
(14) a(log M (r;u)) ~ a(log M(r; f1))

and f1(z) is also an entire function of generalized order pgr(a, §, f1), now using
Theorem B, we have

. % ] O(( - )
(15) lim sup % = limsup

r—00 k—o0 B[{«p(epR\bk‘ k)}ﬂR]

Since ¢(x) € L°, we have
a(;) a(;)

(16) lim sup = lim sup s
k=00 ,3[{<P(6”R\bk| k)}”R} k—ro0 ﬂ[{w(epRR[Ek(U)]_E)}”R]

The above relations , and u with @ together gives . O

THEOREM 6. Let u € Hg. Set G(z) = B~ (a(x)). Then the function u can
be continued to the entire harmonic function in space R™,n > 3, for which
generalized lower order

— Tim inf @Uog M(riu)) a(k)
(17) Ar(a, B,u) = lim inf =505 > hkn_1>£f Sos FIEL (] B
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if the following condition satisfied:
For some function £(x) — o0 as x — oo,Bg(igf;)) — 0, d‘iig) = 0(1), as
T — 00,

B (u)
Ep (u)
equality in the right hand side of transforms into the equality.

If, in addition, ratio | | is a non decreasing function of k then in-

Proof. We see that fi(z) is also of generalized lower order Ag(a, 8, f1) and

by _ ((kt1420)120 ER(w) R
bk—lf-l - [( (k+2v) )] Elkgﬁl(u) (;)) r>eR

is a non decreasing function of k. Now using and applying Theorem C to
the function fi(z), we obtain
Ao, B, f1) = liminf —2®) — Jiminf —o®)
k=00 B(log |bk| ¥ ) k—oco  f(log RIER (u)] %)
O

REMARK 7. If a(x) = logz, f(x) = x in Theorem {4] and a(x) = f(x) =
o(z) =xin Theorem we get the coeflicient characterizations for the classical
order and type of entire harmonic function u in space R",n > 3, in terms of
harmonic polynomial approximation errors.

REMARK 8. If a(x) = z,5(z) = xi,cp(x) = zPr(@) in Theorem where
pr(x) is the proximate order of harmonic function u such that z = 6(7) is the
function inverse to 7 = 2P we obtain the formula for the generalized type
with respect to proximate order pr(x).

THEOREM 9. Let a(z) € QF, then necessary and sufficient conditions for
u € Hp to be continued to the entire harmonic function in space R",n > 3
with generalized order pr(a, o, u) is

lim sup 20eMiw) 4 iy qup a(k) ,for p=1,
r—00 a(logr) k—oo a(log R[Eﬁ(u)r%) /
lim sup o(k) < lim sup 70‘(1%1]‘/[(”“))
koo allogRIERw)] ) ~ rooo  U087)
<lim sup (k) + 1, for p=2,3,....

koo allog R (w)] %)
Proof follows on the lines of Theorem [4 and using Theorem D.

THEOREM 10. Let a(x) € QF, then the function u € Hi can be continued
to the entire harmonic function in space R™,n > 3, with generalized order
pr(a,a,u), 1 < pr(a,a,u) < oo, is of generalized type Tr(a, a,u) if, and
only if

a(log M(ryu)) a(k)

li A0 MABY) 4 -1
12 sogp [a(log r)]PR 11}3; s;l}p (alog RIE (u)],%)}%_l, p )
i a(log M(rw) _ 1 a(k) _

hﬁf}ép [a(log )[R 1121;55 [a(logR[El’;(u)]’%)}PR’ p=2,3,
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Proof follows on the lines of Theorem [5| and using Theorem E.
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