JOURNAL OF NUMERICAL ANALYSIS AND APPROXIMATION THEORY
J. Numer. Anal. Approz. Theory, vol. 48 (2019) no. 2, pp. 122-136

ictp.acad.ro/jnaat

APPROXIMATE SOLUTION OF NONLINEAR HYPERBOLIC
EQUATIONS WITH HOMOGENEOUS JUMP CONDITIONS

MATTHEW O. ADEWOLE'

Abstract. We present the error analysis of a class of second order nonlinear
hyperbolic interface problems where the spatial and time discretizations are based
on a finite element method and linearized backward difference scheme respectively.
Both semi discrete and fully discrete schemes are analyzed with the assumption
that the interface is arbitrary but smooth. Almost optimal convergence rate in the
H'-norm is obtained. Numerical examples are given to support the theoretical
result.
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1. INTRODUCTION

In this work, we study finite element solution of the nonlinear hyperbolic
equation of the form

(1.1) ug — V- (a(z,u)Vu) + b(z,u)u = f(xz,t) in Qx(0,7]
with initial and boundary conditions
u(z,0) = wo(zr) inQ
(1.2) ut(xz,0) = wui(zr) inQ
u(z,t) = 0 on 09 x [0, 7]
and interface conditions
[ulp = 0
87’“ g
[a(x, w) an} .

where 0 < T < oo and 2 is a convex polygonal domain in R? with boundary
0. O C Q is an open domain with smooth boundary I' = 99, Q2 = Q '\ 0
is another open domain contained in 2 with boundary I' U 92, see Figure 1.1.
The symbol [u] is the jump of a quantity u across the interface I' and n is

(1.3)
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Fig. 1.1. A polygonal domain © = ; U Qs with interface T

the unit outward normal to the boundary 0€);. The interface conditions are
defined as the difference of the limiting values from each side of the interface ie

[U)mer := lim wuy(z,t) — lm wug(x,t)
z—mt z—m=—

and

[a(:z, u)ﬁ}mer = Lgrrrnl+ a1Vuy(x,t) — 121;17 asVua(z,t)| -n
where w;(z,t), a;(x,u), bi(z,u) and f;(x,t) are the restrictions of u(x,t), a(x, u),
b(xz,u) and f(x,t) to Q;, i = 1,2. The input functions a;(z,u), b;(z,u) and
fi(z,t) are assumed continuous on €;, ¢ = 1,2 for ¢t € [0,T]. We impose the
following

AssuMPTION 1.1. (i) € is a bounded convex polygonal domain in R?, the
interface I' C  and the boundary 02 are piecewise smooth, Lipschitz
continuous and 1-dimensional.

(i) f(x,t) € HY(0,T; L*()). Functions a and b satisfy

ai(z,§) > p1, bi(w, &) > 1, |ai(z,0)|[ Lo () + [[bi(z, 0)[[ Loc () < pi2,

|ai(z, ) — ai(z, ¥)| + [bi(z,§) = bi(z, )| < psll§ — ¢l L2y,
for £, € R, z € Q;, t € RT with positive constants p1, pe and us
independent of t,x, &, 1.

Hyperbolic partial differential equations arise in many physical problems such
as vibrating string, vibrating membrane, shallow water waves, etc [13, 23, 24]
and become interface problems when medium or materials with different
properties are involved [10, 16, 15]. The solutions of interface problems have
low regularity globally but may have higher regularities in each individual
material region because of the discontinuities across the interface [21]. Thus,
obtaining exact solutions or approximate solutions with higher order accuracy
may be difficult.

Finite element solutions of non-interface hyperbolic problems have been
extensively discussed in [7, 8, 9, 17, 19, 22, 25]. The convergence of finite
element solutions of linear hyperbolic interface problems has been considered
in [3, 4, 14, 15, 16]. In [16], the authors assumed that the interface can
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be fitted exactly using interface elements with curved edges and established
convergence rates of optimal order for both semi and full discretizations. Time
discretization was based on symmetric difference approximation around the
nodal points. In [15], approximation properties of interpolation and projection
operators were used to establish convergence rates of optimal order for finite
element solution of an homogenous hyperbolic interface problem. Their time
discretization was also based on symmetric difference approximation around
the nodal points. Linear finite element with time discretization based on
implicit scheme was presented for wave equation with discontinuous coefficient
in [14]. In [3], we investigated the error contributed by semi discretization
to the finite element solution of linear hyperbolic interface problems. With
low regularity assumptions on the solution across the interface and with the
assumption that the interface could not be fitted exactly, almost optimal
convergence rates in L?(Q2) and H'()) norms were established. In [4], we
proposed finite element solution of a linear hyperbolic interface problem where
the interface was approximated by straight lines. Quasi-uniform triangular
elements were used for the spatial discretization and time discretization was
based on a three-step implicit scheme. The proposed scheme was proved to be
stable and preserves the discrete maximum principle under certain conditions
on the input data. Almost optimal convergence rates in L?(Q) and H'(Q)
norms were obtained. Inspite of the wide applicability of nonlinear hyperbolic
equations, the discussion on finite element solutions of nonlinear hyperbolic
interface problems of the form (1.1)—(1.3) is scarce in literature.

The objective of this paper is to establish convergence in the H'-norm for
the approximate solution of nonlinear hyperbolic interface problems of the form
(1.1)—(1.3) on finite elements. Both semi discrete and fully discrete schemes
are analyzed. Full discretization of (1.1)—(1.3) results to a system of nonlinear
equations due to the presence of a(z,u) and b(z,u). We propose a linearized
scheme in order to avoid this difficulty, and for practicability of the scheme,
we do not assume that the interface could be perfectly fitted. The interface
is first approximated by piecewise continuous straight lines and the mesh is
fitted to this approximation. In this study, we use the standard notations
and properties of Sobolev spaces as contained in [1]. Other tools used in this
paper are the linear theories of interface and non-interface problems, as well as
approximation properties of the elliptic projection operator.

Let v; be the restriction of v to £;, ¢ = 1,2, we shall need the following
spaces for the convergence analysis

X ={vive HY(Q),u e HAQ)} , ¥ ={v:ve LX(Q),v € H'(Q)}
equipped with the norms
lollx = vz @) + lvillaz@,) + llv2llg2,) Vo e X,

[olly = llvll2@) + vl @) + llv2ll ey Vv ey



4 Hyperbolic equations with homogeneous jump conditions 125

The weak form of (1.1)—(1.3) is to find u(t) € H3(Q), t € (0,T] such that
(1.4) (uge,v) + A(u : u,v) = (f,v) Vo(t) € HY(Q), t € (0,T]
where
(60) = [ ovde AE:6,8) = [ 0@ V6 Vo + b, )] do.
Q Q
For (1.4), we have the following energy estimate

THEOREM 1.2. Suppose that the conditions of Assumption 1.1 are satisfied
fora: QxR =R, b: QxR =R, and f: QxR — R". Then there exists a
C > 0 such that

(1.5)  Null20.1,x) + llwell L20,myy + lweell 20,7020 002 @0)) <
< C (1l oirszay + 1@ 0) 2 + luollx + lluly)
Proof. Let v = u; in (1.4). For t € [0,T], a simple calculation shows that

(1.6) NuelZ2() + lullFoy < C [HUOH?F(Q) + l[uall7z ) + Hf”%%o,t;m(m)} :
Let

al(a:,u)%lr =qn and az(x,u)% L= g

It is clear from (1.3) that g; + g2 = 0. From (1.1)—(1.3), we have
/ UtV +/ (aVut - Vv + butv) = / fro—+ / gitV , 1=1,2.
Q; Q; Q; T
We take v = uy; and obtain

w72 + m gl g, — lwale@,) < %|’ftl|i2(9i)+/rgitutt
which implies

7 Nunlizq,) + lulinq, <

t
<C <||U0|12L12(Qi) + w1 B ) ‘1‘/0 1721120,y + ||f($70)||%2(m))

t
+/ eXP(*S)/gitUtt dt.
0 r

It follows directly that
T 2 2 2 2
(1.8) /0 (Hutt”L?(Ql) + lJueell 220, + el oy + ”utHHl(Qg)) dt <

<C

T
luollX + |3 + I £ (2, 0)[1Z2(q +/o 1 fell720 dt]

Now, we multiply (1.1) by —uy, integrate over ; then simplify the resulting
equation and obtain

(1.9 willultrz,y < 2630 ullfp o, + 2lluellzz,) + 201 F 172, + Q/Fbgiu-
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It follows from (1.6), (1.7) and (1.9) that

T 9 2
110) [ (el + lulfiege) dt <

<C

T
ol + s 3 + 1, Oy + [ (1520 + 15 3s0) dt] .

(1.5) follows from (1.6), (1.8) and (1.10). O

REMARK 1.3. Estimate (1.5) establishes that a weak solution exists. For
u € L>®(0,T; H"1(Q)), m € N, standard energy argument for hyperbolic
equations requires that ug € H™1(Q) and vy, € H™(Q) [18, Theorems 5 and
6, pages 389-391]. However, this level of global regularity is not guaranteed for
interface problems as such problems are more regular on the individual domain
than the entire domain [6, 21].

This paper is organized as follows. In Section 2, we describe a finite element
discretization of the problem and state a result on the elliptic projection
operator used for the error analysis. In Section 3, we give the discrete versions
of (1.4) then establish the convergence rates of almost optimal order for both
semi discrete and fully discrete schemes. We confirm our theoretical analysis
with numerical examples in Section 4. Throughout this paper, C' is a generic
positive constant (which is independent of the mesh parameter h and the time
step size k) and may take on different values at different occurrences.

2. FINITE ELEMENT DISCRETIZATION

Th denotes a conforming triangulation of €. Let hx be the diameter of an
element K € Tj, and h = maxge7, hix. Let T, denote the set of all elements
that are intersected by the interface I' (see Fig 2.1);

Thr={KeT,: KnT #0}
K € 7T," is called an interface element and we write 27 = |J ke K.

The domain € is approximated by a domain QF with a polygonal boundary
I, whose vertices all lie on the interface I'. Q4 represents the domain with 9Q
and I'y, as its exterior and interior boundaries respectively. The triangulation
Tr, of the domain € is fitted to Qf and satisfies the following conditions

Wo=J K

KeTy,
(11) If Kl,KQ € 7T, and I_{l 75 [_{2, then either I_{l N [_{2 =0 or Kl N KQ is a
common vertex or a common edge.
(iii) Each K € 7y, is either in Q% or Q& and has at most two vertices lying on
Ty.
(iv) For each element K € Ty, let rg and 7x be the diameters of its inscribed
and circumscribed circles respectively. It is assumed that, for some fixed
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Fig. 2.1. A typical interface element.

ho > 0, there exists two positive constants Cy and C7, independent of h,
such that

Corxg <h < Cirg Y he(0,hp)

Let S, C H}(Q) denote the space of continuous piecewise linear functions
on 7T vanishing on 0f).
The FE solution up(x,t) € Sy, is represented as

Np
up(z,t) =Y aj(t)d;(x)
j=1

where each basis function ¢;, (j =1,2,...,Np) is a pyramid function with unit
height. For the approximation §(t), let {z; }721 be the set of all nodes of the
triangulation 7}, that lie on the interface I' and {v; };Li 1 be the hat functions
corresponding to {2;}7, in the space Sj,.

Let P, : X N HY(Q) — S;, be the elliptic projection of the exact solution v
in Sy, defined by

(2.1) Alu:v— P, ) =0 Ve Sy, tel0,T].
For this projection, we have

LEMMA 2.1. Let a = a(z,u), b = b(x,u) satisfy Assumption 1.1 and let ay,
by be continuous on Q; x (0,T], i =1,2. Assume that v € X N HE and let Pyu
be defined as in (2.1), then

IN

n 12 N | gin
|3 (Pru = W)y < Ch (14 i) S0 11 %¢Ix
=1

n .
I3 (P = wllzaey < O (14 aimg) 2155t
=1

forn=0,1,2.

Proof. It can be proved using the interpolation error estimate [2, Lemma
2.1] and a similar argument to the proof of [5, Lemmas 2.4 and 2.5] but with
little modification due to different assumptions on a(z,u) and b(z,u). O
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REMARK 2.2. The term |In A| in Lemma 2.1 is due to the fact that the mesh
in Section 2 cannot perfectly fit the interface. However, with the use of interface
elements with curved edges along the interface, convergence rate of optimal
is obtainable (see [16] for example). In practice, the use of curved interface
elements that perfectly fits the interface may be computationally difficult or
impossible particularly when the interface is irregular in shape [12]. O

3. ERROR ESTIMATES

3.1. Continuous-in-Time Approximation. We may pose the semi discrete
problem as: find uy, : [0,T] — S}, such that up(0) = up and

(3.1) (Whyuesvn) + Aup, - up,vp) = (f,on) Vop € Sp, aete0,T]

Below is the main results concerning the convergence of (3.1) to the exact
solution in the L>(0,T; H(Q))-norm.

THEOREM 3.1. Suppose that the conditions of Assumption 1.1 are satisfied
fora: QxR =R, b: QxR =R and f: QxR = R and let u and vy, be the
solutions of (1.4) and (3.1) respectively, then for ug € H}(Q)N X, u1 € HE(Q)
and 0 < h < hg, there exists a positive constant C, independent of h, such that

< cn(14+ 1)
qax [l —unllme) < (1+ i)

Proof. Subtract (3.1) from (1.4)
(ur — upge,vn) + A(uuyvp) — A(up cup,vp) =0 Vo €5y
Let e(t) = u — up, vy, = (Pru — up)¢
sl Oz + 5 Gle®ln ) =

= (upu — s, (Pru—u)e) + A(up; e(t), (u — Pru)e)
+ A(up : u, (Pru—u)) — A(u s u, (Ppu — u)y)

(3.2) < Li+DL+13
where
I = |(ug — unge, (Pru—u))l, Iy = |A(up :e(t), (u — Pru)y)l,
Is = |A(up :u, (Pou—u)y) — A(u: u, (Pru —u))|
For I;, we have
L= |G @), (Pyu—u)e) = (€'(1), (Pru—u)e)|

< Tl Ol + #1Pru — Wil Fo) + 1€ 720
+ 1(Pru — w)eel|72 0
Talle DNz + 1€ O + 1 (Pau = w)il|Z2q)

(3-3) +2[|(Phu — w720

IA
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IN

I (sllunllz2 (o) +M2)|| Ol ol (w = Prw)el rio
(3.4) < e + ar(allunllr2) + n2) [ (Phu — U) [
For I3, we use Young’s inequality and obtain
Iz < pslle()ll 2llull @)l (v — Pow)ell g )
2
(3.5) < Blle®Fnq + B lullin el (v = Paw)dllF o
We substitute (3.3)—(3.5) into (3.2) and obtain
Talle Ol + 5 Ele®ing <
<ile' 7 + S lle(t )HH1 )+ 20 (Pau = w720
+ [[(Prou — w720 + 5 (M3\|UhHL2 + p12)?[[(Pru — w371 o
2
+ B B oyl (u = Phu)tHHl(Q)'
It is obvious that
1/2
B2 (14 ) <k (14 i) & 0<h< 058857838801
Therefore using Lemma 2.1 for 0 < h < 0.58857838891, it follows that
Talle O 2@ + 5 &le®in@ <
<ille' 72 + & lle®)lFn q)
+ CR2 (14 iy ) | (1 + Nl ) + (msllunll oy + 12)?)
x (lulle + luall ) + luall%]
After a simple calculation, we have

lelF@ < exp(T)]e'(0)]172q) + exp(T)]e(0) |71 q)
t
+ Ch2/ t—s) (14 5
0 eXp( S) ( |1nh‘>
X { (1 + [ wll o) + (uallunll 2 ) + Mz)z)

 (lulBe + ulFk) + e B | s
The result follows by taking ugj, = Pyug and uyj, = Pyu;. ]

3.2. Discrete-in-Time Approximation. In this section, we propose a lin-
earized scheme for the solution of (1.4) due to the presence of the nonlinear
terms. An almost optimal order error estimate in the H'(f2)-norm is analyzed.

The interval [0, T is divided into M equally spaced (for simplicity) subinter-
vals:

O=to<ti <...<tyy=T
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with t, = nk, k = T /M being the time step. Let
u" =wu(x,t,) and "= f(x,t,).

For a given sequence {w,}M , C L?(Q), we have the backward difference
quotient defined by

n__ n—1 n—2
PPy = wi=wtliwt o, 93 M.

)

The fully discrete finite element approximation to (1.4) is to find U}’ € S,
such that

(3.6) (82U;;,Uh)—|—A<U]?ZU}?,’U}L):(fn,Uh) Yo, €S, n=2,3,...,M.

Scheme (3.6) has the disadvantage that a nonlinear system of algebraic equa-
tions has to be solved at each time step due to the presence of a(x,U}') and
b(z,U}'). We therefore propose a linearized modification of the scheme in which
this difficulty is avoided by replacing U;’ by U,?il in these two places. Thus
the linearized fully discrete finite element approximation to (1.4) is to find
Ul € Sp, such that

(3.7) (O*UR,op) + AU - UP vp) = (f"on) Yo €8S, n=2,3,..., M.

For the analysis of linearized schemes for nonlinear parabolic interface problems,
see [b, 26].

The result below establishes the convergence of the scheme (3.7) to the exact
solution in H'()-norm.

THEOREM 3.2. Let u" and Uj} be the solutions of (1.4) and (3.7) respectively
at t, with U,? = Pyug and U,% = U,? + kPpuy. Suppose that the conditions
of Assumption 1.1 are satisfied for a : Q xR — R, b : Q@ xR — R and
[:QxRY = R. There exists a positive constant C independent of h € (0, hg)
and k € [0, ko) such that

1/2
la — Ul < c[mh(ulh}h') /] Cm=23.. .M.

Proof. Let 2" = Pyu™ — U;!. From (1.4) and (3.7) using (2.1), we have
(022", v) + AU 2™ o) = (9P (Ppu™ — u™),vp) + (0*u™ — uly, vp)
+ A(U;Z*l s Pru,vp) — A(u” - Ppu”, op)
After a simple calculation using Young’s inequality with v, = 0?2", we have
10227 120 + SN Ty < 12" I @) + 12" 1)
(3.8) + B2 = 2" ) + B+ Ba
where
By = (0*(Pyu" —u™),0%2") 4 (0*u™ — ul}, 5%2")
By = AUM': P 0%2") — A(u™: Pyu™, 0%2")
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(3.9) Bi < 28%(Pyu” — u™)| 12y + 11022 172y + 20070 — ufi|F2(q)

By Taylor’s expansion, there exists A > 0, such that

By < ps||Up~" = | 2ol Pav™ | 5 o 10° 2" | a1 )
< s Akl|u | L2 | Pre™ [ ) 10727 || )
+ psllz 2 |1 Pov i o) 1022 .y
+ pal| Puu ™ = 0| oo | Pa™ | o 110% 2" | a1 )
< CR||ufZ2q HU"HHl ) 3l e g e 7 )
(3.10) + 3| Pru™” 1 - ”L2(Q)”un”H1(Q) + 310%2" 13

Substitute (3.9) and (3.10) into (3.8), and use inverse estimate [11, Theorem
4.5.11],

_ _ 9 _
Bl < GBI i) + B2l + 42 12" = 2"l
+ 20 (Pyu” — u™)| 72 +2||82 " = ugllEa )

+ Ck2”“?||L2(Q)||UnHH1(Q) + 312" ”%Q(Q)”unH%{l(Q)

2
+ OB (14 i) e [ o I 1
We used Lemma 2.1 to obtain the last inequality. Therefore,

(=) 1" 2y < 12" Wy + 12" 2 + 912" = 2" 2 g
+cﬂmw%am = u™)[Faqqy + KIO%" — e }
+ CR2[|ug 720y 1u" 371 0

2 —
+ Ok (1+ ) " ol 1%

where ¢ = %HUHHQ . For 0 < k < min {l i} there is a C' > 0 such that
w1 H1(Q) 27 2c >
(1—ck)™" < C, and therefore

1@ < Cl" ) + Cl=" 2@ + Cl2" ™t = 2" 30
+cﬂmw%am — )32y + RIO*" — 32 g
+ CR*[[ w1220y 1" 3

2
+ Ch'% (14 ) I ol % forn =2,3,.., M.
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By iteration on n, we have
1 9 N
2 ]2 4 j j
1" < €Yl + Ch% (14 g ) o 111 I3
i=0 j=2

+CY |17 - Zj_2||12L11(Q) +CkY 0% — Ué”%?(ﬂ)
j=2 Jj=2

+ Ck Y 0w = Pod)|[72() + CF* Y l6d 72y 147 1720
=2 =2

Using the discrete version of Gronwall’s inequality and simplifying the resulting
expression, we obtain

1 ) tn
12" F ) < Z||zl||§{1(9)+0/0 I(u = Pr)ur 72 dt
i=0

tn 3 tn
+ Ck;2/0 |%Hi2(ﬂ) dt+C’]<;2/0 ||ut||%2(Q)”uH§{1(Q) dt
2 [in
0t (1 i) [ Il o

tn .

IN

1
. 2
+ O Y11l o) + CR* (1+ gy )
1=0

[ [l e+ ol + el + el ] .
By triangle inequality and Lemma 2.1,
[u = UR 7y < 20lu™ = Pou™1 3 ) + 202" 13 ()
< CR?(1+ i) lulix
1
+ 03 (Il = Uil + e = Pri gy
=0 "
+ Ok [ (el lulliey + 115 ) dt

+Ch! (1+ |1§h|)2

tn
< [ (el + lullk + el + ] .

It is obvious that

4 1 \? 2 1
W (14 ) <k (14 5k) & 0<h<0.58857838801.
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The result follows taking U, ,? = Pyug and U ,1 = U,? + kPyuq. ]

REMARK 3.3. In the proof of Theorem 3.2, we used v, = 9%2™. If we choose
vp, = 2", by a similar argument, one can obtain

lu" = Upllzeey < C k40 (14 2y)] » n=238,....M. O

4. EXAMPLES

Here, we present examples to verify Theorem 3.2. Globally continuous
piecewise linear finite element functions based on triangulation described in
Section 2 are used. The mesh generation and computation are done with
FreeFEM++ [20].

EXAMPLE 4.1. The problem is defined on the domain Q = (—1,1) x (—1,1)
where the interface I' is a circle centered at (0,0) with radius 0.5. Q1 = {(z,y) :
2?2 + 9% < 0.25}, Qo = Q\ Q.

On Q x (0,50], we consider the nonlinear problem (1.1)—(1.3) whose exact
solution is

B £(1 = 4r?)tsin(t) in Q% (0,50]
‘- { L1 =2 (1)1 — 4r¥)tsin(2t) in D x (0,50)

where 72 = 22 + y2. The source function f and the initial data wug, u; are
determined from the choice of u with b = 0 and

{ 1+u in Q x(0,7]
a =

ﬁ in QQ X (0, T]

We allow k and h to vary simultaneously by choosing k = O(h). Errors in
H'-norm at t = 1 and convergence rates are presented in Table 4.1. To verify
the agreement of the numerical experiment with the theoretical results, we use
the formula

_ In(eita/ei)
Order of convergence = Tn(hir1/50)

where e; is the error at the i-th iteration corresponding to the mesh size h;

and b; = h; (1 + ﬁ)lﬂ. ]

The next example demonstrates that the error estimates apply even when
the domain is not polygonal.

)—(1.3) on the domain Q = {(z,y) € R?:
2

EXAMPLE 4.2. We consider (1.
) €R2:a? + 92 < 1}, Qo = Q\ Q; and the

1
22 +y? < 1} where Q1 = {(z,y) €
interface I is the circle 22 + y? = %.
For the exact solution, we choose
(2 — 52?2 — 5y?)sin?t in Qy x (0,7
u =
(1 — 22 —y?)sin?t in Q9 x (0,7
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k h Error Convergence rate
0.008 0.1518120 2.02004 x 10~ "
0.004 0.0793667 1.06102 x 10~* 0.889
0.002 0.0403482 5.24888 x 102 0.965
0.001 0.0206032 2.63159 x 1072 0.973

Table 4.1. Error estimates in H'-norm for Example 4.1.

h Error (k = 0.001) k  Error (h = 0.0267211)

0.196096  2.9256627 x 10~ " 0.0050 7.5769633 x 102
0.101640  1.4581576 x 10™* 0.0025 5.9446024 x 1072
0.0519419 7.8258517 x 1072 0.0020 5.6473694 x 1072
0.0267211 5.0963435 x 10~2 0.0010  5.0963435 x 1072

Table 4.2. Error estimates in H'-norm for Example 4.2.

The source function f, interface function g and the initial data ug are determined
from the choice of u with

L 2?2 +y? in Q1 x (0,7 il b =z in Q1 x (0,7
1+u in Qyx (0,77 1 in Qx(0,7]

Figures 4.1 and 4.1 show the computed solution of Example 4.2. Errors in
H'-norm at t = 1 for various step size h time step k are presented in Table
4.2. The data show that the error is linear both in h and k.

Error| g1y & 2.262 x 1072 + 0.8781 h102° when k is constant

| H(Q)

and
Error 1 =~ 4664 X 10 2 1558 X ].0 3]{31'186 hen h is constant
| H(Q) + w

Whereh:h(1+ﬁ)l/2

It can be observed that the numerical results in Tables 4.1 and 4.2 match
the convergence rate as given in Theorem 3.2. ]
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1.4307
1.3285
1.2263
11241
1.o219
0.91973
0.81754
0.71535
0.61315
. 051096
0.40877
AN
| =

0.30658
0.20438
o.10219

-2.9986e-027

Fig. 4.1. Computed solution of Example 4.2 at t = 1 with A = 0.3568,
k =0.001

SH>o

Fig. 4.2. Computed solution of Example 4.2 at ¢t = 2, 2.5 and 3 with
h =0.052, k£ = 0.001
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