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GENERALIZED OSTROWSKI INEQUALITIES
AND COMPUTATIONAL INTEGRATION

NAZIA IRSHAD!, ASIF R. KHAN? and HINA MUSHARRAF?

Abstract. We state and prove three generalized results related to Ostrowski
inequality by using differentiable functions which are bounded, bounded below
only and bounded above only, respectively. From our proposed results we get
number of established results as our special cases. Some applications in numer-
ical integration are also given which gives us some standard and nonstandard
quadrature rules.
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1. INTRODUCTION.

Ostrowski inequality has gained supreme position among many types of
integral inequalities. This interesting and useful inequality [19] was first pre-
sented by the Ukrainian mathematician Alexander Markowich Ostrowski in
1938, which is stated as follows:

THEOREM 1.1. Let g : I C R — R be a differentiable mappings on I°, the
interior of the interval I, such that g is differentiable and belongs to Llag, a1],
where ag, a1 € I with ag < ayr. If |¢'(n)| < M, valid for all n € [ag,a1] and M
is positive real constant, then we have the following inequality:

1 “ 1 (’7_%)2
‘g(n) — e / g(s)ds| < M(aj — agp) {4 + T ag)? }
ao

where i is the best possible constant that it cannot be replaced by any smaller
one value.

Ostrowski inequality can be used to determine the absolute deviation of
functional value from its integral mean. It also approximates area under the
curve of a function by a rectangle. It has great importance because of its num-
ber of applications in statistics, probability theory, integral operator theory,
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numerical quadrature rules and special means. Due to its high importance
most of the researchers are continuously working on its generalization by us-
ing various techniques. Even we can find research work on Ostrowski in 70’s
as can be seen in [15,16]. For some of its recent generalizations and different
variants we refer the reader to the following articles [1,7-14,20, 22, 23].

In this paper, we would use our main results to introduce standard quadra-
tures and nonstandard quadratures rules:

A0) ¢ ity [ oy = clejoten,
Aslg) ey / gy = g (2522)
A3(9) : o0 /: g(n)dn [g (aoar) 4 g(ao);rg(al)]
Ad(9) e /a :l g(n)dn
Asl) 7 [ g(n)dn
Aslg) e [ g(n)dn = g(ay),

A7(9) * artas /aa1 g(n)dn = g(ao).

We need some lemmas that would be helpful in our main result.

12

)

1
2

I

3 [~9(a0) + 29 (23%) + g(a1)]

I

2 l9(ao0) +2g (5*) — g(ar)] ,

LEMMA 1.2. Let g be as in Theorem 1.1. Consider the following kernel on
[ag, a1] for all § € [0,1] and

1 JUGU < g < e

(1.1) K( s—n+895%, if s € ag,n),
. n,s8)=
s—n—04"5%, if s (n a1l

Then the following identity holds

/ K(n, s)g/(n)ds =8(ar — ao) [g(n) — 2eedbaten)] 4
al

(12) + (a1 — n)glar) + (n — ao)glao) — / g(s)ds.

0
Proof. Applying integration-by-parts for the Riemann-Stieltjes integral in
kernel (1.1), we get
(1.3)
n n
/ (s =m+695%) dg(s) = 645%g(n) — (n — ao + 645%) g(n) */ g(s)ds,
ap

ao
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and
(1.4)
al n
/ (s =n —045%) dg(s) = (a1 —n — 045%) g(a1) + 6415%g(n) —/ g(s)ds.
n a
By adding the equalities (1.3) and (1.4), we get (1.2). O

We use the following lemma from [13] to proceed further.

LEMMA 1.3. Ify(n) < ¢'(n) < 7(n) for any v, T € Clag,a1] and n € [ag, a1],
then we have

(1.5)

s)+T1(s T(s)—"(s
7()2 (s) < ()27()

g'(n) —

With the help of kernel (1.1), our concentration is to derive different bounds
of Ostrowski type inequality. Also explicit error bounds for numerical quadra-
ture and nonstandard quadrature formulas will be discussed. Also we recap-
tured many established results from articles [12], [13], [14] and [21].

2. MAIN RESULTS

THEOREM 2.1. Let g: I — R, be a differentiable function in the interior
I° of interval I and let [ag,a1] C I°. If v(n) < ¢'(n) < 7(n) for any v, 7 €
Clao,a1], n € [ao, a1], then for all 6 € [0,1] the following inequality holds

m(n, ) <6 [gln) — Ll | 4 i g(a,)

(21) I g00) — ot [ ols)ds < M(n,0),
or "
(a1 — ag)m(n, 8) <(ar — ao) [g(n) — L4 4 (a1 - n)g(ar)
(2:2) + (= an)gloo) = [ gls)ds < (ar - a0)M (1. 5),
where i
m(n,d) =
_ A I a—ag\ , C—I¢] a1 —aq
- L [/_5120 (SHly (cHn+omz) + Sz (CHy+omze)) d
sergee
+ /n_amalgao (5 (¢ 4 —0mg0) + lr (¢ 4y — u5m)) dC]
and
M(n,d) =

@ — —aQ, al—a
= aliao lfﬁalao (C 2|C|,Y(C+n+5a12 0) 4+ CJFQ\QT (C+n+6 1 O))dCWL
2
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ai1—ag

=5
[ (G (- emge) + S (- smge)) g .
777040+61T0
Proof. By referring to kernel (1.1) and identity (1.2), we first have

/ K(n,s) (g'(n) = 257)) ds =

= [ K@= ([ 5.9 60 + ) ds)

0

= (a1 — ao) [g(n) — 2152 1 (0 — n)g(ar) + (n — a0)g(ao)

- /0 g(s)ds = 3 Uﬂ (s —n+045%) (v(s) + 7(s))ds

(2.3) + /nal (s —n—095%) (y(s) + T(S))dé} )

Therefore, we can conclude from (1.5) and (2.3) that

(a1 — ao) [g(n) — 2152 ] 1 () — p)g(ar) + (n — a0)g(ao)
— [T os =3 [ (s = n5252) (3(0) + (s
+ / " (s =0 - 525%) (3(5) + 7(9)ds|
; " KO, >(g’<n>—w) ds

< [ 1K)l |(g - 1242

< [ 1K) (52 as

0

1 [ " |5 — 1+ 6459 | (7(s) — y(s))ds

(2.4) +/ﬂal s — 1 — 699| (7(s) —’y(s))ds}.

After re-arranging (2.4), we obtain
n
(77’5) allao [/ao ((5_7]"'6% — |5_77_|_5a12ao|) 7-(25)

(s = n+ 595 4 |5 — g + 095%]) 25)) ds

ai
+/ (s —n— 6958 _ |5y — guazan|) 72
n

+ (s —uge s —y - gege]) 1) ds =
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_sa1—ag

a1—n—0—
:aliao l/§a1a0 (C < (C+n+5a1 ao)
2

+ S (¢ + 5u52)) dC

ala

+ / ao+5a1 ag <+2|<|'}/ (C +n - 5(115&0)

+ 7 (C+m —6u50) ) d¢

and

M, 6) =L | [ (s —n+ 6050 4 |5 —p 4 garzea]) 7
, al1—ag ao 2

)ds
) =~

+ (3_774_5@_’5_77_'_5(117%

+/ S_n Su—ag a0+|8 n— §a1=a0 a0| 7'8

+ (s —n—0U5% — |s —n — §HUF%|) 2))ds

a1—77—5%
__1 ¢l —
T a1—ag [/_5a1—a0 ( 2 ’y<<+n+6a12a0)
2

+ S (4 + 0m59)) dC

—a

< K' CL1 [
+ / + M0
ag+615%0 (C O )

+ C+|C|T(<+,’7 §a1=ao ao)) d¢.

This completes the proof of Theorem 2.1. O

COROLLARY 2.2. Suppose that all the assumptions of Theorem 2.1 hold,
also if we substitute n = % in (2.1), we get the following bounds

(2.5)
mi(6) < 6 |:g(a042ra1) _ g(ao)gg(al)} + g(ao);g(m) 1 / lg(s)ds < M;i(5)
ao

al1—ap

where

5“1 a0

(1— 5)a1 20 B
| [ (S0 ooy smgm) 4 Sl (e smazm)

§41—%0

Jr/(5—1)2“1—% (HTK"Y (¢ + 2™ — sug%0) +<_2K|T (s 6%)) dJ
-2
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and
M (6) =
A=0555 i¢ ¢Hl
ar—ag /_5a1—a0 (55 (Canfenyomgan) Sty (¢ 4 aofmn 5oz ) g
2

6a1ga0

+ (5_1) o —a (C |C| (C + a0+a1 5@1;@0) +CJ’_2‘C|T (C + a();al 5@1 aO)) dC‘| .
2

Corollary 3.2 can be more useful to get different quadrature bounds, which
we see it as follows. Throughout the section =g, y1, 70 and 71 are real constants.

REMARK 2.3. If we choose § = 0 in (2.5) then we get the bounds for
trapezoidal rule

(2.6) my < glap)+g(a1) 1 / ! g(s)ds < Mo,
ao

— 2 a1—ag

where

aj—ag

mz = aliao [/ajao (C (<+ ao—i—al) +< (C + ao+a1)) dC‘|

and
2 apta + ap+a
My = aliaol/_arao (C v (¢ + wtau) +& 2\C|T(C+$)) d(].
2
The above result is obtained in [12] and [14]. O

Special Case 1. If we choose, v(n) = 70 # 0 and 7(n) = 79 # 0 in (2.6), then

ai
(engee) (g — my) < 2ol — 1 [ g()ds < Leage0) (7 — 50)

ai—ao
0

The above result is obtained in [12] and [21].
Special Case 2. If we choose, v(n) =1+ # 0 and 7(n) = in+ 179 # 0
n (2.6), then

my < Seoitle) 1 / " g(s)ds < Ms,
ag

a1—ao

where

mg = B (U0 (g 7)) 4 WFA (4 — 1) + 9 — 7))

and

Mz = 9590 (U290 () 7)) 203U (1 — 1) + 75 — 7))

The above result is obtained in [12].
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REMARK 2.4. If we put § = 1 in (2.5), then we get the bounds for midpoint
rule

ai
(2.7) ma < g (252) - ;2o [ gle)ds < M,
ag

where

0
wu=mi%[/_ (S (o) + G+ an) de

aj—ag
2

+/ (57 (¢ a0) + 5 «+%0M]

and
A@—ﬁ;%[[i_%(C Y (C+ar) + EEr ¢+ ar)) dC
3
+/ (S (¢ + a0 )+4+'C'T(c+ao))d§]
The above result is obtained in [12] and [13]. O

Special Case 3. If we choose, v(n) = 70 # 0 and 7(n) = 79 # 0 in (2.7), then

ai
(g (g — ) < g (22422) = oL [ gla)s < @520 — ).
ao

The above result is obtained in [12], [13] and [21].

Special Case 4. If we choose, v(n) =1+ # 0 and 7(n) = in+ 179 # 0
n (2.7), then

ms < g (

al
ao—gm) _ a1iao / g(s)dS < Mg,
ag

where

ms = @(‘“ “(n+m)+am —am +7 - To)
and

Ms = w«ll “(n+7)+am —ay + 10— 70)
The above result is obtained in [12] and [13].

REMARK 2.5. If we choose § =  in (2.5) we get the bounds for the average
of midpoint and trapezoidal rule

ai—ao

al
(28) o< § [sleodgaten) g g (angor)] — c [ g(s)ds <
ag
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where
aj —ag

o =it [ L (S () 1 5 )

+ /_2114‘1 ((H-TIC\,Y (C + ao+43a1) + C—2|C|7_ (C+ ao+43a1)) dcl
1

aj—aq

M =gt [ (55 (e ) 580 (o)

ai—ag
4

ajl—ag
4 —
o (S e i) + 0 ()]
SRS
The above result is obtained in [12]. O
Special Case 5. If we choose, v(1) = v # 0 and 7(n) = 79 # 0 in (2.8) then

7(%1_6&0) (70 — 10) <

al
< § [gloodpaten) 4 g (aoge)] ] / g(s)ds < L) (7 — ).
ag

ai—ao

The above result is obtained in [12] and [21].
Special Case 6. If we choose, v(n) =1+ # 0 and 7(n) = in+ 7179 # 0
n (2.8), then

a1
mz(n) < % [g(ao);g(al) +g (ao;al)} _ aliao/ g(s)ds < M,
ao

where

my = Lol {5l () 4 m) 4+ 9 (31— 71) + B (n —71) + 70 — 7o)
and

My = (ageo) [{a100) (3, 4 7y) 4 90 (ry — 1) + G (m = 1) + 70 — 0] -
The above result is obtained in [12].

COROLLARY 2.6. Suppose that all the assumptions of the Theorem 2.1 hold,
also if we substitute n = ag in (2.1), then for any value of 6 € [0,1], we get
the following bounds

al
(2.9) mg < § |20 0] 4 glay) — L / g(s)ds < Ms,
ao

where

_g (al—ao)
| V(l ) (“’f'v(c+ao+6“12‘“])+<_2q7(“a°+5a12%))dc}

ai—ag
J 2
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and
Mg =
(1_%)((11_&0) ai—a aij—a
aliao l-/—dalgao (C (<+a0+6 3 0)+<+|<| (C"‘CLO"_(S 12 0)> dC ’

REMARK 2.7. Suppose that all the assumptions of the Theorem 2.1 hold,
also if we substitute 6 = 0 in (2.9), then we get the bounds for nonstandard
quadrature rule as follows

(2.10) mg < g(ay) —

ai
aliao AO g(S)dS S M97

where

mo = oty | [ (S8 + an) + (¢ o+ a0)

and

My = i | [ (S0 + a0) + Hr(c + an)) e .0

Special Case 7. If we choose, 7(n) = 70 # 0 and 7(n) = 79 # 0 in (2.10)
then

ax
a1 — G/Oryo <gla) — a1£ao / g(s)ds < %7‘0.
ao

Special Case 8. If we choose, v(n) = v1n+ 7 # 0 and 7(n) = 7in+ 79 # 0
n (2.10), then

aj
mio < glar) — a1iao / g(s)ds < My,
ao
where

mig = “5% [v1(2a1 + ao) + 370

and
M10 = % [Tl(2a1 -+ CL()) + 37’0] .

COROLLARY 2.8. Suppose that all the assumptions of the Theorem 2.1 hold,
also if we substitute n = a1 in (2.1), then for any value of 6 € [0,1], we get
the following bound

a1
(2.11) mi; <9 {W} + g(ap) — a1iao / g(s)ds < My,
ao

where

mi1 =

§41-%

2 ¢+ a1—ag ¢—I¢l aa
a1ia0 [/(g 1)(a1 a0) ( (C tar — 5T) + = 7 (C +a1—9 )) dC]
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and

My =
§41—%

[/(g_f)(m_ao)(C (¢ - 6“1;“0>+<2'<'T(<+a1—6“1;“°>)dc]-

REMARK 2.9. Suppose that all the assumptions of the Theorem 2.1 hold,
also if we substitute § = 0 in (2.11), then we get the following bound for
nonstandard quadrature

a1
(2.12) miz < g(ag) — aliao / g(s)ds < My,
ao

where

7m2=a;%l/° )G (¢ + ao) + <3¢ (C+%Dd4

—(a1—ao

and

Mu:af%VO (S +a0) + CJEClT(CJrao))dC]-D

—(a1—ao)
Special Case 9. If we choose y(n) = v # 0 and 7(n) = 79 # 0 in (2.12),

gives the following inequality as

al
~ a5t < glag) ~ kg [ gls)ds < o1y,
ao

Special Case 10. If we choose v(n) =vin+v #0and 7(n) =+ 70 # 0
n (2.12), gives

ai
mi3 < g(ao) — aliao / g(s)ds < Mz,
ao

where
mi3 = % [7'1(2a1 — 5a0) — 37’0]
and

M13 = 41— ao [’}/1(2(11 — 5(1(]) — 3’71]

REMARK 2.10. Suppose that all the assumptions of the Theorem 2.1 hold,
also if we substitute § = 1 in both (2.9) and (2.11), gives the bound for
trapezoidal rule

al
(2'13) mis < 9(“0)‘59(‘11) _ 1 / g(s)ds < My,
ao

ai—ao

where
aj—ag

s =t [ (444 ) + S0 ) ]
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and

algao 3
My :aliao l/— aj—aq (C 2‘C|7 (< + aOJQFal) + <+2K|T (C + aogal)) dc] -
2

Special Case 11. If we choose, v(n) = v # 0 and 7(n) = 70 # 0 in (2.13)
then

al
@20 () — ) < Leolrola) L / g(s)ds < =452 (10 — 0.
ao

which is Corollary 2 of [21]
Special Case 12. If we choose, v(n) =y1n+7 # 0 and 7(n) = 7in+70 # 0
in (2.13), then

s < glag)+g(ar) 1 “ ds < M
15 < 5 P g(s)ds < Ms,
ao

where

mip = 500 [0200 (3, 4 7y) 4 9040 (3 — 71) 4 40 — 7o)
and

Mys = w (939 (1 4+ 71) 4+ 239 (1 — 1) + 70 — 0] -

Although we have discussed bounded condition in Theorem 2.1, however some-
times we are not able to find both the bounds. In order to be more effective, we
need to obtain the theorems only for the cases of bounded below and bounded
above. So the first theorem would be useful when ay(n) < ¢’(n) and the second
one would be useful when ¢'(n) < a1(n).

THEOREM 2.11. Let g : I — R, where I is an interval, be differentiable
function in the interior I° of I, and let [ag,a1] C I°. If g’ is unbounded from
above then v(n) < ¢'(n) for any v € Clag, a1], n € [ag, a1], then for alld € [0,1]
the following inequality holds

mi(n, 8) <6 |g(n) — Leelfalal] 4 mon g(a,)

a1 —agp

ai
(214) + 28 g(a0) — 7ig [ gls)ds < Mig(n,5),
ao

or

(a1 — ao)mie(n,d) < (a1 — ao)d [9(77) - mgg(al)} + (a1 —n)g(a1)

(215) + (n=a0)gla0) = [ " gls)ds < (a1 = ao)Mas(1,0),

ag
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12

where
m16(77 0) =
_a1 — [/ s)ds 4 64540 “0(/7 ds—/nal’y(s)ds)
— max {595, | ( — ag + §452)| | (a1 — n — 625%0)| }
< (atan) =gtan) = [ 9(s)as )|
and

Mig(n, 6) =

=L [ / Zl(s — )y(s)ds + 5u5 ( / :v(s)ds _ /77 " y(s)ds)

+max{5‘“2;%,\(n_ao+5@)”‘(al _n_(galgao)‘}

< (stan) =gtan) = [ (s)as) |

Proof. Since
/a :1 s) (9'(s) —(s)) ds =

) M] + (a1 = n)glar) + (n — a0)g(ac)
- / " o)ds— [ K sy (s)ds

_ 9(ao) +9 al)] + (a1 — n)g(a1) + (n — ap)g(ap)

= d(a; — ag [9

d(ay — ap) [9

/a g(s)ds — [/a:(s N4 6HFU0) y 5)d5+/77a1(5775a1;10)7(5)d5]7

using modulus property, we have

5(ar — ao) |g(n) — L1 | 4 (a1 = m)g(ar) + (1 — ao)g(a)

— /azlg(s)ds — {/GZ(S — 0+ 0495%) y(s)ds —1—/;1 (s —n—0u5%) fy(s)ds} =

: K(n,s) (g'(n) —~(s)) ds
S/allKns '(s) =(s)) ds

< max |K178|/

E[CLO a]_
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= max {(5‘“5“0, (n—ap+0495%), (ag —n — d45%) }
(2.16) X (g(al) —g(ag) — /a:l 'y(s)ds> .

Arrangement of (2.16) gives inequality (2.14). O

REMARK 2.12. The inequality (2.14) represents the generalized case of The-
orem 2 presented in [13] and [14]. O

COROLLARY 2.13. Suppose that all the assumptions of Theorem 2.11 holds
and if we substitute n = 9E4 in (2.14), then we obtain

(2.17)
mar(5) < 6 [g (arge) — sleodolon)] oy gloodiolon) _ L [ g()ds < Mie(),

a;—agp
0

where
m17(5)=
al n ai
= it [ = ey sopas ez ([Toas - [ o)

0

— max{é‘“g“o, (1— 5)%, (6 — 1)(112;%}

< (gtan) = g(a0) = [ 5(1s)]

My7(8) =
= oita Uaal (s — @39) y(s)ds + o150 </a:v(s)ds - /nal 7(5)d5>

0

and

+max {5459, (1 - §) a5, (5 — 1) g%}
X (g(al) — g(ao) — /al ’Y(s)dsﬂ -

ao

THEOREM 2.14. Let g : I — R, where I is an interval, be a function dif-
ferentiable in the interior I of I, and let [ag,a1] C I°. If ¢' is unbounded
from below then ¢'(n) < 7(n) for any 7 € Clag,a1], n € [ao, a1], then for all
0 € [0,1] the following inequality holds

(2.18) mas(n, 8) <6 [g(n) — Lerfoln)] 4 mzn g(a,)

ai—agp g

ai
+analo0) — ot [ gle)ds < Mis(n. ),
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(a1 —ap)mig(n,d) < (a1 — ao)d {9(77) - W} + (a1 —n)g(a1)

(2.19) +mﬂmwm—f}@wSMMm&

where

= aim U(s — )7 (s)ds + 55 </a:7'(s)ds _ /77 T(s)d.g>

— max {52159, |(n — ag + 82152) | (a1 — 5 - 5215%2) |}
1

< ([ 7660 ) =~ stan)as)

a n a
Mig(n,9) :aliao {/ 1(s —n)7(s)ds + 5“12;“0 (/ T(s)ds — / ' T(S)dS)
ao ao n
+ mase {52152 (n = ag + 3215)| | (ar — - 5215%) |}

< ([ 760 =) = stayis) |.

Proof. Since

[ K5 (9(6) ~ 7(s)) s =

= 6(a1 — ao) [g(n) - ﬂ@%L%+wm n)g(ar) + (1 — ao)g(ao)
—/ (s)ds — / K(y, 8)7(s)d

=6w1—%>bww—¥@#@ﬁy+ml n)g(a1) + (1 — ao)g(ao)

_/a:lg(S)ds— |:/n(8_n+5(11§04))7(5)d3+/77a1(5_77—5(1150”))T(8)d5:|,

ao

so we have

5(ay — ao) [g(n) — 2229@)] 4 (0 —n)g(ar) + (1 — ao)g(an)
L[ Coca- o]
AOK”S ) (9'(t) = 7(s) ds

< [ 1K@ 9| (7(s) — ¢'(s)) ds

ag
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< max [K(n.9)] [ (r(5) = g/(5)) ds

s€lap,a1]

o { =+ 5] gy — sz

(2.20) y ( / " (s)ds — glay) + g(ao)>.

0

Rearrangement of (2.20) gives the inequality (2.18). O

REMARK 2.15. The inequality established in (2.18) is the special case of
Theorem 3 presented in [13] and [14]. O

COROLLARY 2.16. Suppose that all the assumptions of Theorem 2.14 hold
and if we substitute n = % in (2.18), then we will get

(2.21)
mig(8) < 6 [g (aoJ2ra1) _ g(ao)gg(al)} + g(ao);-g(m) _/ ! g(s)ds < Mg(5),

ao

where

mig(6) =
agtaq

al
= a— ao [/ — ada) 7(s)ds + 695 (/O ’ T(s)ds — /ao+a1 T(s)ds)
a 2

ey smsee (5 — 1)%} (/:1 7(s)ds — g(a1) + g(ao))]

0

— Imax

—

and
Mig(6) =

— 1 |:/a1 (S . a0+a1) T(S)ds 4 fuzao (/
al1—ag a 2 2

) . 7(s)ds — /:)1?11 T(s)ds)
+max (g2, (1= §)2i5, 5 - D2z (["r(s)ds  glar) + glan) )]

REMARK 2.17. If y(n) < ¢'(n) < 7(n) for any n € [ag,a1] and ~v,7 €
Clag,a1], and if we choose 6 = 1, then the error of nonstandard quadrature
can be bounded as

(2.22)  mao < 5 [—g(ao) + 2g (“F%) + g(a1)] — = /aa1 g(s)ds < My,

agtag

0

a1—agp o
where
aO;’al a1
Mmoo = ;1 Vao (s —ap) v(s)ds + s (s — ay)y(s)ds+ -2 ao)/ ]
and
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which is the Corollary 3 obtained in [13] and the Corollary 4 obtained in
[14]. O

Proof. To prove (2.22) we should use the results of both Corollary 2.13 and
Corollary 2.16 simultaneously. First by substituting § = 1 in (2.17), we have

agtay
1 “ a1—a 2 a1
ai1—ag |:/.:0 (S N (l()) 7(3)d8—|— 12 . </{;0 7(8)d8+ a042ra1 7(5)d8>] S
(2.23)
al
<} [aa0) + 29 (252 + glan)) — i [ g(s)as
ap

provided that v(n) < ¢'(n), ¥n € [ag, a1].
On the other hand, by assuming 6 = 1 in (2.21), we obtain

(2.24)

3 [glo0) + 29 (2522) + glan)] = ok [ a(o)ds <

agtay

< aliao l/{: (s —aog) 7(s)ds 4 “5* </ao ’ T(s)ds + /; T(s)ds)]

2

provided that ¢'(n) < 7(n) Vn € [ag, a1].
Now by combining the above two results (2.23) and (2.24), the inequality
(2.22) is derived. O

REMARK 2.18. If v(n) < ¢'(n) < 7(n) for any n € [ag,a1] and ~v,7 €
Clagp, a1], and if we put § = 1, then the error of nonstandard quadrature can
be bounded as

a1
(2.25)  mar < 5 [g(ao) + 29 (3%) — g(a1)] — ;1o / g(s)ds < My
ag

where
ma1 =
‘7‘0‘5“1 ai a1
- L V (s —ao)T(s)ds + [ . (s —a1)r(s)ds - %/ T<s>ds]
ao for ao
and
My =
”‘0;‘11 al al
-l [ [T s + [, = aneas— g [ v(s)ds]
Q —5 a
which is the Corollary 4 of [13] and Corollary 5 of [14]. O

Proof. Proof of (2.25) is similar to that of Remark 2.17, if one replaces 6 = 1
in (2.17) and (2.21), respectively, and combines them together. O
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3. APPLICATIONS TO NUMERICAL QUADRATURE RULES

Let Ay, :ap=20< 21 < -+ < z, = a1 be a partition of the interval [ag, a1]
and let Azy = 211 — 25,k € {0,1,2,--+ ,n — 1}. Then

ai
(31) | 9(9)ds = QulAn9) + BulAnsg)
ao
Consider a general quadrature formula
(3.2)
Qn(Ana g) =

n—1
= [AZMS {g(nk) - %} + (21 — M) 9 (2h1) + (1 — Zk)g(zk)}
k=0

for all § € [0, 1].

THEOREM 3.1. Suppose that all the assumptions of Theorem 2.1 hold. Con-
sidering (3.1), where Qu(.,.) is given by formula (3.2) and the remainder
R, (.,.) satisfies the estimates

(3.3) |Rn(An, )| < sup {|R1],|Ra|}
where
Ry =
Zk+1_77k_6ﬂ _
:/ N 2 (cw—2|<k\,y(ck+nk+5A2zk> LG 2|<k\7(€k+nk+5A§k))d<k
_5Tk
58k
+/ . (<k+2|ck\,y (Ck Yo — 5Azzk) + Gall (Ck Fo— 5A2zk)) dc,
W*Zk+1+6 Qk
and
Ry =

Az
Zhp1—Mk—6 &

= (S5 (Go 4 i+ 0555 ) + ST (G4 e+ 6455 ) ) dCi

A
—553
éAzk
2 —\¢ A A
_|_/ Ao <Ck QKk"Y (Ck e — 5%) + Ck-gle\T (Ck T —0 2%)) e
n_zk+l+5 P}

for all mg € [2k, 2k41]-

Proof. Applying inequality (2.1) on the intervals, [zx, zx+1], we can state
that

Zht1 z z
=/ g(s)ds—Azd {Q(Uk)_%}‘szﬂ_nk)g(zk—s-l)"‘(nk_zk)g(zk)

k
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we sum the inequalities presented above over k from 0 to n — 1. This gives

n—1

g(S)dS — Z {Azk(s{g(nk) _ %}
0 k=0

ai

Ro(Ang) = |

+uﬂywmm%ﬂmw%—%muﬂ

It follows from (2.2) that

a n—1
_ / " g(s)ds — 3 [Azka {g(nk) _ W}
0 k=0

(ki1 = m)g(r11) + (0 — 20)g (=)

+ gl (G e+ 955+ ) ) d
Azy

i /:_Ziﬁf;k (CHTIC'“"Y (Ck + M — 5A5k)

+ Skl (G oy, — 6852 ) ) dg

Az
Zgp1 =Nk —0 5% - A
/ (Ck 2|C’“|7(Ck+77k+5 2Zk>

Azp,
J 2

Az

21— ME—0—
/ (Ck‘i‘2|<k|,y<gk+nk+5A2zk>

Az
J 2

)

+ ST (G i+ 6554)) dy

s
=<k Az
+ Gl (g e —
(oo

+ C’“"'TK""T (Ck + Mk — 5A2Zk)> de‘}

0

THEOREM 3.2. Let ¢ be defined as in Theorem 2.11. Then (3.1) holds where
Qn(An, g) is given by formula (3.2) and the remainder R, (A, g) satisfies the
estimates

(3.4) |Rn(An, ¢)| < sup {|Rs|,|R4l}

where

Ry=| [ s = mords + 0% (" ateds = [ 3(s)as)

2k k
(77k —zp + 5%) <2k+1 — Mk — 5A§’“) } X

— max {5A;k,

)
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< (g~ glan) - [ Y(s)ds )|

R/ = mne)ds + 62 (/ " eds - [ (s)ds )

+max{6%v (nk*2k+5%) ; (Zk+1*77k*5%) }

< (90— gla) - [ Y(s)ds )|

Proof. Applying inequality (2.15) on the intervals, [z, zx+1], we can state
that

for all mg € [z, 2111]-

Zk+1 ; B
Ry (Ak, 9) = / g(s)ds — Az;6 {g(nk) _ %}

2k

+ (2k+1 — )9 (2k41) + (ke — 28)9(2)

we sum the inequalities presented above over k from 0 to n — 1. This gives

i (A8 {glm) — 2ertgla))
=0
k)9

(2k1) + (7 — 2)g(z)]

RolAug) = [ (s

ao

+(Zk_|_1

It follows from (2.3) that

| Bn(Ans 9)| =
a n—1
- / Cgls)ds — 3 [Az {g(my) — Lty )
0 k=0

+ (k1 — M) g (241) + (1 — Zk)g(Zk)} ’

[ = monts + a2 ([T ateds = [ (s)as)

(ﬁk—2k+5%) : (Zk+1_77k_5A22k)}

< (atexin) =gta = [ ao)is))

' UZ:kH(S — )y (s)ds + 5A2’Zk </Z:k ~v(s)ds — /7:“ 7(3)(15)

s {535 (4535 | o - %)

ésup{

Az
—max{(ST’“,

)
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><(g@bﬂ>—g@m—1lj“v@yw)ﬂ} C

THEOREM 3.3. Suppose that all the assumptions of Theorem 2.1/ hold.
Considering (3.1) where Qn(An, g) is given by formula (3.2) and the remainder
R, (An, g) satisfies the estimates

(3.5) [Rn(An, g)| < sup{|Rs|, |Rs|}

where

Zk+1 Az Tk Zk+1
Rs = / (s —mi)7(s)ds + 0 =5~ / T(s)ds — / T(s)ds
2k 2k Nk
(Uk—zk-ﬂs%) <2k+1—77k—5A§’“) }

< ([ 6) = glenen) — g(a)is)

?k

Az
— max {5 o

Y

and

Rg = [/ZMI(S —n)7(s)ds + 5A2Z’“ (/Z:k T(s)ds — /:CH T(S)dS)

2k k
+max{5A2Z’“, (77k—2k+5A22k) (Zk+1_77k_5A;k)}

([ 7~ gler)  g(ads )|

2k

)

Proof. Applying inequality (2.19) on the intervals, [z, zx+1], we can state
that

k41 : .
Ri(Ax, 9) =/ g(s)ds — Azpd {g(ﬂk) _ %g(kﬂ)}

e
+ (21 — M) 9 (2h+1) + (e — 26)9(2k)
we sum the inequalities presented above over k from 0 to n — 1. This gives

n—1

Rn(Anvg) = / g(s)ds - Z {AZ}C(S {g(nk) — %}

a0 k=0

al

(a1 = m)g(2ke1) + (0 — )9 (1)

It follows from (2.3) that

a n—1
_ / Cgls)ds — 3 [Azd {g(m) — Lty )
ap k:()

+ (2k+1 — )9 (2k41) + (e — Zk)g(zk)] ’ <
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Zk+1 Az Nk Zk+1
<sup {‘ [/Zk (s —mp)T(s)ds + 6=5* (/Zk T(s)ds — /nk T(s)ds)
—maX{5A§k, (nk—zk+5%) (Zk+1_77k_5A2Zk)’}

([ ) = ) - g(ads)|

k

[ 6= mireas v a2 ([ rtoas - [ ras)

A
+ max {5A2z’“, (77k — 2+ 522k> (zk+1 — Mg — 5%““)’}
Zk+1
< ([0 = gt — gtanas )]} 0
2k

4. CONCLUSION

Y

I

Y

Inspired by the work of [13] and [14], we generalized Ostrowski inequality
to obtained explicit error bounds for standard and nonstandard numerical
quadrature formulae. By using appropriate substitution in our main results
we get various established results given in [12], [13], [14] and [21] as our special
cases. In the last section we have discussed its applications in Numerical
quadrature rules.
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