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Abstract. The degree of trigonometric approximation of continuous functions,
which are periodic with respect to the hexagon lattice, is estimated in uniform
and Hoélder norms. Approximating trigonometric polynomials are matrix means
of hexagonal Fourier series.
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1. INTRODUCTION

Approximation problems of functions of several variables defined on cubes
of the Euclidean space are usually studied by assuming that the functions
are periodic in each of their variables (see, for example [20, §§ 5.3, 6.3], [23,
vol. IT, ch. XVII], [22, part 2], [15], [16] and [17]). But, we need other defini-
tions of periodicity to study approximation problems on non-tensor product
domains, for example on hexagonal domains of R?. The periodicity defined
by lattices is the most useful one.

In the Euclidean plane R?, besides the standard lattice Z? and the rect-
angular domain [—%, %)2, the simplest lattice is the hexagon lattice and the
simplest spectral set is the regular hexagon. The hexagon lattice has impor-
tance, since it offers the densest packing of the plane with unit circles. In
this section we give basic information about hexagonal lattice and hexagonal
Fourier series. More detailed information can be found in [11] and [21].

The generator matrix and the spectral set of the hexagonal lattice HZ? are
given by
(V30
= (7

Qp = {(IE17$2) eR?: 1< a:z,@xl + 329 < 1}.

and
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It is more convenient to use the homogeneous coordinates (1, to,t3) that satis-
fies t1 +to+t3 = 0. As it is pointed out in [21], using homogeneous coordinates
reveals symmetry in various formulas. If we set

=z V3z ._ =z V3z
t1.——72+ 21,752.—1’2, t3.——72—Tl,

the hexagon Qp becomes
Q= {(tta,ts) €R®: =1 <ty ts, ~t3 <1, ty + 1t + 13 = 0},

which is the intersection of the plane t; + ty 4+ t3 = 0 with the cube [—1, 1]3 )
We use bold letters t for homogeneous coordinates and we set

R3 — {t = (t1,to,t3) ER3 1y 4ty +t5 = 0}, 73, =73 NR3,.
A function f: R? — C is called H-periodic if
f @+ HE) = f (2)
for all k € Z? and = € R2. If we define t = s (mod 3) as
t1 — 1 =to — sy =t3 — s3 (mod 3)
for t = (t1,t2,t3), s = (s1,82,83) € RY, it follows that the function f is
H-periodic if and only if f (t) = f (t +s) whenever s = 0 (mod 3) , and

/f(t+s)dt:/f(t)dt (s e rY)
Q Q

for H-periodic integrable function f [21].
L? () becomes a Hilbert space with respect to the inner product

(Fovm =y [ ©) g B,
Q

where || denotes the area of 2. The functions
271
3

¢j(t):=e3 90 (¢t e RY),

where (j,t) is the usual Euclidean inner product of j and t, are H-periodic,
and by a theorem of B. Fuglede the set

{05:5ezy}

becomes an orthonormal basis of L? () [3] (see also [11]).
For every natural number n, we define a subset of Z3; by

Hy o= {§ = (j1.j2.Js) € Zy - —n < j1.jo,ja < -
The subspace
My, = span {¢; : j € H,} (n € N)
has dimension #H, = 3n? + 3n + 1, and its members are called hexagonal
trigonometric polynomials of degree n.
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The hexagonal Fourier series of an H-periodic function f € L' () is
(1) F&)~ D fid(t),
jezs,
where

5= ﬁ/f(t)mdt G e 7).
Q

The nth hexagonal partial sum of the series (1) is defined by
Su(£) ()= fies(t)  (neN).
JEH,
It is clear that
Su (1) (8) =y [ £ (6= w) Dy (w) du,
Q

where D, is the Dirichlet kernel, defined by
jely,
It is known that the Dirichlet kernel can be expressed as
(2) Da(t) = 04 (6) = Oni (8)  (n21),

where

sin (n+1)(t1—to)m (n+1)(tg—t3)m™ sin (n+1)(tg—t1)m

sin

(3) O, (t) =

(t =t - (tg—t — (t3—t
sm(l32)7T51n(233)7"sm(331)Tr

for t = (tl,tg,t;;) S R% [11].

The degree of approximation of H-periodic continuous functions by Cesaro,
Riesz and Norlund means of their hexagonal Fourier series was investigated by
us in [4], [5], [6], [7] and [8]. In this paper, we studied the degree of approxi-
mation by matrix means of hexagonal Fourier and we obtained generalizations

of previous results.

2. MAIN RESULTS

Let Cg(£2) be the Banach space of complex valued H-periodic continuous

functions defined on R?j{, whose norm is the uniform norm:

1y () = sup{If (®)] : t €2} .

The modulus of continuity of the function f € Cy(Q) is defined by

wp (f,0) == sup |[If = f(: +t)HcH(§)7
0<||t]|<é

where
|t := max {|t1], [t2| , |t3]}
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for t = (t1,ta,t3) € RY,. wy (f,-) is a nonnegative and nondecreasing function,
and satisfies

for A > 0 [21].
A function f € Cy(Q) is said to belong to the Holder space H*(Q2) (0 < a < 1)
if
A (f) = iigilfl(ltt)—;ﬂgS)‘ < 0.

H*(Q) becomes a Banach space with respect to the Hélder norm
£ e (@) = I Fll ey oy + A% (F)

Let A= (apk) (n,k=0,1,...) be a lower triangular infinite matrix of real
numbers. The A-transform of the sequence (S, (f)) of partial sums the series
(1) is defined by

TO (1)) = S ansSe () (®)  (meN).
k=0

We shall assume that the lower triangular matrix A = (a,j) satisfies the
conditions

(5) an >0 (n=0,1,...,0< k<n),
(6) Ap 1 = Ak (n=0,1,....,.0<k<n-1),
and

(7) > any =1 (n=0,1,...).
k=0
Also we use the notations

n
i = D any (0<k<n), AL (u) =A%y s ar (0) = Gppop (u>0),
v=k
where [u] is the integer part of u.
Hereafter, the relation x < y will mean that there exists an absolute con-
stant ¢ > 0 such that < cy holds for quantities x and y.

THEOREM 1. Let f € Cy(2) and let A = (ank) (n,k=0,1,...) be a lower
triangular infinite matriz of real numbers which satisfies (5), (6) and (7). Then
the estimate

® -5, Slon+1) {wH<f,an,n>+i°“(k’“’l“) k}

n () k=1

holds.
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COROLLARY 2. If f € H*(Q) (0 < a <1) and A= (any) (n,k=0,1,...)
as in Theorem 1, then

(9) |7 =T ()], ) STor (41 {nn+§igﬁf}-

THEOREM 3. Let 0 < B < a < 1, f € HY¥Q) and let A = (ang)
(n,k=0,1,...) be a lower triangular mﬁmte matriz of real numbers which
satisfies (5), (6) and (7). Then
(10)

8

noa a n s -2
£ =T )] o S Tom G+ D) (Z"‘k> {az,;h (zA;fzak> } .

k=1 k=1

Analogues of these results were obtained in [10], [13], [14] and [2] for matrix
means of trigonometric Fourier series of 27-periodic continuous functions.

3. PROOFS OF MAIN RESULTS

Proof of Theorem 1. It is clear that

du

Zan Dy (u)

k=0

FO =T (N 0] < / £ (6 )
Q

u (f,

A
EO\

If we set ©_; (u) := 0, by (2) we get

/

y

The function

u)|du =

, <®k (u)—Ok_1 (u)) du.

t = wpy (f, [|t]]

) zn:an,k (O (t) — Or—1 (t))|

k=0

is symmetric with respect to variables ¢, to and t3, where t = (1, ta,t3) € Q.
Hence it is sufficient to estimate the integral over the triangle

A= {t = (t1, b2, t3) € RY, 1 0 < #y, 19, —t3 < 1}
={(t1,t2) :t1 >0, t2 >0, t1 +1t2 <1},
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which is one of the six equilateral triangles in Q. By considering the formula
(3), we obtain

n
S (16D |3 an s (©1 (6) ~ O (£)) | de =
A k=0
n (D)t —to)m (kD) (ta—tp)w (kD) (t3—t)w
s sin s
- /WH (fa t1 + t2) Zan,k ( sir? (t173t2)7r <in (tgfgtg)7T sin (753*3751)7r :
A k=0

sin k(t1—to)mw sin k(t2ft3)7r sin k(tg—t1)m > ‘dt

: 3
(-t  (ig—t: (i3 —t
sin (1 32)7f sin (2 33)7rsm(5 31)Tr

If we use the change of variables

ity _ 261+t . ta—t3 _ G142
(11) s11= Tt = TP, sp 0= B = AT,

the integral becomes

sin((s1—s2)m) sin(sam) sin(—s1 )

zn:an,k (sin((k+1)(s1—s2)7r) sin((k+1)som) sin((k+1)(—s17))
k=0

S/wH (f,Sl +82)
A

dSldSQ,

__ sin(k(s1—s2)m) sin(ksa) sin(k(—s17)) )
sin((s1—s2)7) sin(s2m) sin(—s17)

where A is the image of A in the plane, that is
A = {(81,82) 0 <51 <289, 0< 59 <251, 851 +52< 1}.

Since the integrated function is symmetric with respect to s; and so, estimating
the integral over the triangle

A" = {(81,82) €A:s < 82} = {(s1,52) : 51 < 82 < 251, 81+ 52 < 1},
which is the half of A, will be sufficient. The change of variables
(12) 51 1= 52, 59 1= 7“1;“2
transforms the triangle A* to the triangle

F:Z{('LH,UQ)ZOSUQS%, Ogulgl}.

Thus we have to estimate the integral

I, := /wH (fsw1) | D an i Dy (w1, ug)| duidus,
T k=0
where
in u2)7r) sin mﬂ' sin o B
Dy (uj,ug) = sin((k+1) (uz)m) sin ((k+1) “L5*2 ) sin((k+1) (“L5"27) )

sin((ug)) sin ( DEEP =) sin (5% )
B sin(k(uz)m) sin (k%ﬂ.) Sin(k(%ﬂ,))

sn(v2)7) i (E-5E2 ) i (522 7)
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By elementary trigonometric identities, we obtain
(13) Dy (ur,u2) = Dy (u1,u2) + Dy o (u1,uz2) + Dy 5 (u1,uz2),

where

b (151 552 ) i 115 )
S e T = B

sin(kua) sin (L 1542 1) sin ((k+1) 1542 7)

Dy 1 (u1,ug) :== 2cos ((k: + %)UQW) sin(

2" 2
sin(uam) sin(ulgu2 7r) Sin( e 7r)

Dl:,z (u1,u2) = 2cos ((k + %)m;ugﬂ)

and
sin(kuz) sin (kWﬂ') sin(% WTHQ“)

sin(ug ) sin ( MTW 7r) sin ( % 7r)

DZ,?, (Ula UQ) = 2cos ((k + %)mquW)

We partition the triangle I' as I' = I'y U T U T's, where

Iy = {(U17U2) el:u < an,n}7

FQ = {(ul,u2) el: Ui Z Qnn, U2 S %Tm}’
Ty = {(ur,u2) €Tt up > agpn, uz > “5"}.

Hence I,, = I,1 + I 2 + I, 3, where

I ;= /wH (f,u1) ZamkD;; (u1,u2)| duidus (1=1,2,3).

T, k=0

We need the inequalities

sin nt

14 < eN

(14) sint ' =" (n )
and

. 2
(15) sint > =t, 0<t<3%)

to estimate integrals I, 1, I, 2 and I, 3.
We divide I'y into three parts to estimate I, 1 as follows:

1
n+1 |7

1 1
nt10 U2 < 3(n+1)} ’

no,_ . 1 1
= {(U1,U2) eliiw 2 oqq,u2 2 W}

IN

= {(Ul,UQ) el :w

,1/ = {(ul,uQ) S Fl Tup >

Hence we have

([ [ ontim

/ " "1
I‘1 I‘1 F1

dul d’UQ.

n
> ankDi (u1, uz)
k=0
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By (14),
n
/WH (foua) | an i Dy (ur, ug)| duyduy <
1—\/ k:()
1
n
S /WH (f,u1) <Z (k +1)° an,k) duydus
T k=0
1
1
3(n+1) n+1
< (n+1)° / /WH (f,u1) durdug
0 3ug
1
< wpy (f’rﬂ) < wyg (faan,n)-
By (15),
n
o ()| S anaDiy (w1, w2) | durduy S
I k=0
1
1 1
3(n+1) An,n 3(n+1)an,n
S / / %ff’ul)dmdw < wg (f, ann) / / u%duldw <wh (f,ann)-
0o 1 0
n+1 n+1
(14) and (15) gives for j = 1,2,
n
/UJH (fyur) | D an Dy j (u1, ug)| durdug <
k=0

"
l_‘1
1

1
3(n+1)an,n

3(n+1)an,n
S (n+1) / / 7‘”Hsl{7ul)du1du2 <(n+ 1wy (f,ann) / u%duldUQ
0 1 0 _1_
n+1 n+1
< 10g (n + 1) WH (f7 an,n) :
Since
sin 2z 4 sin 2y 4 sin 2z = —4sinx sinysin 2
for x + y + z = 0, we also get the expression
(16) Dy, (u1,u2) = Hy1 (w1, u2) + Hyo (ur, u2) + Hy 3 (u1,u2),

where

cos((2k+1)uam)
sin(ulgu2 7r) sin(ulgu2 7r) ’
1 COS((QkJ-f—l)%T{')

2 sin(ugm) sin(%w) ’

Hyq (ur,u9) i= 1

Hp o (u1,u2) :=
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cos((2k+1)wﬂ)

sin(ug7) sin ( WW) ’

(Sl

Hy 3 (ur,u2) :=

By the method used in [12, p. 179] we get

(17) > ankcos 2k + 1)t S Ay (1) + ghan (1) (0<t<m),
k=0
and
(18) Sankcos(2k+ 1)t S AL (3)  (0<t<3).
k=0

By aim of (18) and (15) we obtain

n
(19) > ankHi (u1,ug)| S %AZ (T}LJ
k=0
and
n
(20) Zan,ka,S (Ul,Ug) S ullug A;‘; (%) 3
k=0

where both of for u; and us are away from the origin. Also, for such u; and
ug, it follows from (17), (15) and from the fact

sin (47) < sin (7(“13“2”)

that

n

(21) > an g Hyz (u1, uz)
k=0

< 1 px (.3
Nu1u2A7l (7TU1 :

Using (19) and the inequality

wy (f,02) < oWH (f,01)
09 - 01

(22) (01 < d2),
which is obtained from (4), and considering that the function A is nonde-
creasing yield

n

> an i Hi (u, ug)| duydug <
k=0

/WH(f7u1)

"
1—‘1
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M%an,n
< / [ e () e
1 3u2
wi (fBug) g% (1
/ [ ez, )

3(n +1> Buz
a'rgn
_ 2 f,3 n,n 1
=3 / wH(u2 u2) log (éw ) A;'; (%) dus
3(nl+1)
angn
<log((n+1)ann) / %SW)A; (%UQ) dus
5D
a’;’" %(nJrl)
3
<log(n+1) / %jm)A:} (mu) dug = log (n + 1) / MA; (t)dt
3(n1+1) %
3 (k+1)
= wi (f,2)
=log(n+1) Z / ——FEE AL (t) dt
k=1 5,
—wn(f.h)
<log(n+1)> “IE A (k+1).
k=1
For j = 2,3, by (20) and (21)
n
wr (f,u1) Zan,ka,j (ur,u2)| durdus <
FllN k=0
an,n Tl
f7
< / / w;lu:l 1) dusduy
n+1 3(n+1)
an,n
= / 7"”{”’”1) log ((n+1)uy) A (%m) duy
=y
QAn,n

<log((n+1)any) / %flul)fl; (%) du; =

1
n+1
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%(n+1)

—log (n+ 1) an ) / wn(lz) g (1) dt

3

<1 - WH(L%)A* k;

<log(n+1) Y =5 HAL (k+1).
k=1

Thus we get the estimate

(23) Ing <log(n+1) {wH(f ) +Z”H A* (k:+1)}

We divide I'g into two domains as

Iy = {(U17U2) €lyup < 3874:1)}

/"

5 1= {(Ul,UQ) ely:up > 38;1,;1)}

to estimate I, 2. By (15) and (22),

n
/WH (fsw1) | D aniDiy (w1, u2)| durdus S
1—~/2 k=0
3((1:-:1) 1 3?r?+n1) 1
< / /wH(f’ul)duldu < g2l dnn) / / Ly dusy
0 an,n

2%,0’:’771) log (an ’n) 3?7?‘1‘”1) < log (n + 1) (f’ an’n) ‘

(14), (15) and (22) yield

n
/WH (fyu1) [D_anxDj j (ur,us)| durdus <
T k=0
2
D 1 i 1
(fv ) w (fyan,n)
< (n+1) / / Y dugdugy <2 (n+ 1) HQT / / duydug
0 an,n 0 an,n
< wp (f,ann)
for j =2, 3. Since (15) implies |Hy 1 (u1,u2)| S for (ui,ug) € TY, we get

n
> an i Hp1 (u, uz)
k=0

/WH (f,u1)

"
F2

dulduz g
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an,n an,n
3 1 3 1
< / /“’ L) duy duy < 22 ) / /iduldug
an,n_an,n an,n_an,n
3(n+1) 3(n+1)

— oealfane) o (1) (1= k) o+ 1) ()

By considering (20) and (21) we obtain

n
/wH (f,u1) Zan,ka,j (ur,u2)| durdus <
4 k=0
2
ey 1
< / / 7“”1(1{;31)14;‘; ( )dulduQ log (n+1 / f’ul Ay (ﬂ%) duy
an,n_Qn,n an,n
3(n+1)
1 n
< log(n%—l)/%’;’l‘l)AZ( )du1<log (n+1) Z f,k Ar(k+1)
k=1

1
n+1

for j = 2,3. Thus we obtain

(24) Lo Slog(n+1) {wH (Framn) + 3208 4 (1 4 1>} .
k=1

If we use (19) and (22),

n
> ankHea (u1, uz)

/wH (f,u1) duydug <
F3 k:O
1
3 1
wg (fyu1)
< / /%A; (m) duidus
an,n 3ug
3
1
3 1
2 (f:3u2)
<3 [ [enttn g (1)t
ﬂn,n3u2
3
1
3
_ 2 (f,3u2) 1 1
= / wWH o u2 log (3u ) A: (Tug) dUQ
n,',;,n
1
3
,3 *
< %log (ain) / wH(Z; u2) * (mu) duy <
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13

W=

<log(n+1) / 7““’(5’3“2)14; (i) dus

2 U2
_1
3(n+1)

%(n—i—l)

—log (n+1) / wn(lz) o~ (1) at

3
n

<log(n+1) Z n(k+1).
k=1

By (20) and (21) we get

/wH (f,u1)

I's

n

> an i Hy,j (ur,uz)
k=0

dulduQ 5

1 1

< ] [ e ) v = [ s () ()

P an,n
L n 1
< log ann / f’“l l)dulglog(n—Fl)ZwﬁAZ(k—i—l)
o k=1
for j = 2,3. Thus, we have
n 1
(25) Ls <log (n+1) S 2408) 4% (o 4 1)

k=1

Inequalities (23), (24), (25) and the fact A, (k+ 1) < A}, imply (8).

Proof of Theorem 3. The method used in proof of Theorem 1 gives

”A
) du <log(n+1 Z o=k
k=1

(26) /H
P

and
(27)

n
/wmab:%¢auu
Q k=0

)| du <log(n+1) {aﬁyn + Z
k=1

If we set e, (t) := f(t) — Y (f) (t), we have

28) =TI G| e = £ T @)

HA(Q)

:ﬁrﬁ} 0<a<l).

O
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we have to estimate the integral

n:—/\f ft—u)—f(s)

Since f € H%(Q)) we have

) —Fe—w) = f&)+fls—u)| S t—s|",
hence by (26) we get

()e = (/1f fle=w)=f(s)

ol e

joRje

< Ht—sH/B /Zamka(u) du
q k=0
n B
< Jt—s|)? <10g n+1 Z )

We also have

f (&) =ft—u)=f(s)+ f(s—w)| < [ul”
for f € H*(Q). Thus by (27) we obtain

e (
«
Since

(log(n—l—l { nn+z knliak}> :
len (8) = en (s)] <

< o= ()5 ()"

n A*
<t — 5]’ log (n + 1) (Zk>

o [
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we get
"L Ar . n e 1-2
nlt)=en n,n— - n,n—
%fﬂlog(n—l—l) (Z % k> {aﬁ,nﬁJr(Z k1,+ak> } (t £5).
k=1 k=1
which implies
B8 8
n A* @ B n A* X P
A7 (en) S log (n +1) (Zk> and + ( i ) .
k=1 k=1
The proof is completed by combining this last estimate, (9) and (28). O
4. REMARKS

The degree of approximation by (C, 1), Riesz and Nérlund means of trigono-
metric Fourier series was investigated in [18], [19], [9] and [1]. In this section
we conclude from Theorems 1 and 3 results about the degree of approximation
of these means of hexagonal Fourier series.

REMARK 4. Let p = (px) be a nondecreasing sequence of numbers positive
real numbers. If we take

o %’;, 0<k<n
ank ‘=
0, k>n

where P, := i Pk, then A = (ay, 1) satisfies (5), (6) and (7), and 7Y becomes
k=0

the Riesz mean
n

Ry (p; f) = 5> _piSk (f)-
k=0

Theorem 1 gives

(29) 1 = B (03 Nlley, (@) S Lo (52) {wH (£, 2)+ PzW}
k=1

for f € Cy (), and Theorem 3 yields

(30)
n B n 1-8
. 3 Qui ) (pa 277 Qn, *
1f = B (03 )l g ) S o (i;)(éZ k> {(ppn) +<1%n2kl+fz> }
k=1 k=1
for f € HY(Q), (0< B <a <1), where Qn = Xn: Dy O
v=n—k

REMARK 5. Let (pg) be a nonincreasing sequence of positive real numbers.
In this case the matrix A = (ay, ) with entries

Prk 0<k<n,
Qn.k = "
O’ kj > n)
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satisfies (5), (6) and (7), and T\ becomes the Nérlund mean

N (0 f) = 52D _PnkSk (f)

By Theorem 1 we conclude

(31) ||f—Nn<p;f>ucH(Q)slog(gg){w(f, ) ¢ Z“;&“’“}

k=1

for f € Cy (ﬁ) , and by Theorem 3

(32) 5
n 1-=
1f = Now (03 £l g ) S log (B2 )(Pnzpk> (g)”‘ﬁ(};ﬂz&)
k k=1
for f€ H*(Q), (0<B<a<1). 0

REMARK 6. fwe take pp, =1 (k=0,1,...), R, (p; f) and Ny, (p; f) become
(C,1) means stV (f), and both of (29) and (31) reduce to

|F=sP0),. o S ZwH (£.4)

Cu(Q) ™

for f € Cy(Q). Furthermore, (30) and (32) give the estimate

log(n+1)
s sl mr !
HA(Q) (1og(zl+_15)) L a=1
for (C,1) means of f € H*(Q) (0< B <a<1). O
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