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A TWO-POINT EIGHTH-ORDER METHOD BASED ON THE
WEIGHT FUNCTION FOR SOLVING NONLINEAR EQUATIONS

VALI TORKASHVAND*f

Abstract. In this work, we have designed a family of with-memory methods
with eighth-order convergence. We have used the weight function technique. The
proposed methods have three parameters. Three self-accelerating parameters are
calculated in each iterative step employing only information from the current and
all previous iteration. Numerical experiments are carried out to demonstrate the
convergence and the efficiency of our iterative method.
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1. INTRODUCTION

Nonlinearity is of interest to physicists and mathematicians, since most
physical systems are inherently nonlinear in nature. One of the most important
problem in computational mathematics is solving nonlinear equations. For
example, nonlinear optimization aims to find a minimum or maximum of a
given nonlinear function. Nonlinear equations are difficult to solve in general.
The best way to solve these equations is using iterative methods. Omne of
the classical method to solve nonlinear equation is Newton’s method which
has convergence order equal to 2. It can be said that the Secant method is
the oldest with memory methods that have been studied so far. The Secant
method obtain by approximating the derivative in Newton’s method wvia a

finite divided difference f’(xy) = %
The method is given as

LTk—1 — Tk
fxr).
Flons) — F) )
In the continuation of this work, we will first define the efficiency index (EI)
of an iterative method by Ostrowski [22]:

(1) Tpt1l = T —

1

(2) EI=r%
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The Q-order of convergence r and the number of function evaluations 6; per
iteration. The efficiency index of the Secant method is 1.6803. Traub in [31]
proposed the following with-memory method (TM)

_ 1 _
(3) Ve = = Faren ]’ k=1,2,3,...,
f(zk)

Wy = Tk +/Yf(xk)7 Lp4+1 = Tk — Tler,we]? k:O71727"'7

with the order of convergence 2.41421. In the following, Neta proposed (NM)
three step with memory method which has the order of convergence 10.81525
[20]:
(1) 2

wi = 2 + L (Fwp1)6: = Flen1)b0) Gl h—r), k=12,

2k = wp + FEL(Fwr)d: — far1)t) (Fige), k=123,

X 1.2
Thir = o+ FEN(Fwe) s — F(ar) ) (Ges), k=0,1,2,...

He used inverse interpolation. Neta increased the convergence order from 8 to
10.81. Therefore, he has improved the degree of convergence by 35%. Also,
Traub improved by 20.71% by increasing the degree of convergence from 2 to
2.41. Bassiri et al. [2] also increased the degree of convergence of a two-step
method from 4 to 7.22. Therefore, the convergence order improvement of their
proposed method is 80%.

The remaining materials of this paper are uncovered as follows. Section
2 is devoted to modifications of the two-steps method proposed by Bassiri
et al. [2]. Further accelerations of convergence speed are attained in Section 3.
This self-accelerating parameter is calculated by the Newton interpolating
polynomial. The corresponding Q-order of convergence [8] is increased from 4
to 7.53113,7.94449,7.99315 and 7.99915 ~ 8.

Numerical examples are given in Section 4 to confirm theoretical results.

Finally, Section 5 is devoted to the main conclusions of this work.

2. WITHOUT MEMORY METHODS

Bassiri et al. proposed the following optimal iterative without memory
method [2]:
(5)

wy = Tk +7f(T), yszﬂk_mv k=0,1,...,

_ f(yr) o £ (k) N
Sk = flzg)? Tk+1 = Yk H(Sk)f[wk7yk}+ﬁf(wk)+>\(yk—Z'k)(yk—’wk)7 k=0,1,...

This method achieves order convergence 4 when the weight functions satisfy
the conditions

(6) H(0) = H'(0) = H"(0) = 1.
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And its error expression is
err1=((1+7f"(@)*(B+c2) @A+ [/ () B2 (147 f'(@)) + [ (@) e2 (283471 ()

(1) +G+f(@)e2) = 2 (a)es)) (=2 (@) "lep, + O(e}).

where ¢, = % for k = 2,3, ... If the weight function is not used, the order

convergence of method (5) will be as follows:

(8) er1 = (L+71'(@)* (8 + e2)%ef + O(ep).

In this case, the optimality of method (5) disappears. For maintaining opti-
mality, it must be four until it reaches an optimal without-memory method
by according to Kung-Traub’s conjecture [12]. One way to increase the degree
of convergence is by using the weight function. Refer to [3, 5, 6, 10, 13, 14,
15, 25, 26] for further study. Some concrete weight functions that satisfy the
conditions are

(9) Hi(s)=1+s+%5, Hls)=¢, Hs)=33 Hls)= "t
-

Here it should be noted that under the functions of weight Hj(s), Ha(s) and
Hjs(s) the error equation is (7). But the error equation of this method for the
weight function Hy(s) is as follows:

e = (L+7f()*(B+e2)(f(@)B2(L+7f () = 22+ f'(@)ea(28(~1 +

(10)  7f'(@) + (=3 +7f (@)e2) +2f (a)es))(—2f" () "teg + O(eR).

It is also necessary to note that any weight function that applies only in
conditions H(0) = 1 and H'(0) = 1 will converge to convergence order 4. In
addition, weight function Hy(s) does not apply in terms of (6), and H}(0) = 3.

Error relations (10) plays the key role in our study of the convergence ac-
celeration. For method (5), we have the following result.

THEOREM 1. For a sufficiently good initial approzimation xg of a simple
zero a of the function f, the family of two-point methods (5) obtains the order
at least four if the weight function H satisfies conditions (6) Then the error
relation for the family (5) is given by (10).

Proof. By using Taylor’s expansion of f(x) about « and taking into account
that f(a) = 0, we obtain
(11) f(xr) = f'(a)(ex + caeq + c3e3 + cael + O(e})).
Then, computing ey, = wy — «, we attain wy, = x + v f ()
(12)
ekw = ['(Q)(L+ 71 (a)er + 7 (@)caed + 7 (@)ezei + 7f (@)caey + O(e}),
and

flwp) = f (@@ +7f(@)ex + f/(@)(1+7f (@) 3+ Af'(@)))caei
+f (@) @2vf (@) (1 +7f'())e; +7f (@)es + (1 +7f'(@))°
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ca)ei + f'(a)(ca + 7 f (@) (v (@)e3 + (147" (@)(5 + 37 f (@)
(13) cacs + (5471 (@) (6 + 71 (@) (4 + 7' (a)))ea))ef, + O(e).
Now by the Egs. (11) and (13), we get that
(14)  flog, wi] =
= ['(@) + f1(@) 2+ 7 (@)ezer + (@) (v (@)e3 + B+ 7/ («)
B+ (@))es)er+f (@) (2+7f" () 247f (@) eacs + (2 + 7 f/(a) (2
+f'(@))ea)ed + (@) (Bes + 7 f (@) (A f' (a)ces + (3 + 27 ()
3+ (T+7/ ()8 +3vf(@))caca + (10 + 7 f'(a) (10 + v/ ()
(57" (@)))es))er + O(eR).

Furthermore, we have

f(zx) _
Slerwe]+Bf (we) —

= e, — (L+7f"(@)(B+ e2)ej + ((B+ By (@) + 2+ f/(a)
(2+7f"(@)ea(B + c2) — 2c5 — 7' (@) (B + vf'())es)ef+
+ (—(B4 B (2)® = BG+f () (T + 1S () (4 +1f/ ()3
— A+ @G+ (@B + 7, () + B4+ () (T+
+ S (@) 5+ S ()))es + ca(=B2(1+ 7/ (@) B+ 7f' () (2
F (@) + (T + 7 ()10 + 7 () (T + 2vf ()

)
)

(15) — (L+7f(@)B + 7/ (@) (3 +f'(@))ea)ey + O(&}).
Using the second step of (5) and ey, = yi — o, we get:
(16)

Yk =

= a+ (148 () (B + c2)ei + (—(B+B7f'()* = 2+Af () 2+7f' ()
ca(B 4 c2) + 23 + [ (@) B +f'(@))esei + (B + Brf' (@) + B(5+~
F@T+ A (@A + A (@) + 4+ 7 (@) (5 +7f ()3 +7f())))
5 — BA+ S ()T +f (@) (5471 (2)es + c2(B2(1+7f () (3 +
f(a)@+7f (@) = (T+4f (@) (10 + v f' (@) (7 + 271 (a))))e3)+

+(L4+ 7/ (@) B+ 7/ (@)B + 7' (@)ea)eg + O(e}).
For f(yx), we also have

Fle) = F@)@+7f(a)(B+ c2)ei = f(@)((B+ Brf()* (2 +7f (o)

)
(
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(24 7f"(@))ea(B + c2) — 2¢5 + 7' (@) (3 + 7S (a))es)e + ()

((B+ Brf' (@) + BT+ 71 (@)A1 + 7 f () (6 + 7 f'()))) 3

+(5+ 7S (Q)(T+7f (@) (4 +7f(@))es — B4+ 7f (a)(7T+

VI (@) (5+f (@) ea+ea(B2(1+7 1 (@) A+ f (@) B+7f'()))

—(7T+7f (@) A0+ f () (T+27f(@))))e3) A+ f' (@) B+ f ()
17)  B+7f())ea)ey, + O(e}).

Additionally, by using relations (12), (13), (16) and (17), we gain

fyr)
Flyrwe]+6f (Wi )+ (yre —wk) (Y — k)

= (1 +7f/(@)(B+c2)er + (—2(8 + Byf (@)? — B4+ 3vf () (2 +
vf'(@))ez — (34 2vf (@) (2 + vf'(@))e3 + (1 +7f (@) (2 + vf' (@)
c3)el + (1) (BF (@) (1L + 7' (@) (19 + Af' () (14 + 57/ ())))e3

+(@)(T +7f ()11 + 7 f'(@)(8 + 3vf'(a)))e3 — BF (a)(T+ 37 (a)
(5 +7f (@) (4 +7f'(a))))es + e2((1 + 7f () (B2 () (8 + 7' () (9 +
57f'(@))) = (L+7f (@) ) =2 () (5+7f () (9+7f () (T+27f'(a))))
c3) + (L + 7" () (B(L +7f(a))B3Ff () (1 +7f (@) = )

(18) +f ()3 +7f(@)(3 +7f(a)))ea))ey, + O(e}).

—_ =

Dividing these two relations (17) and (11) on each other gives us

(@) (B + c2)ex + (=(B+ Bv'(@)) = B+ ()
(B34 7f"())ea(B + c2) + 2¢3 + 7/ (@) (B +7f'(a))es)er+
((B+f()” + B0+ f (@) (14 + 7 f () (T +7f())))
G+ 2+ (@) E+f (@B +f(@)es = BG+f(a
B+7f ()5 +7f(a)))es + ca(B (1 + 7 f ()5 +vf (o
(44+7f"() =205+ 7f (@) (T +7f" (@) (4 + 7' ())))es))vf (@)
(1+7/"(@)B + 7 (@) B + 7 f'(a)ea)ef(— (B + B

— B30 +7f'(@)(50 + v f'(a) (347 f'(a) (11 + v f'(a)))))

— (247" (@)(10 +7f' (@) (10 + £ (@) (5 +vf' (@) 3 + 57

)
)?

)
)
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(T + 7" (@)(T 4+ 7f (@) (10 + v f' (@) (6 + 7' (a))))es — (8 +7f'(a)

(15 4+ 71" (@) (13 + 7" (@) (6 + 7f'(@))))) 5 + 5 (—B2(20 + £/ ()

(41 4+~7f"(@)(B2+ 7 f ()AL + v f'(@))))) + (BT +7f () (3+

7' ()20 + /(@) (8 + 3vf'(a))))es) — BT +~vf'(a)(3 +~

@)+ ()B4 7f"()ea+ ca( =B (1 + 7 f (@) * (7T +f ()

(5 +7f())) + B2+ 7f (@) (B +7f () (5 +7f () (5 + 2y

f(@))es = (14 +~f' (@) (5 +2vf () (5 +7f (@) (2 +7f(@)))es)

— (U +7f ()5 +27f ()5 +7f ()2 +7f(a))))es) +

(147, (@) 2+ 7, (@) 2+ 7f (@) (2 + 71 (a))es el + O(e}).
Expanding H at 0 yields

)
)

w‘x-w

(20) H(s) = H(0) + H'(0))s + H"(0)2
and

H(s) = H(0) + H'(0)(1+ /() (B + c2)er + (5 (H"(0)(1 +~f"(a))?
(B+c2)? = H'(0)(B+ B (2)” + B+ (@) B +7f ()
c2(B) + c2) — 2c5 — 7' (@) (B +vf(a))es))ex + (—H"(0)(1 + v
F1(@)(B + ) ((B+ B[ (@) + B+ 1/ (@) B+ 7 ())e2
(B4 c2) — 23 — 7' (@) B+ 7f'(@))es) + H'(0)((B + BASf (a))?
+ B0+ 7 f (@) (14 + 7 f () (T+ 7" (2)) 3 + 2+ 7/ (a) (4+
()3 + AL (@)e3 — BB+ 1f () B+ vf (@)(5+7f(a))))es
+ (B2 (1 + 7S () (547 (@) (4 +7f (@) — 205 + 7 f' () (T+
v (@)@ +yf'(@))ea) (1 +vf'(a)(B+7f'(a)(B+~f(@)))ca))
e} + 3(—(2H'(0) — 3H"(0))(B + Bvf"(a))* + 2B(H"(0)(3 + v
F(@)B+7f" () (9+7f (@) (11437 f () — H'(0)(30 + v f'(a)
(507" () (3447 f' () (1147 (a))))))e3 + (H"(0)(25+37f(e)
(B +7f ()6 +~f ()3 +vf' () = 2H'(0)(2 + ~vf (@) (10+
VI (@) (10 + 7 f" (@) (5 +vf"(@))))) e + 2821 + v () ) (H'(0)(T+
v (@) 10+ f (@) (6+7f'(a)))) — H"(0)(T+7f'(a) (134 f ()
(942vf"(a)))))es+ (H"(0)(L+7.f' (@) * 247 f'()* — 2H'(0)(8
+ 7 (@) (15 + 7 f (@) (13 + 71/ (a) (6 + 7' ()3 + (B
(—2H'(0)(20 4+ vf"(@) (41 + vf' (@) (32 + 7 f' () (11 + 7 f()))))
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+ H"(0)(45 +vf'(a) (112 + v f' () (1057 f'(a) (44 + Tvf'())))))

+ 2(H'(0)(37 + vf (@) (3 + 7 f'(a))(20 + v f'(a) (8 4+ 37vf'()))) -

H"(0)A+~f () A6+~ f () (23+~f () (13437 f () ' (a)))))e3)

+2B(H" (0) (147 f"())* B+ f' (@) B+ f' () — H' (0)(T+y [ (c

B+ (@) +1f (@B +7f(a))))es — 202(B° (1 + 7 f' ()

(BH"(0)(3+7f" () (3+7f" () +H'(0) (T4 f () (5+7f () H-
BIH'(0)(2+7f () (3+7f'(a)) 5+ f (@) (5+27f'(a)))-H" (0)

(I f () 214 (@) (31427 f () (927 ' () ) ea| L+H" (0) (14
F (@) B+1f ()B4 (@)= H'(0) (1447 f' (@) (5427 ()
H'(0)(5 + 7 ()2 +~f'(a))))ea) + 2H'(0)(1 + v f'(a))

247" (@) 2+ 7/ (@)2+7f (a))es)ef + O(eR).

Finally, by placing H(0) = H'(0) = H"(0) = 1 as well as using equations
(16), (18) and (2), the error equation of the memoryless method (5) will be as
follows:

err1 = (2f(@) (147 f(a)*(B+e) (f (@) B2 (1471 (@) +20+ f'(a) ez
(21) (283 + 7)) + (5 +7F'(@) + 2 — 2f'(@)es) ) ey + O(e})
which finishes the proof of the theorem. ]

3. ACCELERATION OF THE TWO-POINT METHOD

It is easy to recognize from (21) that the order of convergence of (5) is

four when v # & a),ﬁ + Ta)) and A # £ (O‘ . By taking the value of

Yk = Flay Br = T()) and A\ = &, it can be established that the order
of the method (5) would be 6, 7, 7.22 and 7.53. For this type of acceleration
of convergence and in actual fact the exact values of f'(«), f”(«) and f"'(«)
are not obtainable. We could replace the parameters ~, 8 and A\ by v, B and
Ak- In the remainder of this chapter, we consider the following two-parametric
methods:

(a) If we only interpolate parameter 7 using the Newton method, a pro-
cedure by six order with memory is obtained.
Ve = _m7k: 172737"'7
H(0) = 1,H'(0) = 1, |H"(0)] < 00,8, = {24,k =0,1,2,...,

Yk = Tk — Flopwpl+5F(wy)» Wk = Tk + e f (),

_ (yx)
Th1 = Yk — Hsp) f[thk]""ﬂf(wk)‘i'f‘(yk —xp) (Yyp —wg) °
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(b) We attempt to prove that the method with memory (5) has conver-
gence order seven provided that we use accelerators vz, Ag.

— a(w) g
’Yk——maﬂk W(k)k? 1,2,3,.

H(0)=1,H'(0) = 1, |H"(0)| < 00, 51 = fgg’;;,k —-0,1,2,..
f(zx)

Yk = Tk ~ Torwd 1Brfwr) Wk = Tk + e f(xp),

)

(23)

_ _ f(yr)
Thr1 = Y — Hsp) Flyk s wie]+Bk f (we )+ A (yp —2) (Y —wi) *
(c) Bassiri et al. approximated self-accelerator parameters as

_ 1 —1
T = TN T Fle)

(’LU) f//
(24) B = ~3¥itony = ~4rta)

)\k _ N’”(wk ~ f/( ) f//ga)

)

and thus three parameters family with memory is given by (BBAM)

N///
PYk: Ik 7ﬁk QJV#E%’A’C: 5éwk)’k:1’2’37.'_7
(25) H(O)—l’H’( ) = 1,[H"(0)] < 00,55 = {43,k =0,1,2,..,
yk:xk‘m%:%ﬂmm

o f(yx)
Th1 = Yk — Hsp) f[yk7Wk]+f3kf(wk)+§k(yk*wk)(yk*wk)'

(d) The self-accelerating parameters 7, S and \i are calculated by using
of the formula:

_ 1 ~ 1
o W P
(26) Br = = 3N7(w) = ~2(a)
A _—6(“’ ~ fl(a)ey = L)

where N3(zy); Na(wy) and N5(yx) defined by:

N3(zr) = N3(t; gy Th—1, We—1, Yk—1)5
(27) Ny(wy) = Na(t; wr, T, Tp—1, We—1, Yr—1)-

N5(yr) = N5(t; Yr, Wk, Thy Th—1, Wk—1, Y—1)-
Now, we obtain the following three-parameter iterative with mem-
ory(TM1)method :

_ 1 1(wg) N () 4.
Wk__maﬁk W(ulj)a)\ _Tkak_172a3a"'7

H(0) =1, H'(0) = 1,|[H"(0)] < 00,55 = $%4,k =0,1,2,...,
Y = Tk — mﬂ% = 2+ f(Tk),

o f(yk)
i1 = Yk~ H (k) g mBern e o)

(28)

It should be noted that the convergence order varies as the iteration go
ahead. First, we need the following lemma:
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N//(,w ) N///( )
LEMMA 2. If v = fm,ﬁk = 7%’ and \j, = 5Tyk, then
(29) (14 v f (@) ~ ex—1€k—1,wEk—1,y,
(30) (c2+ Br) ~ ep—1€k—1,wek—1,ys
(31) (f'(@)B2 (1 +7f' () + 2X + f'(a)c2(2B(3 + 7.f (@) +

+ (5+vf (@) + 2 —2f (a)es)) ~ ek—165—1,wCk—1,y

where €k =Tk — Q, € = Wk — Q, €y = Y — Q.
Proof. The proof is similar to Lemma 3.1 in [30]. O
Now we state the following convergence theorem:

THEOREM 3. If an initial approzimation xg is sufficiently close to the zero
a of f(x) and the parameters i, B and A, in the iterative schemes (22), (23),
(25) and (28) are recursively calculated by the forms given in (24) and (26).
Then, the R-order of convergence of the three-point methods (22), (23), (25)
and (28) with the corresponding expressions i, Bx and A\, are at least 6, 7,
7.22 and 7.53.

Proof. Here, we obtain the convergence order of 6 and 7.5 for the methods
(22) and (28). Bassiri and his colleagues [2] have achieved the degree of con-
vergence of the method mentioned in Equation (25). Proof of convergence of
method (23) is similar to these three cases.

First we assume that the C-order of convergence of sequence xy, wg, Y is
at least r,p and ¢, respectively. Hence:

(32) Chp1 ™ f ~ ey,
(33) Chaw ~ € ~ €51,
and

(34) Chy ~ €k ~ €Ly

By (32), (33), (34), and lemma(2), we obtain

(35) 1+ f' () ~ e tat,
On the other hand, we get

(36) ek,w ~ (1 + ’ykf/(a))ek,
(37) ehy ~ (1+ 1t (@))ef,
(38) eer1 ~ (14 S ()%

Combining (32)—(38), (33)-(36), and (34)—(37), we conclude

(39) Cpw ~ eLTPTOTT
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1 2
(40) ey ~ ep T
and

2(1 4
(41) Chi1 ~ ekgirp+4)+ r.

Equating the powers of error exponents of e;_; in pair relations (32)—(41),
(33)—(39), and (34)—(40), we have

rp—r—(p+q+1) =0,
(42) rq—2r—(p+q+1)=0,

r?—4r —2(p+q+1)=0.

This system has the solution p = 2,q = 4 and r = 6 which specifies the C-
order of convergence of the derivative-free scheme with memory (22). Varying
parameters g, O and A; in (28) using (26), we obtain the family of two-
point with-memory methods of order 7.53, which is the improvement of the
convergence rate of 88.25%. Similar to the first part of the Theorem 3:

(43) €h+1 ™~ €f ~ 622_1»

(44) Cha ~ €~ €y,

and

(45) Chy ~ € ~ €Ly

By (43), (44), (45), and Lemma 2, we obtain

(46) 1+ v f (@) ~ eﬁf‘{“.

On the other hand, we get

(47) ekw ~ (1 +f(@))ex,
(48) ehy ~ (1+ 7S () (Br + c2)et,

et~ (L7 ()2 (B+ ) (f ()21 +7f' () + 22X+ f'(@)es

(49) (283 +vf' (@) + (5+vf' (@) + ca — 2f'(@)c3))e
Combining (46)—(47), (46)—(48), and (46)—(49), we conclude

(50) o ~ 61(9_+1P+q)+ra

(51) Chy ~ 62(_1IH9+11)+27“,

and

4 4
(52) Chi1 ~ ek(j;rp+4)+ T



11 A two-point eighth-order method 83

Considering the error equations of ej_1, ey, e, in pair relations of (44), (50),
(45), (51), and (43), (52), we have

p—r—(p+q+1)=0,
(53) rq—2r—2(p+q+1)=0,

r?—4r —4(p+q+1)=0.

Th positive solution for the system is p = %(7 + v65) ~ 1.88278,¢ = %(7 +
V65) ~ 3.76556 and r = 1(7 + v/65) ~ 7.53113. It specifies that the C-order
for convergence of the derivative-free scheme with memory (28) is 7.53113. O

4. MAXIMUM IMPROVEMENT OF CONVERGENCE ORDER

Now, we can propose our iteration schemes (TM2) with memory,
(54)

. 1 . N”(w ) B N///(y ) -
’Yk__m)ﬁk__gj\;é(w];)7)\ — 86k ,k‘—2,374
W = T + ’ka(xk)a Y = Tk — f[xk:wjl:](ikﬁ)kf(wk)’sk = fgi/zg , k = O’ 1’ 27 .

o fyw) _
Tht1 = Uk H(Sk)f[wk Yr] Bk f(wr)+ Ak (Y —2k) (Y —wi ) ? k=0,1,2,...,

and, similarly, the following ones with better interpolation degrees (TM3):
(55)

. 1 o N (w ) _ N/H(y ) B
k= _W’Bk = _zﬁfo(sz)a)\k = L2k =3,4,5,.

wh = o+ f (@) Yk = Tk~ T S = 1 % k=012,

— Yk
1 = Yo — H(s )f[wk:yk]+6kf(wk)+>\k(yk —ok) (Yp—wk)’ k=0,1,2,...,

Also, we get our proposed two-step iterative method given for k = 4;5;6; ...,
by (denoted (TM4))

! N///
’Yk - - / 7/8k 2N13(Efukk)) B Ak - 146(yk) 5 k — 4, 5, 67 ey
_ Sy
(56) Y = Tk = f[zhwk]"‘ﬂkf(wk) 1Sk = f(iﬁ k=0,1,2

1 = yp — H(s )f[wk yk]'*‘ﬁkf(“’k) k=0,1,2,....

As an illustration, here we can also define:

o Ng(t) = No(t;Tp, Th—1, Wk—1, Yk—1, Th—2, Wk—2, Yk—2), as an interpola-
tion polynomial of sixth degree, passing through the best seven saved
points

Thy Th—1, Wk—1,Yk—1, Th—2, Wk—2, Yr—2, for any k € {2,3,4,...}.

o N7(t) = Nr(t;we, T, Tho1, We—1, Yo—1, Th—2, Wk—2, Yk—2), aS an inter-
polation polynomial of seventh degree, passing through the best eight
saved points wg, Tk, Tp_1, Wk—1, Yk—1, Tk—2, Wk_2, Yk_2, for any
ke {2,3,4,..}.

o Ng(t) = Ns(t; Yk, Wk, Tk, Th—1, Wh—1, Yk—1, Th—2, Wk—2, Yk—2), aS an in-
terpolation polynomial of eighth degree, passing through the best nine
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saved points yg, Wy, Tk, Tp—1, Wk—1,Yk—1, Th—2, Wk—2, Yk—2, for any k €
{2,3,4,...}.
The convergence analysis of (30), (31) and (32) can now be established as
follows.

THEOREM 4. Consider the same assumptions as in Theorem 3. Then, the
C-order of the improved Steffensen’s methods with memory (54), (55) and (56)
are 7.94449, 7.99315 and 7.99915, respectively.

Proof. The convergence of each of the methods mentioned in equations (54),
(55) and (56) is given below separately.

Method TM2:

Let {x}, {wk}, and {yx}, be convergent with orders r, p, and g, respectively.
Then:

2 3 4 5
(57) Ch1 ™~ € ~ €1 ~ €f_g ~ €3~ €l_y,
58 P Pr r’p r°p rp
(58) €k ~ € Y€ 1 Y Cp 9N Cp 3™~ Cp 4
2 3 4
q qr req rq r°q
(59) Chy ™ € ™ €l ™€y € g~ €y

Using Theorem (1) and error equations (12), (16) and (21) we obtain:

(60) ek ~ (14w f'(@))er,
(61) ery ~ (L4 f' () (Bi + c2)ep,
ene1 ~ (L7 (@) (B+c2)(f'(@)B*(L+7f (@) +2A + [ ()
(62) 283 +7f' () + (5 +7f/ (@) + c2 — 2f'(a)c3))ex.
And
(63) (14 v f (@) ~ ep—2€k—1€k—2.1€k—1,wEk—2,y€k—1,ys
(64) (Br 4 €2) ~ €p—2€k—1€k—2,wCk—1,wCk—2,yCk—1,y

(65) (f'(@)B* (A +7f" (@) + 22X + f'(@)e2(2B3 + 7' () +
+(5+7f(a)) + c2 — 2f'(a)c3))
~ €p2€k_1€k—2 wlk—1,wCk—2,yCk—1,y-
Combining (58), (60), (63) and (59), (61), (63), (64) also (57), (62), (63), (64),
(65) we get
(66) ks ~ 6}l:g+p+rp+q+qr

)

and
2(14+r+p+rp+q+qr)
(67) Cky ~ Cp_2

)
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also
4(1+r T T
(68) el ~ ek(_;- +p+rptata ),
Comparing the right and left side of error equations (58), (66) and (59),
(67), and (60), (68), we have:

(69) rPg=21+r+r*+p+pr+q+aqr),

{ Pp=1+r+r2+p+pr+q+qr),
P =4(l+r+1r*+p+pr+q+qr).

The positive real solution of this system is p; ~ 1.98612, po ~ 3.97225 and
r =~ 7.94449. We conclude that the C-order of the methods with memory (54)
is at least 7.94449.

Method TMS3:

Similar to the previous method:

(70) (L4 f (@) ~ €r_3€k—26k—1€k—3 wCk—2.0wCk—1,wCk—3,yCh—2,y€k—1,y

(71) (Br 4 €2) ~ €p—3€k—2€k—1€k—3 wek—2,wCk—1,wCk—3,yCk—2,yCk—1,y
(72)
(f'()B*(1 +7f'(a))+

+ 20+ f(a)ea(2B(3 + v f' (@) +
+ (G +7f(@) +e2 = 2f(@)es))
~ €k-3€k2€k1€k—3 wCk—2,wCk—1,wCk—3,yCk—2,yCk—1y-

Combining (58), (60), (70) and (59), (61), (70), (71) also (57), (62), (63), (64),
(65), (70), (71), (72) we get

(73) Chyw ~ eich_r;Jrrngp trptrtptatartrie
and
(74) Chy ~ eitg'ﬂg+p+7"p+7”2p+q+q7~+r2q
also
(75) Epi1 ~ eitg+r2+p+rp+r2p+q+qr+r2q

Comparing the right and left side of error equations (60), (73) and (61),
(74), also (62), (75), we obtained the following system of equations:

3
(76) r2q=2(14+7r+7r*+p+pr+r’p+q+qr+r3g),
4

=4 +r+r*+p+pr+r7p+ g+ gr+r3q).

Positive solution of this system is p ~ 1.99829, ¢ ~ 3.99657 and r ~ 7.99315.
Therefore, the C-order of the methods with memory (54) is at least 7.99315.

{ rip=(L+7r+7°+p+pr+rip+q+qr+rig),
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Method TM4
Using the result of the two methods TM2, TM3 and lemma (2) we have

(1 + 'ka H €s€s,wEs,y,

ﬁkz + 02 H €s5€s,wE€s,y,
(f' ()81 + 7f (@) + 22 + f'(a)ea(2B(3 +1.f' () +
(5+7f'(a)) 4 c2 = 2f'(@)c3))

(77) ~ 1:[ €s€s.1wEs y-

Compare the right and left side of error equations (60), (77) and (61), (77),
and (62), (77), we have:

(78) Chao ~ ’1€+2+r2+r3+p+pr+r p+r3ptqtgrt+riqtrs q’
and
(79) ey ~ eI Pt kg ar b2y
also
(80) Chpl ~ 611€+r+7“ 243 fptpr+r2p+rip+gtqr+riqgtridg

Comparing the right and left side of error equations (60), (78) and (61), (79),
also (62), (80), we have. In the similar fashion we find the final system equation
which is given by

(81)
r :(1+r+r +7“ +p+pr+7’p+7’p+q+qr+r q+r q)
7“ 21 +r+1? +7“ tptprtr p+r p+q+qr+r gt %q),
rd 4(1—|—r+r +r3 4+ p+pr+r2p4+r3p+ g+ qr +rig+1r3q).

Since positive solution of this system is p = 1.99979,¢ = 3.99957 and, r =
7.99915 = 8, and therefore, we conclude that the C-order of the methods with
memory (56) is at least 7.99915 ~ 8.

Therefore, the proof of the Theorem is completed. O

5. NUMERICAL RESULTS AND COMPARISONS
Let e, = 23 — « be the error in the k" iteration, we call the relation

(82) eps1 = Ceb + O™

as the error equation. If we can obtain error equation for any iterative method,
then the value of p is the order of convergence.
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Suppose that zy, xrx—1 and xp1 are three successive iterations closer to the
root a.. Then, the computational order of convergence p (see [8]) is approxi-
mated by using (8) as

[zk+1—0l
|z, —a

log
(83) P~ Jog el
lzk—1—al
We now present some examples to comparison the performance of present
methods TM1, TM2, TM3, TM4, TM, NM, BBAM. And two-step with mem-
ory methods of Soleymani et al. (SLTKM) with convergence order of 7.22 [27]

are defined as:

. 1 . N”(w ) . N’”(w ) .
’yk__Né(xk)7/3k?__2]\1}4/1(,[1)’;)7Ak— 56 k ,]{:—1,2,3’...,
_ f(zx) _
(84) Yk =Tk~ Tormd iy B = 052,

_ Iy I (yx)
Th+1 = Yk — f[wk:yk]+ﬂkf(wk)+§\k(yk_lfk)(yk_wk) (1+ f(JCZ))'

Computations are performed using MATHEMATICA software. A comparison
between without memory and with memory methods in terms of the maximum
convergence order alongside the number of steps per cycle are given in Fig. 5.1

Table 1. Test functions

Nonlinear function Zero Initial guess
fi(z) = tlog(l + zsin(x)) + e~ 1Fa”Fe cos(x) sin(rz) | =0 x0 = 0.6
folr) =1+ -1 27 a=1 xo =14
fg(x):exsfx —cos(x2—1)+m3—|—1 a=-1|z0=-15
fale) = =35 40t + 27 + s a=1 |z9=14
2

fs(x) = log(1 + 2?) 4 73+ sin(x) a=0 o = 0.4
fe(az):%—\/g+pr%(+\/8+w4sin(ﬁ) a=+/7|xo=1.7

Maximum Order

120

100 -+ Without Memory Methods

With Memory Methods(Improvement %25)
” With Memory Methods(Improvement %50)
* + With Memory Methods(Improvement %75)
“ = Adaptive Methods(Improvement %100)

20

L L L L L Number of Step

0 2 3 4 5 6

Fig. 5.1. Comparison of methods without memory, with memory and
adaptive (%25, %50, %75, and %100 of improvements) in terms of the

highest possible convergence order.
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Table 2. Numerical results for fi(z), f2(z)

l Methods [ |1 — o [ |z2 — af [ |xs — [ p
l fl(x),ﬁ():’yo:)\():o.l ‘

BBAM (25), H: 0.21313(0) | 0.39355(—5) | 0.10883(—39) | 7.2456
BBAM (25), H> 0.21414(0) | 0.38636(—5) | 0.93320(—40) | 7.2457
BBAM (25), Hs 0.21455(0) | 0.38340(—5) | 0.87536(—40) | 7.2457
BBAM (25), Ha 0.20150(0) | 0.45682(—5) | 0.37936(—39) | 7.2453
TML (28), H; 0.21313(0) | 0.31807(—5) | 0.12473(—43) | 7.5517
TMA4 (32), Hy 0.21313(0) | 0.42385(—5) | 0.16123(—42) | 8.0000
TML (28), Ha 0.21414(0) | 0.31172(—5) | 0.10374(—43) | 7.5518
TMA4 (32), Ha 0.21414(0) | 0.41544(—5) | 0.13741(—42) | 8.0000
TMI (28), H; 0.21455(0) | 0.30912(—5) | 0.96118(—44) | 7.3753
TM4 (32), Hs 0.21455(0) | 0.41100(—5) | 0.12855(—42) | 8.0000
TML (28), Hq 0.20150(0) | 0.37754(—5) | 0.54962(—43) | 7.5514
TMA4 (32), Hy 0.20150(0) | 0.50018(—5) | 0.60479(—42) | 8.0000
f2(2), B0 =70 = Ao = 0.1

BBAM (25), H, 0.46835(—2) | 0.60268(—15) | 0.27605(—108) | 7.2388
BBAM (25), H» 0.46282(—2) | 0.58207(—15) | 0.21389(—108) | 7.2389
BBAM (25), H; 0.46040(—2) | 0.57310(—15) | 0.19088(—108) | 7.2389
BBAM (25), Hs 0.60717(—2) | 0.11532(—14) | 0.31089(—106) | 7.2389
TMI (28), H, 0.46835(—2) | 0.82793(—16) | 0.13403(—119) | 7.5317
TM4 (32), Hh 0.46835(—2) | 0.60206(—15) | 0.93782(—120) | 8.0000
TMI (28), H> 0.46282(—2) | 0.79699(—16) | 0.10053(—119) | 7.5317
TM4 (32), Ha 0.46282(—2) | 0.58147(—15) | 0.70999(—120) | 8.0000
TML (28), Hs 0.46040(—2) | 0.78350(—16) | 0.88431(—120) | 7.5220
TMA4 (32), Hs 0.46040(—2) | 0.57252(—15) | 0.62711(—120) | 8.0000
TMI (28), Hy 0.60711(—2) | 0.17133(—15) | 0.29944(—117) | 7.5318
TMA4 (32), Hy 0.60711(—2) | 0.11520(—14) | 0.16842(—117) | 8.0000
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Table 3. Numerical results for f3(x), fa(z)

| Methods [ |21 — af [ Jz2 — o] [ |zs — af | coC |
l f3(.%'),,['30:’}/0:)\0201 l

BBAM (25), Hy 0.56205(—4) | 0.57879(—24) | 0.14139(—179) | 7.2417
BBAM (25), H» 0.56128(—4) | 0.57562(—24) | 0.13570(—179) | 7.2417
BBAM (25), Hs 0.56090(—4) | 0.57408(—24) | 0.13299(—179) | 7.2417
BBAM (25), Hy 0.70544(—4) | 0.14312(—23) | 0.12585(—175) | 7.2416
TM1 (28), Hq 0.56205(—4) | 0.12031(—25) | 0.46980(—200) | 7.5335
TM4 (32), H, 0.56205(—4) | 0.57879(—24) | 0.11038(—194) | 8.0000
TM1 (28), Ho 0.56128(—4) | 0.11966(—25) | 0.44966(—200) | 7.5335
TM4 (32), Ho 0.56128(—4) | 0.57562(—24) | 0.10564(—194) | 8.0000
TM1 (28), Hs 0.56090(—4) | 0.11934(—25) | 0.44013(—200) | 7.4971
TM4 (32), Hs 0.56090(—4) | 0.57408(—24) | 0.10340(—194) | 8.0000
TM1 (28), Hq4 0.70544(—4) | 0.29684(—25) | 0.65051(—197) | 7.5334
TM4 (32), Hy 0.70544(—4) | 0.14312(—23) | 0.15426(—191) | 8.0000
fa(x), B0 =10 =Xo =01

BBAM (25), H, 0.10280(0) | 0.37539(—3) | 0.46525(_24) | 7.2489
BBAM (25), H, 0.19024(0) | 0.34800(—3) | 0.24511(—24) | 7.2498
BBAM (25), Hs 0.13803(0) | 0.32640(—3) | 0.14220(—24) | 7.2506
BBAM (25), Ha 0.18331(—1) | 0.68016(—10) | 0.48337(—73) | 7.2407
TMI (28), H: 0.10289(0) | 0.35581(—3) | 0.57300(—24) | 7.5060
TM4 (32), 0, 0.10280(0) | 0.32804(—3) | 0.25124(—24) | 8.0000
TM1 (28), Ho 0.19024(0) 0.33030(—3) | 0.31618(—24) | 7.5065
TM4 (32), H, 0.10024(0) | 0.30520(—3) | 0.13800(—24) | 8.0000
TM1 (28), Hs 0.18303(0) | 0.31015(—3) | 0.19123(—24) | 7.7585
TM4 (32), Hs 0.18803(0) 0.28646(—3) | 0.83136(—25) | 8.0000
TML (28), Hs 0.18331(—1) | 0.12512(—9) | 0.28649(—75) | 7.5310
TM4 (32), Ha 0.18331(— ) 0.58632(—10) | 0.25626(—78) | 8.0000

6. CONCLUSION

We have proposed the new two-step tri-parametric family of iterative meth-
ods by using four weight functions. In all these techniques, the proper ini-
tial guess is necessary for the convergent [29]. These techniques have been
used in Tables 2-4. There are two main advantages of the adaptive-type
methods. Firstly, these new methods have the best efficiency index (equal
2), and second, the convergence order of eight for the proposed methods
have been formulated with only three function evaluations compared to other
with and without memory methods. From Tables 2,3,4, and 5, it can ob-
tain that the adaptive-methods perform better than the considered meth-
ods in this study, while the degree of convergence improved up to 100%
1, 2,4,7,9, 11, 13, 14, 15, 16, 17, 18, 19, 24, 27, 30, 31, 32, 33, 34].
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Table 4. Numerical results for f5(z), fs(z)

l Methods [ |1 — «af [ |x2 — [ lzs — af [ CcOC ‘
l f5($),ﬂo=’}/0:)\0:0.1 ‘

BBAM (25), H 0.72896(—2) | 0.23509(—15) | 0.55235(—112) | 7.2400
BBAM (25), H2 0.72908(—2) | 0.23480(—15) | 0.54729(—112) | 7.2400
BBAM (25), Hs 0.72915(—2) | 0.23465(—15) | 0.54465(—112) | 7.2400
BBAM (25), Ha 0.74155(—2) | 0.20479(—15) | 0.19725(—112) | 7.2173
TML (28), H; 0.72896(—2) | 0.49295(—16) | 0.12794(—122) | 7.5330
TM4 (32), Hy 0.72896(—2) | 0.23502(—15) | 0.27176(—122) | 8.0000
TM1 (28), Ha 0.72908(—2) | 0.49241(—16) | 0.12677(—122) | 7.5330
TM4 (32), Ha 0.72908(—2) | 0.23473(—15) | 0.26909(—122) | 8.0000
TMI (28), H; 0.72915(—2) | 0.49213(—16) | 0.12616(—122) | 7.5056
TM4 (32), Hs 0.72915(—2) | 0.23458(—15) | 0.26870(—122) | 8.0000
TM1 (28), Hq4 0.74155(—2) | 0.43552(16) 0.45392(—123) | 7.5050
TMA4 (32), Ha 0.74155(—2) | 0.20474(—15) | 0.90133(—123) | 8.0000
fe(x), Bo =1 = Ao =0.1

BBAM (25), H; 0.51844(—4) | 0.24676(—30) | 0.12709(—229) | 7.2389
BBAM (25), Hs 0.51846(—4) | 0.24680(—30) | 0.12724(—223) | 7.2389
BBAM (25), Hs 0.51847(—4) | 0.24682(—30) | 0.12731(—223) | 7.2389
BBAM (25), Hs 0.50848(—4) | 0.23052(—30) | 0.75805(—224) | 7.2389
TM1 (28), H1 0.51844(—4) | 0.43704(—33) | 0.29624(—251) | 7.5307
TM4 (32), Hq 0.51844(—4) | 0.24676(—30) | 0.10414(—245) | 8.0000
TMI (28), H> 0.51846(—4) | 0.43707(—33) | 0.29651(—251) | 7.5307
TM4 (32), Ha 0.51846(—4) | 0.24680(—530) | 0.10427(—245) | 8.0000
TM1 (28), Hs 0.51847(—4) | 0.43709(—33) | 0.29664(—251) | 7.5370
TM4 (32), Hs 0.51847(—4) | 0.24682(—30) | 0.10433(—245) | 8.0000
TM1 (28), Ha 0.50848(—4) | 0.42256(—33) | 0.19722(—251) | 7.5365
TM4 (32), Ha 0.50848(—4) | 0.23052(—30) | 0.60406(—246) | 8.0000
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Table 5. Comparison improvement of convergence order the proposed
method with other schemes

with memory methods | optimal order | p percentage increase
BBAM2] 4.000 7.240 | %81
CPJIM[4] 4.000 4.560 | %14
CPJM[4 4.000 4.790 | %19.75
CPJM[4 4.000 5.000 %20
CLTAMM][7] 4.000 7.000 | %75
EM][9] 8.000 12.000 | %50
IM[11] 4.000 7.000 | %75
JM[11] 8.000 14.000 | %75
LMBSM][13] 4.000 6.000 | %50
LMBSM][13] 4.000 5.200 | %30
LAM]I15] 4.000 5.240 | %31
LAM][15] 4.000 6.000 | %50
LSGAM][16] 4.000 7770 | %94.25
LSGAM][16] 8.000 12.000 | %50
LSNKKM][17] 4.000 6.000 | %50
LSNKKM][17] 8.000 12.000 | %50
MLAM][19] 4.000 5700 | %42.5
MLAM][19] 4.000 5.950 | %48.75
NM][20] 8.000 10.815 | %35.19
PIDM|[24] 4.000 4.449 | %11.23
SLTKM][27] 8.000 12.000 | %50
SLTKM][27] 4.000 7.240 | %81
SM[28] 8.000 10.000 | %81
TKM][30] 4.000 7.000 | %75
TKM[30 8.000 14.000 | %75
TKM]I[30 16.000 28.000 | %75
TM][31] 2.000 2.410 | %20.5
WM|32 4.000 4.449 %11.23
WM[33 4.000 5.702 %42.55
TM1(28) 4.000 7.531 | %83.78
TM2(30) 4.000 7.945 | %98.63
TM3(31) 4.000 7.993 9%99.83
TM4(32) 4.000 8.000 | %100
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