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Abstract. In this work, the Lipschitz subclass of the generalized grand Lebesgue
space with variable exponent is defined and the error of approximation by matrix
transforms in this subclass is estimated.
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1. INTRODUCTION

Let T := [0,2x] and let p(-) : T — [0,00) be a Lebesgue measurable 27
periodic function satisfying the conditions

1 <p_ :=essinfzer p(z) < esssup,er p(z) :=p" < oo,

@) —pWIn(Zy) <. wyel0.2n] and lr -yl <1227y

with some positive constant ¢ = ¢ (p). From now on, the class of such functions
p(-) we denote by P (T). We also denote Py (T) := {p(-) € P(T) : p— > 1}.
The Lebesgue space LP() (T) with variable exponent is defined as the set of
all Lebesgue measurable 27 periodic functions f such that

2
Pp) (f) = / £ ()P da < 0.
0

If p(-) € Py (T), then equipped with the norm

| Fllyy = mf {A >0 ppy (f /A) < 1}
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LPC) (T) becomes a Banach space. Let § > 0 and p € Py (T). The general-
ized grand Lebesgue space with variable exponent LP()? (T) is the set of all
measurable 27 periodic functions f : T — R such that

_6
1o = sup &7 [[fl0ye < o

O<e<p-—1

It is easily seen that
LPO(T) ¢ PO (T) ¢ LPO=5(T),  O0<e<p_ —1.

When 6 = 0 and p(-) = p =const, the spaces LP? (T) reduce to classical
Lebesgue spaces LP (T) and when # = 0 and p (-) # const, the spaces LP():0 (T)
reduce to the variable exponent Lebesgue spaces LP() (T), investigated in detail
in the monograph [8, 4]. When p = const and # > 0 it was introduced by
Iwaniec and Sbordone in [19] (for # = 1) and by Greco, Iwaniec and Sbordone
n [9] (for 6 > 1).

The grand and generalized grand Lebesgue spaces have been applied in
the various fields; in particular in theory PDE [20, 32, 33]. The fundamental
problems of the spaces LP()? (T) in view of potential theory, maximal and
singular operator theory were investigated in the monograph [26].

Regarding to grand spaces, it will be observed that these spaces in gen-
eral are not separable; in particular, Lebesgue space is not dense in grand
Lebesgue space. Similar situations are also valid in the case of variable expo-
nents. The closure of LP() (T) in LPO)? (T) doesn’t coincide with LP()-? (T)

[27]. Henceforth, the closure of LP() (T) in LP()-? (T) we denote by Lg(')’e (T).
Then Lg(')’e (T) comprises the set of functions f such that

tim =7 [ £l

Note that in the generalizations of classical Lebesgue spaces different problems
of approximation theory are also investigated. In particular, in [14, 34, 35, 12,
13, 15, 23] the approximation properties of different summation methods in
the variable exponent Lebesgue spaces were studied. Similar investigations
have been done also in the grand and generalized grand spaces, with constant
p and variable exponent p (-) in [5, 6, 16, 17, 22].

Let f € LPOY(T), p(-) € Po(T) and § > 0. For a € (0,1] we define the
Lipschitz class

Lip (o, p(),0) == {f € LEV (1) : Q(£,0),0) = O (67), 0> 0},

where Q (f, ) ),0 18 the modulus of smoothness for f € L} ()6 (T), defined as

Q(f,0)p0),0 == sup
|h|<5

/ (41— f(z )|dt
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Let f € L' (T) and

fz)~ P+ Z (ay cos kx + by sin kx)
k=1

be its Fourier series representation with the Fourier coefficients
™ ™
.. / £ (t) cos (t) dt and by == 5 / £ () sin (kt) dt
- —T

and let
z) =Y u(f)(z), n=12,...,
k=0
be the nth partial sums of the Fourier series of f, where
ug (f) (z) == ao/2 and ug, (f) (x) := (ag coskx + by sinkzx), k=1,2,...

Let A = (an) be a lower triangular infinite matrix of real elements ay,
such that
ang >0  for k <n,and a,; =0 for k > n,

where £k =0,1,2,..., and let

n
:Zan,k‘:]‘? TL:0,1,2,...
k=0

Unless otherwise indicate, we assume that A = (ap ) is a matrix that the
summation of row elements equal to one throughout this work. For a given
matrix A = (ank), the matrix transform of Fourier series of f is defined as

n

T = anp—xSe (f) (x), n=0,12,...
k=0

Let P, = > }_ Opk and (pn) be a sequence of positive real numbers. If
an i = Pi/ Py , then Tt ( f) coincides with the Noérlund means

No(F) (@) = &3 pakSi () (), n=0,1,2,.. ..

which in the case of p, = 1, for alln =0, 1,2, ..., reduce to the Cesaro means
n
on (f) (@) = 7 > Sk (f) (@)
k=0
(A)

We consider the matrix transforms 75" (f) as approximating trigonomet-

ric polynomials to f and study approximation properties of T,EA) (f) in the
generalized grand Lebesgue space with variable exponent, exactly in the Lip-
schitz classes defined above. The required conditions on the sequences (ay, k)

are crucial points to arrive better approach when matrix transform Tng) (f)
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is constructed with respect to a given matrix A = (a, ). We mention the no-
tations and definitions of some classes of sequences consisting of nonnegative
numbers to explain the amongst important relations.

A nonnegative sequence (a, ) is called almost monotone increasing (de-
creasing) sequence if there exists a constant K1 := Ky (an ) (K2 := Ko (ank))
depending only the sequence (a, ) such that

Qn k < Klan,m (an,m < K2an,k)

for all 0 <k <m <n. If (an k) is almost monotone decreasing sequence, then
we write (an %) € AMDS and if (a,, ) is almost monotone increasing sequence
then we write (a, %) € AMIS.

Let

n
_ 1 .
Ang = 1 Z an,j-

j=n—k
If (A, ) € AMDS, then (A, ) is called almost monotone decreasing upper
mean sequence and we write (A, ;) € AMDUMS. If (A, ) € AMIS, then
(Ap k) is called almost monotone increasing upper mean sequence and then we
write (A, ) € AMIUMS.
There exist following embedding relations between these sequence classes

NIS Cc AMDS Cc AMIUMS

and
NDS Cc AMIS Cc AMDUMS,
where NIS is the class of nonnegative and nondecreasing sequences, ND.S is

the class of nonnegative and nonincreasing sequences [36].
We use also the notations

Aap = ag — ak+1,  Dpnk = Anj — Ank+1-

We write m = O (n) if there exists a positive constant K3 such that m < Ksn.
Let now LP (T) be the classical Lebesgue space and let

w(f6) = sup |If (-+h)=fl,, 6>0
0<h<d

is the modulus of continuity for f € L? (T), where |-, := p;l,/p (1) forp(-) :=
p is const.
In this case Lipschitz classes can be defined as

Lip (a,p) == {f € L7 (T) : w (f,0) = O (6), 6 > 0},

where a € (0, 1].

The rate of trigonometric approximation in the Lipschitz classes Lip (o, p),
a € (0,1] and 1 < p < oo, were investigated by a great number of authors.
Initially, degree of approximation by o, (f), when f € Lip («, p) was studied
by Quade. He proved [31] that if f € Lip (e, p) for a € (0,1] and 1 < p < o0,
then | —on (f)ll, = O(n™®). There have been various generalizations of



64 Ahmet Testici and Daniyal Israfilov 5

this result [29, 2, 3, 36, 10, 11, 12, 38, 25, 21, 24, 7|. Especially, Chandra [3]
generalizes the result of Quade and prove that if f € Lip («,p) for a € (0, 1]
and 1 < p < oo, then [|f — Ny, (f)[, = O (n™®), when (py) is a monotonic se-
quence of positive real numbers such that (n + 1) p, = O (P,). Later, Leindler
[28] generalizes the result of Chandra, imposing weaker assumptions on the
sequence (p,,). Let’s give some results that are as close as possible to our work
in the case of 1 < p < oc.

THEOREM 1. [28] Let f € Lip (o, p) for a € (0,1], 1 < p < oo and let (py,)
be a sequence of positive real numbers. If one of the conditions
i) 0<a<1and (p,) € AMDS,
i) 0<a<1, (pn) € AMIS and (n+1)p, = O (P,),

n—1
iii) a=1and Y k|Apy| = O(P,),
k=1

n—1
iv) a=1, 3 [Apg| = O (F) and (n+1)pp = O (Py),
k=0
holds, then
If = Nu ()], =0 (n").

Mittal and his collaborators [30] extend the results of Leindler by using
matrix transforms of functions in Lip (a, p), when the matrix A = (a, ) such
that (an %) € NIS or (an) € NDS. In the weighted case Guven [11] proves
this result using more general matrix transforms, namely for the matrices
A = (an) such that (anx) € AMIS or (a, ) € AMDS. As a result we can
deduce the following theorem from Theorems 1 and 2 proved in [11] for the
matrix transforms defined as:

To (f,A):=> aniSe(f)(z), n=0,12,...
k=0

THEOREM 2 ([11]). Let f € Lip(a,p) for a € (0,1, 1 < p < oo and
A = (anp) be a lower triangular matriz with non-negative entries such that
‘S%A) - 1’ = O (n~%). If one of the conditions
i) 0<a<l, (ayr) € AMDS and (n+1)ano =0 (1),

ii) 0 <a<1, (ank) € AMIS and (n+ 1) an, = O (1) where r is integer part
of n/2,

n—1
iii) a =1 and ¥ [Aapi—1| =0 (n71),

holds, then
If =Tn (f, A, =0 (n"%).

This theorem was generalized to weighted and nonweighted Lebesgue space
with variable exponent in [18, 37, 13|, respectively. At the same time, it can
be observed [36] that theorem similar to Theorem 2 is also true under the
(4) _4

assumption sy,



6 Approximation in generalized grand variable Lebesgue spaces 65

THEOREM 3 ([36]). Let f € Lip(a,p) for a € (0,1], 1 < p < oo and
A = (an) be a lower triangular matriz with non-negative entries and 87({4) =1.
If one of the conditions
i) 0<a<l, (apr) € AMDUMS,
i) 0<a<1l1, (apr) € AMIUMS and (n+1)an, =0O(1),

n—2
iii) a=1and ¥ |ApAnk| =0 (n71),
k=0

holds, then
|f =T () =0 (™).

2. MAIN RESULTS

In this work, we estimate the error of trigonometric approximation by ma-
trix transforms 7" (f)in f € Lip(a,p(+),0), when p(-) € Py (T), a € (0,1]
and 6 > 0. We obtain the generalization of the above mentioned results. The-
orem proved by us is stronger than the previous ones, because we prove it by

imposing weaker assumptions. Main results are following.

THEOREM 4. Let f € Lip(a,p(-),0) for a € (0,1], p(-) € Po(T),6 > 0
and A = (ank) be a lower triangular matriz with non-negative entries and

s%A) = 1. If one of the conditions

i) 0<a<l, (apr) € AMDUMS,
i) 0<a<11, (apg) € AMIUMS and (n+1) ann = O (1),

n—1
iii) 0 <a<1land Y |Aayk| =0 (n"t) where an—1 =0,
k=-1

n—2

iv) a=1and 3 |Apdnil =0 (n71),
k=0

holds, then

|r=TM ()| ., =0m™).

Theorem 4 is more general than the corresponding theorems given in [37].
In the case of p (-) =const and 6 = 0 it was proved in [36].
Let P, = >_}_o Pk, for a sequence (p,) of positive real numbers and let

If ay, ; := pr/ Py, then Theorem 4 implies

COROLLARY 5. Let f € Lip (a,p(+),0) for a € (0,1], p(:) € Py (T),0 >0
and (py) be a sequence of positive real numbers. If one of the conditions
i) 0<a<l, (pr) € AMDUMS,
i) 0<a<l, (pp) € AMIUMS and (n+1)p, = O (P,),

n—1
iii) 0 <a<1and > |Apx| = O (P,/n) where p_1 =0,
k=—1
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n—2
iv) a=1and 3 |ApPok| = O (FPy/n),
k=0
holds, then
1f = No (Dllpyo =0 (n7°) .

If p, := AP~! for some B > 0, where
Arg =1, Ag — (ﬁ+1)(52?)~~-(5+k)’ E>1

then N, (f) coincides with the generalized Cesaro means
n
-1
o () (@) =25 S AT LSk (f)(2) , n=0,1,2,...
" k=0

Hence, Corollary 5 implies

COROLLARY 6. Let f € Lip (a,p(+),0) for a € (0,1], p(-) € Py (T),0 >0
and 3 > 0. Then

|f =t nf,,, =0 0.

Corollary 6 in the case of p(-) =const and § = 0 was proved in [3] (non-
weighted case) and in [10] (weighted case).
3. AUXILIARY RESULTS
Let
En (D0 =08 {1 = Tallyy o : Tn € T }

be the best approximation number of f € Lg(')’e (T) in the class II,, of trigono-
metric polynomials of degree not exceeding n.

LEMMA 7 ([37). If [ € Lg(')’e (T), p(-) € Po(T) and 6 > 0, then the
inequality
ETL (f)p(.),e - O(Q (fa]-/n)p()’e) ) n = 1727"‘)
holds.

LEMMA 8 ([37]). Letp(-) € Po(T),0 >0, a € (0,1]. If f € Lip (e, p(+) , ),
then the inequality

Hf—Sn <f)Hp()79:O(nia)7 n:1,2,3,
holds.

LEMMA 9 ([37]). Let p(-) € Po(T) and 6 > 0. If f € Lip(1,p(-),8), then
the inequality

10 () = o0 (Pllyy9 = O (n71), n=1,2,3...,
holds.
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LEMMA 10. Letp(:) € Py (T) and 0 > 0. If f € Lip (a,p(+),0), a € (0,1),
then the inequality

1f =on(Dllpyo =007, n=123...,

holds.
Proof. Let f € Lip (« p() 0), « € (0,1), p(-) € Po(T) and 6 > 0. The
conjugate function of f € L' (T) is defined as

™

f(2) ;:%/Zta{éé},z dt.

2

—T

Since f € Lg(')’a (T), p(:) € Po(T) and 6 > 0, Theorem 2.1 given in [5]
provides that there exists a constant ¢; (p,0) > 0, depending on p(-) and 6
such that

171,00 < e @0 1100

Using this inequality and the standard technics developed in [39] we obtain
the inequality

(1) o (Dl < c2 (0:0) 1F1],00

for some constant ¢ (p,6) > 0.
Let T° (f) be the best approzimation trigonometric polynomial to f in

3,0 . .
Lg() (T), that is || f — )0 (f)Hp(_)’e = En (f)p()0 forn=0,1,2.... Applying
(1), the Minkowski inequality and Lemma 7 we have

1f=on(llpre < Hf s (f)Hp(-),e + HT’? (f) =on (f)H
= Ea(Dpoyo +|lon (D =1,
= E.(Nype O -1 )

= O(E&, (f)p(-),e) =0 (Q (f, 1/n)p(-),9)
= 0 (n_a) .

()0 =

Thus, lemma is proved. O

LEMMA 11 ([36]). Let0 < o < 1 and A = (an ) be infinite lower triangular
matrix with non-negative entries and 37(;“) = 1. If one of the conditions
i) (ank) € AMDUMS,
ii) (ank) € AMIUMS and (n+1)an, = O (1),
holds then

n

Y (k+1) “anyr=0 ((n + 1)_0‘) .

k=0
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4. PROOF OF MAIN RESULTS

Proof of Theorem 4. Let f € Lip(a,p(-),0), a € (0,1], p(:) € Pp(T),0 >0
and A = (a, ) be a lower triangular matrix with non-negative entries such
that s = 1. We suppose that the conditions either i) or ii) holds. Since

0<a<1and
F@) =T () (@) =3 anmr (f (@) = Sk (f) (@),
k=0

applying the Minkowski inequality, Lemma 8 and Lemma 11, respectively we
have that

IN

|f =10 (5

p(-),0

Y anniIf = Sk (Dllpeyo
k=0

< Y apnk(k+1)*=0(n"").
k=0

Therefore, we proved Theorem 4 in the case of i) and ii).
n—1
Let 0 < a < 1and Y. |Aank| = O (n7'), where a,_1 = 0. By Abel
k=-1

transformation ([1, p. 1]) and definition of o, (f) we have

f@) =T () (@) = > anni (f (@) = Sk(f) (@)
k=0

n—1 k
= Z (an,n—k - an,n—k—l) Z (f (l’) - Sj (f) (l‘))
k=0 Jj=0
+ano Y (f (@) = Sk (f) (x))
k=0
n—1
= Y (annt — np-i1) (k+1) (f (x) — ok (f) (2))
k=0

+ano (n+1) (f (2) —on (f) (2)).
Using Minkowski’s inequality, Lemma 10 we obtain that
n—1
Hf — 74 (f)Hp(-),e < ];) |lann—k — anp—t—1| (K + 1) [f = ok (f) )0
Fano (n+ 1) 1f = on ()0

n—1
= {Z |an k=@ n—k1] (k+ 1) 4an0 (”+1)1_a}
k=0
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< n*+1 {§:|ann k— anm—k—ﬂ‘+anﬂ}

n—1

= (n+1)" > Ayl =0 (7).
k=—1

Hence, the iii) part of Theorem 4 is also proved. Finally, we prove the last
n—2

part of theorem. Let « = 1 and Y |[AgAn x| = O (n7!). Using twice Abel’s
k=0

transformation we have

=0
= :Zé(sk—s-l (f) () = Sk (f) (w))jzz(:)ann—ﬂr(f(iv > Ak
= :Z: (Skt1 (f) (2) = Sk (f) (w))jé:_k anj + (f () = Su (f) () sV
= f(z)— +Zuk+1 ) (k+1) A
= [(z) - +Z nk = nk+1)§(J+1)Uj+1(f)($)

+Ann-1 :Z:é (k+ 1) ugga (f) ()
= f(x)Sn(f)(ng(An,k An k1 ]Z; j+ Duj (f) (2)

n—1
41 Zawz (B + 1) upyr (f) ().
j=1 k=0

Hence, applying the Minkowski inequality we get

n—2 k+1
[F=T2 D] 0 S 1 =Sn (D)l 3 1Anse= Al | 32 5w (f)
7 k=0 j:1 p(')79

p( ),0
k+1

Z]u]

= |If = Sn( (,+Z|AkAnk\

p(')ﬂ
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(2) + 4

> kug (f)
k=1 p(')>0
Since

S (f) (2) —on (f) () =

[M]=

k
[uk (@)= 1> u () <x>]
v=0

x>
Il
<)

Il
M=

(1= =255 i () ()

e
Il
o

n
k=0
using Lemma 9 we have

@ S ka
k=1 p(:).0

Finally, combining (2), (3) and Lemma 8 for o = 1 we obtain that

=M+ D50 (f) = on (f)llpe)e=0Q1Q).

n—2
[ =1 ()], <O+ X 1AA O W) + 0 (1) = 0.
’ k=0
Thereby, all parts of Theorem 4 are proved. O
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