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ASYMPTOTIC FORMULA IN SIMULTANEOUS APPROXIMATION
FOR CERTAIN ISMAIL-MAY-BASKAKOV OPERATORS

VIJAY GUPTA* and MICHAEL TH. RASSIAS'

Abstract. The present study deals with a modification of Ismail-May operators
with weights of Beta basis functions. We estimate weighted Korovkin’s theorem
and difference estimates between two operators and establish an asymptotic for-
mula for the derivative of a function.
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1. THE OPERATOR

In 1978 Ismail and May [13] (see also [12]) studied certain operators of ex-
ponential type and introduced some new exponential operators. The following
sequence of operators constitutes one of the families of linear positive operator
proposed in [13, (3.14)]:

(1) (Rnf)(z) = Z Tnw(T) Fp s
v=0

where E—L’V = f (?VL) and
—(n+v)x/(1+2) n(n+v)” 1 T v
T'n,y(l’) =€ (n y) /(1 )7( V!) (71 ) .

These operators are exponential type operators as

o

o(1+2)[(Raf)(2)] = Y _(v — na)rau(x)f (%)

v=0
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In recent studies, Gupta and Rassias [10] presented a collection of the moments
of several linear positive operators, Agratini [2] estimated approximation prop-
erties of integral-type operators. The operators R, are not suitable in order
to approximate integral functions. Additionally, it is observed in [6] that ob-
taining the usual Durrmeyer variant of the operators (1) is not possible due
to the non-convergence of the integral

/ T (w)du.
0

In the recent work [6], the hybrid link operators were introduced and the
approximation behavior was discussed. We consider here new hybrid operators
with weights by42,-1(t) of slightly modified Baskakov basis functions, which
for x € [0, 00) are defined as

(2) (Vaf)(x) = Z Tnw(T)Gnu(f),
v=0

where
G (f) — (n + 1) fooo bn+271,_1(u)f(u)du 1 <rv<oo
" f(0) cv=0
b (u) = (") i
For simplicity, we use the notation
Vnw(u) = (n+ 1)byi2,—1(u)

throughout the paper.

The operators (2) reproduce linear functions. The investigation of conver-
gence of operators in ordinary and simultaneous approximation has been an
active area of research over recent years. We mention here some of the related
work viz. [3], [7], [8], [9], [11]. In the present paper, we estimate direct result
in weighted norm, difference of these operators with discrete operators and
prove a formula of asymptotic kind for derivatives of the operators V,,.

2. SOME LEMMAS
LEmMA 1. If

Ung(x) =Y rnu() (5 —2)", g€ NU{0},
v=0

then the moments satisfy the relation:
nUngr1(z) = 2(1+)? [(Ung(2)) + qUng-1(2)] .
Also, one can observe that
Uy q() = Oy (n~lat1)/2)

where [s| stands for the integral part of s.
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Furthermore, for e;(t) =t',i=0,1,2,..., we have
n(Rnegi1)(x) = (1 + 2)°[(Rneq) ()] + na(Rneq) ().
LEMMA 2. If we denote p, q(z) = (Vi(e1 — xeg)?)(x) for g € N and z > 0,
then
(n— Qping1(z) = z(1+ 517)2 [[Nn,q(x)], + Qﬂn,qfl(@]
+qping(x) + qr(1 + ) pin g—1().

In particular, we have

1n0(x) = 1, n 1 (x) = 0, iy o(z) = 20H22ED).

In general for all x € [0,00), we have i, 4(x) = Oy (n~a+1/2]),
Proof. Using

x(1+ x)Qr;W(x) = (v —nz)ry(x)
and
u(l+u)vy, ,(u) = [(v—1) — (n+ 2)ufvy, (u),
we have

(1 + @) [t g(x)]) =

[e.e]

= Z z(1+ $)2T;z,u($) /OOO Unp(u)(er — zeg)ldu

v=1

+nefnm/(1+x)(_x)q+1 +q(_$)q(1 _i_x)Qefm:/(ler)

—qz(1 4 z)? Z T () /OOO On o (u)(e1 — zeg)?  du

v=1
= ;(V—nx)rn,y(x)/o Unp(u)(er — zeg)ldu

e 40 (Lt (1 + 221 (2)

= Y (@) / u(1 + u)vl,, (u)(er — zeo)tdu + (n + 2)[tin g1 (x)
v=1 0
(=) O] 4 (14 22) g () — ()05
e (4 ()T (1 4 2)2p 1 ().

Thus, we have

(1 +2)? [[pinq(2)) + aping—1(2)] =
= Y rpu(a) /OO[(el—xeo)2+(1+2x)(el—weo)—i-af(l—i—x)}v;wj(u)(el—xeo)qdu
v=1 0

+(n 4 2)[pngi1 (2) — (—z)?F e/ 0]
(1 + 22) [ g (@) — (—x)Te™2/AFD)] 4 pemna/(F0)(_gya+l,
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Integrating by parts the last integral, we obtain that
(1 +2)? [[tinq(2)) + aping—1(2)]
= =g+ 2)pngr1(x) = (g + D1+ 22)pn g (x) — g1 + 2)pin,g-1(7)
+(n 4 2)pin g +1(x) + (1 + 22) i g ().

This completes the proof of the recurrence relation. The other consequences
follow from the recurrence relation. O

LEMMA 3. If we denote T, 4(z) = (Vneg)(z) for ¢ € N and x > 0, then
(n—q@)Thgr(z) = z(1+ $)2[Tn,q(x)]/ + (¢ + na)Thq(z).
In general, we have

Thglx) = 29+ Q(qgl)xq_l (lzi)ﬁj;w) + O4(n™?).

The proof of the lemma follows along the lines of Lemma 1, we thus omit
the details.

LEMMA 4 ([6]). There exist the polynomials ¢; jq(x) independent of n and
v such that

21+ 2)* ] T lrnp(@)] = Y n'(v = na) ¢iq(2)[rnu(2))-

2i+j5<q
1,720
LEMMA 5. If p™" = 0o (D) (1) Jnw(€r—i)[Jnw(e1)]", then we have
Fno, _ Gn,u_ 2 Gn,l/_436 222
m’ _O7m_172737"‘7 ,u’2 _nlé(Zﬁl{V /’L3 _W
and

Gn,v 3(6+n)v*+6(6+n)nv3+3(8+n)n?v2+6nsy

Ha = n# (n—1)(n—2)(n—3)
Proof. By definition, we have
by = Fou(er) = L.
By simple computation, we get
Fnv = 0,m=1,2,3,...

Moreover

Gnoleq) = (n—|—1)/ bpt2,.,—1(w)uldu
0

= (n+ 1)(n+y) /0 (1$;J)r5;i+1 du = (V+EI;_1%!)§ZTCI)!

v—1
Thus
bGn'V = Gn,zx(el) = %7

and

2
ps™ = 3 (A (1) CGup(ez—i)[Gupler)]’
=0

)
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= Gn’,,(SQ) - [Gn,y(el)]Q

_ v24ny
- nZ(n-1)°

3
1™ =3 () (~1) G (e3-i) (G (en)]’
=0

= Gn,u(e?)) - 3Gn,y<e2)Gn,u(el) + 3[Gn,u(el)]3 - [Gn,y(el)]g
= m [n21/(y—}—2)(1/—|—1)1/—3n(n—2)(1/—|—1)1/2 + 2(’0—1)(71—2)1/3}

_ 4 +6nvi42ny
- n3(n—-1)(n—2)

and
pg = Z (i)(_1)ZGn,V(e4—i)[Gn,u(el)]z
i=0
= Gn,u(e4) - 4Gn,u(63)Gn,ll(el) + 6Gn,u(e2)[Gn,l/(el)]2
- 4Gn,V(€1)[Gn,V<€1)]3 + [Gn,u(el)rl
— et [0 2) o Dy dnd(n-3) (4 D)+ 10
F6n(n —2)(n— 3)(v + 1S — 304 (n — 1)(n — 2)(n — 3)}
= n4(n_1)(i_2)(n_3) [67131/ +3(8 + n)n*v? + 6(6 + n)nv> + 3(6 + n)yﬂ .
The other estimates follow similarly, we thus omit the details. O
3. DIRECT ESTIMATES AND ASYMPTOTIC FORMULA
Let

Bp[0,00) ={f:|f(z)| <cy(1+2™),Vz €[0,00)}, m >3
where c; is an absolute constant dependent on f, but independent of x. Let
Cin]0,00) = C[0, 00) N By, [0, 00).
For each f € Cp,[0,00) we consider modulus of continuity (see [14]) as

Q(f,0) = sup |f(50+7%ﬂ?)—2(7;0)\‘
( ) |Az|<S,zeRT (L+h™)(1+2™)

Additionally, C7 [0,00) denotes the subspace of continuous functions f €
B,,[0,00), for which
Jim |f(@)](1+2™) 7! < oo

We consider the norm by

Jllm = sup Y
[ llm B e
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THEOREM 6. If f € C}, [0,00), then
Jim (Vo f) = fllm = 0.
Proof. By the weighted Korovkin theorem due to Gadjiev [4], we know that
if f € Cy [0,00), satisfying
lim ||(V,ei) —é€illm =0, i=0,1,2,
n—oo
then we have
Tim [[(Vaf) @) = £ @)l = 0.
In order to prove the result, we use Lemma 3. Clearly, the result holds for

1 =0,1. Thus, in order to complete the proof we proceed for

lim ||(Vie2)(x) —ez2lla = lim z? +

n—00 n=oo (1+2™)

$(1+;l(12+m) . xﬂ

= lim 1

n—oo (1+z™) n—1

w(1+x)(2+x):| _o

This completes the proof of the theorem. O

THEOREM 7. For f(5) € Cp[0,00) , 0 < s <4,s € N, z € [0,00) and
n € N, we have

(Vo) — (Raf))(@)] <
24(n—1|)|{:i”2)(n_3) [6:6 +3(8 +n) (ac i (1+;c) )

—|—6(6+n)< _|_ (1+x) +w(1+x)3(1+3w))

n2

IN

n n2 n3

+3(6 4+ n) <$4 4 623(14e)? | aP(4a)d(T+150) x(1+x)4(1+10x+15x2)>:|

| ///H

+ 3D {21, n 6$2(1+x)2 n 2$(1+a:73;(1+3$) Lge? M . x}

[ ]

Proof. Using Lemma 5 and Lemma 1, we have

o0
Fnu Gnu
a(z) = Zrn,u(x)(u4 Ut g™

= 2dni(n- 1)(n 2)(n=3) ZTnu [Gn v+ 3(8 4+ n)n’v?
v=0

+6(6 + n)nr® + 3(6 + n)uq

= 24(71—1)(71—2)(71—3) [6(Rn€1)(x) +3(8 +n)(Rpez)(2)
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+6(6 + n)(Rpe3)(z) + 3(6 + n)(Rpeq)(z)

1+m
- 24(71—1)(71—2)(77,—3) [65U +3(8+n) (x 4 z(ta)? )
+6(6 +n) ( + 3 (1+x) + x(1+362132(1+3x))

+3(64n) (x4+6x3(1+w)2+x2(1+x)32(7+15x)+;t(1+a:)4(1+310$+15ac2)):|.

n n n

Additionally,

o0
n,v Gn,u
B@) = D raula) |us™ — s
v=0

o0

41/ 346nv24+2n2y

- Zrn,y n3(n—1)(n—2)
= W[ (Rnes)(x) + 3(Rnez)(z) + (Rner)(z)]
1

= e Px L 62? (1+ac)2 " 2;3(1—&-322(1-1—3;3) 4322 4 M vl

Furthermore, we have

0o
n, Gn v
y(z) = % Z Tn,l/(x) ’:U’Q — H2

_ v24ny
- Z ™ l’ n2(n 1)

= g l(Bre2)(x) + (Ruer)(2)] = g5 )[x 4 elite)? 4 ]
Finally, we get

Z T (2) (B = bEmr)? = 0.

Following [5, Theorem 3| and [1, Theorem 4], we derive that
(Vi) = Ra) (@) < (1% Nala) + [F"18() + [/ (2)
+2w(f,6(x)).
Substituting the values of the above estimates, we get the desired result. [

THEOREM 8. Let f € C[0,00) with |f(t)] < C(1+t)7 for some~y > 0,t > 0.
If £972) exists at a point © € (0,00), then we have

lim n(V9f)(z) — fD(z)) = q(q—lg(q—2)f(q71)(x) + 3q(q—12)(x+1)f(q)(x)

n—00

2 2
+q[(q +2)x -;3(Q+1)$+2}f(q+1)($)

+x(1+:(:2)(2+x) f(Q+2) (I) )
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Proof. Applying Taylor’s expansion, we have From Taylor’s theorem, we
have

q+2
GO0 = 3B (at0aten = o))

v=0

R=X

(it er -z () )

q+2 ) v ' .

= YY) (i)
v=0 3=0 K=x
+<86,:,1(Vn1/1(u, x)(e; — xeo)q+2)(/£)>

= L1+ 1

where the function ¥ (u,z) — 0 as u — z. Obviously I; is estimated as

(q—l)z q
Lo = f(q—l)(!)<59meq—1(’f)) B

(@ (x
i [«—w)(ﬁfﬁn,q_l(n)) + (5Tl ]

(a+1) (g q q
L | 9502 (T () o D) (FTalo)

H(faTnan() |

R=X

(442) (o
IWAGRIC) [<q+2><!q+1>q(_x)3< L (K)>

R=X

(q+2)! 3

KR=X

+(q+2)2(q+1)x2 (%qu(n))

+(q+2)(—x) (g;:rn,qﬂ(n;):::z + (aa,ququ(’i))K:x] -

Applying Lemma 3, we have

(@) [alg-1)(g-2) 3ng(g—1)(a-+1) i
no= TP (SRR + 1O@) |1+ gty + o)

n 2 12 T —
0D () [P RGO )]

Fla+2) () { 23 32 na }

@ 2D T30 T oD
Thus
Jim (VO f)(r) = D (a) = B2 () 4 Sl 0 )

2 x2 x
+d(@®+2) ;3(q+1) +2]f(q+1)(x)
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z(1+)(2+2) £(g+2) i
+ 3 f (x) + Jim nly.
Next, in view of Lemma 4, we have
[Io] <
- i G 19i,4,q(K)] > _rlit2g
Z Z |V n’i‘ Kd 1.:,_,{)2117"711/(’{’) 0 vn,V(uNQzZ)(u’x)Hu ‘T| Uu

v=1 2i+j<q
4,520

+100,2) (=) Forno())
= FE1 + Fbs. -

Because of the fact ¥(u,z) — 0 as u — x, for a given € > 0 there will exist
a 0 > 0 such that |¢(u,z)| < € whenever |u — z| < 4.
Furthermore, if m > {7, ¢+ 2}, and m a positive integer

|(u — )2 (u, )] < Mlu —a|™

for |u — x| > §. Thus

o0
BI<Y. 5wl —neb Bt (c [ vnsu)lu—af™du
v=1 2i+j<q lu—z|<é
i,7>0
+M U (u)|u — :L‘]mdu>
lu—2|>8
= J + Jo.

Let us consider
_ |i.5.9(2)]
K= 21‘8-qu xq(lj'ix)Qq ’
i,j>0
Using Schwarz’s inequality, Lemma 1, Lemma 2 and Lemma 3, we deduce
that

Ji = € Ki Z n"|y—n$|jrn,y(az)</ooovn,,,(u)du>

v=1 2i+j<q
4,520

(/OOO Un(u)(er — xeo)2q+4du>

e K Z ntti ( Z T ( - :U) 2j - :Uern,O(x)) "

2i+j<gq
1,520

1/2
(Vn((el - $eo)2q+4, x) — 332‘”47"”70(30))

1/2

1/2

IA
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o 1/2 1/2
- E o) o 2)) o) o))
2i+j<q

4,520

for any s, p > 0, choosing s and p such that s > j and p > ¢ + 2, we obtain

J1 < € Z ’I’LZ—HOQ;(n}/Q)Oz(nq/lM) :E-Ox(n_l).

2i+j<q
1,520

Since € > 0 is arbitrary, nJ; — 0 as n — oo.
Applying again Schwarz’s inequality, Lemma 1 and Lemma 3, we obtain

00 25 1/2
Jp < My Y n”j(z (Z — x) o (x) — a:Qan,o(a:)>
2i+5<q v=0
2,720
) 1/2
( Z Tnw(2) / Unp(u)(er — xeo)deu>
=1 |lu—z|>8
o 1/2 1/2
< a3 wfou() o)) {ou() vould) )
Pt

for any s,l > 0. We now choose s,! such that s > j,1 > m. Then, we derive
that

ity 1 1 — 1
Jy < M Y m Ox(nj/z>0x<nm/2)—0x<n<mq>/2>>
2i+j<q
1,520

which implies that nJy — 0, as n — oo, on choosing m > ¢q + 2.
From the above estimates of J; and Jo, nE; — 0, as n — oo. Finally, we
have

Bl = (0. 0) (-] frno())

Since |¢(0,z)(—xz)9 < N; for some N; > 0, also

(gglqrn,o(’{)) = |:88’:q <e—nn/(1+f€)>

which yields that nFo — 0 as n — oo. By collecting the estimates of £; and
FE», we obtain nls — 0 as n — oo. Therefore, combining I and I, the required
result follows. O

COROLLARY 9. If f € C[0,00) and |f(t)] < C(1+1t)Y for some~y > 0,t >0
with the existence of " in x € (0,00), then we have

lim n(Vaf)(@) = fla)) = SR,
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