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ASYMPTOTIC FORMULA IN SIMULTANEOUS APPROXIMATION
FOR CERTAIN ISMAIL-MAY-BASKAKOV OPERATORS
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Abstract. The present study deals with a modification of Ismail-May operators
with weights of Beta basis functions. We estimate weighted Korovkin’s theorem
and difference estimates between two operators and establish an asymptotic for-
mula for the derivative of a function.
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1. THE OPERATOR

In 1978 Ismail and May [13] (see also [12]) studied certain operators of ex-
ponential type and introduced some new exponential operators. The following
sequence of operators constitutes one of the families of linear positive operator
proposed in [13, (3.14)]:

(1) (Rnf)(x) =
∞∑
ν=0

rn,ν(x)Fn,ν ,

where Fn,ν = f
(
ν
n

)
and

rn,ν(x) = e−(n+ν)x/(1+x) n(n+ν)ν−1

ν!

(
x

1+x

)ν
.

These operators are exponential type operators as

x(1 + x)2[(Rnf)(x)]′ =
∞∑
ν=0

(ν − nx)rn,ν(x)f
(
ν
n

)
.
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In recent studies, Gupta and Rassias [10] presented a collection of the moments
of several linear positive operators, Agratini [2] estimated approximation prop-
erties of integral-type operators. The operators Rn are not suitable in order
to approximate integral functions. Additionally, it is observed in [6] that ob-
taining the usual Durrmeyer variant of the operators (1) is not possible due
to the non-convergence of the integral∫ ∞

0
rn,ν(u)du.

In the recent work [6], the hybrid link operators were introduced and the
approximation behavior was discussed. We consider here new hybrid operators
with weights bn+2,ν−1(t) of slightly modified Baskakov basis functions, which
for x ∈ [0,∞) are defined as

(Vnf)(x) =
∞∑
ν=0

rn,ν(x)Gn,ν(f),(2)

where

Gn,ν(f) =
{

(n+ 1)
∫∞

0 bn+2,ν−1(u)f(u)du : 1 ≤ ν <∞
f(0) : ν = 0

bn,ν(u) =
(n+ν−1

ν

)
uν

(1+u)n+ν .

For simplicity, we use the notation
vn,ν(u) = (n+ 1)bn+2,ν−1(u)

throughout the paper.
The operators (2) reproduce linear functions. The investigation of conver-

gence of operators in ordinary and simultaneous approximation has been an
active area of research over recent years. We mention here some of the related
work viz. [3], [7], [8], [9], [11]. In the present paper, we estimate direct result
in weighted norm, difference of these operators with discrete operators and
prove a formula of asymptotic kind for derivatives of the operators Vn.

2. SOME LEMMAS

Lemma 1. If

Un,q(x) =
∞∑
ν=0

rn,ν(x)
(
ν
n − x

)q
, q ∈ N ∪ {0},

then the moments satisfy the relation:
nUn,q+1(x) = x(1 + x)2 [(Un,q(x))′ + qUn,q−1(x)

]
.

Also, one can observe that

Un,q(x) = Ox(n−[(q+1)/2]),
where [s] stands for the integral part of s.
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Furthermore, for ei(t) = ti, i = 0, 1, 2, . . ., we have
n(Rneq+1)(x) = x(1 + x)2[(Rneq)(x)]′ + nx(Rneq)(x).

Lemma 2. If we denote µn,q(x) = (Vn(e1 − xe0)q)(x) for q ∈ N and x ≥ 0,
then

(n− q)µn,q+1(x) = x(1 + x)2 [[µn,q(x)]′ + qµn,q−1(x)
]

+qµn,q(x) + qx(1 + x)µn,q−1(x).
In particular, we have

µn,0(x) = 1, µn,1(x) = 0, µn,2(x) = x(1+x)(2+x)
n−1 .

In general for all x ∈ [0,∞), we have µn,q(x) = Ox(n−[(q+1)/2]).

Proof. Using
x(1 + x)2r′n,ν(x) = (ν − nx)rn,ν(x)

and
u(1 + u)v′n,ν(u) = [(ν − 1)− (n+ 2)u]vn,ν(u),

we have
x(1 + x)2[µn,q(x)]′ =

=
∞∑
ν=1

x(1 + x)2r′n,ν(x)
∫ ∞

0
vn,ν(u)(e1 − xe0)qdu

+ne−nx/(1+x)(−x)q+1 + q(−x)q(1 + x)2e−nx/(1+x)

−qx(1 + x)2
∞∑
ν=1

rn,ν(x)
∫ ∞

0
vn,ν(u)(e1 − xe0)q−1du

=
∞∑
ν=1

(ν − nx)rn,ν(x)
∫ ∞

0
vn,ν(u)(e1 − xe0)qdu

+ne−nx/(1+x)(−x)q+1 − qx(1 + x)2µn,q−1(x)

=
∞∑
ν=1

rn,ν(x)
∫ ∞

0
u(1 + u)v′n,ν(u)(e1 − xe0)qdu+ (n+ 2)[µn,q+1(x)

−(−x)q+1e−nx/(1+x)] + (1 + 2x)[µn,q(x)− (−x)qe−nx/(1+x)]
+ne−nx/(1+x)(−x)q+1 − qx(1 + x)2µn,q−1(x).

Thus, we have
x(1 + x)2 [[µn,q(x)]′ + qµn,q−1(x)

]
=

=
∞∑
ν=1

rn,ν(x)
∫ ∞

0
[(e1−xe0)2+(1+2x)(e1−xe0)+x(1+x)]v′n,ν(u)(e1−xe0)qdu

+(n+ 2)[µn,q+1(x)− (−x)q+1e−nx/(1+x)]
+(1 + 2x)[µn,q(x)− (−x)qe−nx/(1+x)] + ne−nx/(1+x)(−x)q+1.
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Integrating by parts the last integral, we obtain that
x(1 + x)2 [[µn,q(x)]′ + qµn,q−1(x)

]
= −(q + 2)µn,q+1(x)− (q + 1)(1 + 2x)µn,q(x)− qx(1 + x)µn,q−1(x)

+(n+ 2)µn,q+1(x) + (1 + 2x)µn,q(x).
This completes the proof of the recurrence relation. The other consequences
follow from the recurrence relation. �

Lemma 3. If we denote Tn,q(x) = (Vneq)(x) for q ∈ N and x ≥ 0, then
(n− q)Tn,q+1(x) = x(1 + x)2[Tn,q(x)]′ + (q + nx)Tn,q(x).

In general, we have

Tn,q(x) = xq + q(q−1)
2 xq−1 (1+x)(2+x)

n−q+1 +Ox(n−2).

The proof of the lemma follows along the lines of Lemma 1, we thus omit
the details.

Lemma 4 ([6]). There exist the polynomials φi,j,q(x) independent of n and
ν such that

[xq(1 + x)2q] ∂q∂xq [rn,ν(x)] =
∑

2i+j≤q
i,j≥0

ni(ν − nx)jφi,j,q(x)[rn,ν(x)].

Lemma 5. If µJn,νr =
∑r
i=0

(r
i

)
(−1)iJn,ν(er−i)[Jn,ν(e1)]i, then we have

µFn,νm = 0,m = 1, 2, 3, . . . , µ
Gn,ν
2 = ν2+nν

n2(n−1) , µ
Gn,ν
3 = 4ν3+6nν2+2n2ν

n3(n−1)(n−2)

and
µ
Gn,ν
4 = 3(6+n)ν4+6(6+n)nν3+3(8+n)n2ν2+6n3ν

n4(n−1)(n−2)(n−3) .

Proof. By definition, we have
bFn,ν = Fn,ν(e1) = ν

n .

By simple computation, we get
µFn,νm = 0,m = 1, 2, 3, . . .

Moreover

Gn,ν(eq) = (n+ 1)
∫ ∞

0
bn+2,ν−1(u)uqdu

= (n+ 1)
(n+ν
ν−1

) ∫ ∞
0

uν+q−1

(1+u)n+ν+1du = (ν+q−1)!(n−q)!
(ν−1)!n!

Thus
bGn,ν = Gn,ν(e1) = ν

n ,

and

µ
Gn,ν
2 =

2∑
i=0

(2
i

)
(−1)iGn,ν(e2−i)[Gn,ν(e1)]i
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= Gn,ν(e2)− [Gn,ν(e1)]2

= ν2+nν
n2(n−1) .

µ
Gn,ν
3 =

3∑
i=0

(3
i

)
(−1)iGn,ν(e3−i)[Gn,ν(e1)]i

= Gn,ν(e3)− 3Gn,ν(e2)Gn,ν(e1) + 3[Gn,ν(e1)]3 − [Gn,ν(e1)]3

= 1
n3(n−1)(n−2)

[
n2ν(ν+2)(ν+1)ν−3n(n−2)(ν+1)ν2 + 2(n−1)(n−2)ν3

]
= 4ν3+6nν2+2n2ν

n3(n−1)(n−2)

and

µ
Gn,ν
4 =

4∑
i=0

(4
i

)
(−1)iGn,ν(e4−i)[Gn,ν(e1)]i

= Gn,ν(e4)− 4Gn,ν(e3)Gn,ν(e1) + 6Gn,ν(e2)[Gn,ν(e1)]2

− 4Gn,ν(e1)[Gn,ν(e1)]3 + [Gn,ν(e1)]4

= 1
n4(n−1)(n−2)(n−3)

[
n3(ν+3)(ν+2)(ν+1)ν−4n2(n−3)(ν+2)(ν+1)ν2

+ 6n(n− 2)(n− 3)(ν + 1)ν3 − 3ν4(n− 1)(n− 2)(n− 3)
]

= 1
n4(n−1)(n−2)(n−3)

[
6n3ν + 3(8 + n)n2ν2 + 6(6 + n)nν3 + 3(6 + n)ν4

]
.

The other estimates follow similarly, we thus omit the details. �

3. DIRECT ESTIMATES AND ASYMPTOTIC FORMULA

Let
Bm[0,∞) = {f : |f(x)| ≤ cf (1 + xm), ∀x ∈ [0,∞)}, m > 3

where cf is an absolute constant dependent on f, but independent of x. Let
Cm[0,∞) = C[0,∞) ∩Bm[0,∞).

For each f ∈ Cm[0,∞) we consider modulus of continuity (see [14]) as

Ω(f, δ) = sup
|4x|<δ,x∈R+

|f(x+4x)−f(x)|
(1+hm)(1+xm) .

Additionally, C∗m[0,∞) denotes the subspace of continuous functions f ∈
Bm[0,∞), for which

lim
x→∞

|f(x)|(1 + xm)−1 <∞.
We consider the norm by

‖f‖m = sup
0≤x<∞

|f(x)|
(1+xm) .
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Theorem 6. If f ∈ C∗m [0,∞), then

lim
n→∞

‖(Vnf)− f‖m = 0.

Proof. By the weighted Korovkin theorem due to Gadjiev [4], we know that
if f ∈ C∗m [0,∞), satisfying

lim
n→∞

‖(Vnei)− ei‖m = 0, i = 0, 1, 2,

then we have
lim
n→∞

‖(Vnf)(x)− f(x)‖m = 0.

In order to prove the result, we use Lemma 3. Clearly, the result holds for
i = 0, 1. Thus, in order to complete the proof we proceed for

lim
n→∞

‖(Vne2)(x)− e2‖2 = lim
n→∞

1
(1+xm)

[
x2 + x(1+x)(2+x)

n−1 − x2
]

= lim
n→∞

1
(1+xm)

[
x(1+x)(2+x)

n−1

]
= 0.

This completes the proof of the theorem. �

Theorem 7. For f (s) ∈ CB[0,∞) , 0 ≤ s ≤ 4, s ∈ N, x ∈ [0,∞) and
n ∈ N, we have

|((Vnf)− (Rnf))(x)| ≤

≤ ‖f iv‖
24(n−1)(n−2)(n−3)

[
6x+ 3(8 + n)

(
x2 + x(1+x)2

n

)
+6(6 + n)

(
x3 + 3x2(1+x)2

n + x(1+x)3(1+3x)
n2

)
+3(6 + n)

(
x4 + 6x3(1+x)2

n + x2(1+x)3(7+15x)
n2 + x(1+x)4(1+10x+15x2)

n3

)]
+ ‖f ′′′‖

3(n−1)(n−2)

[
2x3 + 6x2(1+x)2

n + 2x(1+x)3(1+3x)
n2 + 3x2 + 3x(1+x)2

n + x
]

+ ‖f ′′‖
2(n−1)

[
x2 + x(1+x)2

n + x
]
.

Proof. Using Lemma 5 and Lemma 1, we have

α(x) =
∞∑
ν=0

rn,ν(x)(µFn,ν4 + µ
Gn,ν
4 )

= 1
24n4(n−1)(n−2)(n−3)

∞∑
ν=0

rn,ν(x)
[
6n3ν + 3(8 + n)n2ν2

+6(6 + n)nν3 + 3(6 + n)ν4
]

= 1
24(n−1)(n−2)(n−3)

[
6(Rne1)(x) + 3(8 + n)(Rne2)(x)
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+6(6 + n)(Rne3)(x) + 3(6 + n)(Rne4)(x)
]

= 1
24(n−1)(n−2)(n−3)

[
6x+ 3(8 + n)

(
x2 + x(1+x)2

n

)
+6(6 + n)

(
x3 + 3x2(1+x)2

n + x(1+x)3(1+3x)
n2

)
+3(6+n)

(
x4+ 6x3(1+x)2

n + x2(1+x)3(7+15x)
n2 + x(1+x)4(1+10x+15x2)

n3

)]
.

Additionally,

β(x) = 1
3!

∞∑
ν=0

rn,ν(x)
∣∣∣µFn,ν3 − µGn,ν3

∣∣∣
= 1

3!

∞∑
ν=0

rn,ν(x)4ν3+6nν2+2n2ν
n3(n−1)(n−2)

= 1
3(n−1)(n−2) [2(Rne3)(x) + 3(Rne2)(x) + (Rne1)(x)]

= 1
3(n−1)(n−2)

[
2x3 + 6x2(1+x)2

n + 2x(1+x)3(1+3x)
n2 + 3x2 + 3x(1+x)2

n + x
]
.

Furthermore, we have

γ(x) = 1
2!

∞∑
ν=0

rn,ν(x)
∣∣∣µFn,ν2 − µGn,ν2

∣∣∣
= 1

2!

∞∑
ν=0

rn,ν(x) ν2+nν
n2(n−1)

= 1
2(n−1) [(Rne2)(x) + (Rne1)(x)] = 1

2(n−1)

[
x2 + x(1+x)2

n + x
]
.

Finally, we get

δ2(x) =
∞∑
ν=0

rn,ν(x)(bFn,ν − bGn,ν )2 = 0.

Following [5, Theorem 3] and [1, Theorem 4], we derive that

|((Vnf)− (Rnf))(x)| ≤ ‖f iv‖α(x) + ‖f ′′′‖β(x) + ‖f ′′‖γ(x)
+2ω(f, δ(x)).

Substituting the values of the above estimates, we get the desired result. �

Theorem 8. Let f ∈ C[0,∞) with |f(t)| ≤ C(1+ t)γ for some γ > 0, t ≥ 0.
If f (q+2) exists at a point x ∈ (0,∞), then we have

lim
n→∞

n(V (q)
n f)(x)− f (q)(x)) = q(q−1)(q−2)

2 f (q−1)(x) + 3q(q−1)(x+1)
2 f (q)(x)

+ q[(q2+2)x2+3(q+1)x+2]
2 f (q+1)(x)

+x(1+x)(2+x)
2 f (q+2)(x).
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Proof. Applying Taylor’s expansion, we have From Taylor’s theorem, we
have

(V (q)
n f)(x) =

q+2∑
v=0

f (v)(x)
v!

(
∂q

∂κq (Vn(e1 − xe0)v)(κ)
)
κ=x

+
(
∂q

∂κq (Vnψ(t, x)(e1 − xe0)q+2)(κ)
)
κ=x

=
q+2∑
v=0

f (v)(x)
v!

v∑
j=0

(v
j

)
(−x)v−j

(
∂q

∂κqTn,j(κ)
)
κ=x

+
(
∂q

∂κq (Vnψ(u, x)(e1 − xe0)q+2)(κ)
)
κ=x

:= I1 + I2

where the function ψ(u, x)→ 0 as u→ x. Obviously I1 is estimated as

I1 = f (q−1)(x)
(q−1)!

(
∂q

∂κqTn,q−1(κ)
)
κ=x

+f (q)(x)
q!

[
q(−x)

(
∂q

∂κqTn,q−1(κ)
)
κ=x

+
(
∂q

∂κqTn,q(κ)
)
κ=x

]

+f (q+1)(x)
(q+1)!

[
(q+1)q

2 x2
(
∂q

∂κqTn,q−1(κ)
)
κ=x

+(q + 1)(−x)
(
∂q

∂κqTn,q(κ)
)
κ=x

+
(
∂q

∂κqTn,q+1(κ)
)
κ=x

]
+f (q+2)(x)

(q+2)!

[
(q+2)(q+1)q

3! (−x)3
(
∂q

∂κqTn,q−1(κ)
)
κ=x

+ (q+2)(q+1)
2 x2

(
∂q

∂κqTn,q(κ)
)
κ=x

+(q + 2)(−x)
(
∂q

∂κqTn,q+1(κ)
)
κ=x

+
(
∂q

∂κqTn,q+2(κ)
)
κ=x

]
.

Applying Lemma 3, we have

I1 = f (q−1)(x)
(q−1)!

[
q!(q−1)(q−2)

2(n−q+2)

]
+ f (q)(x)

[
1 + 3nq(q−1)(x+1)

2(n−q+2)(n−q+1) +O(n−2)
]

+f (q+1)(x)
[
nq[(q2+2)x2+3(q+1)x+2]

2(n−q)(n−q+2) +O(n−2)
]

+f (q+2)(x)
(q+2)!

[
x3

2(n−q+1) + 3x2

2(n−q−1) + nx
(n−q)(n−q−1)

]
.

Thus
lim
n→∞

n((V (q)
n f)(x)− f (q)(x)) = q(q−1)(q−2)

2 f (q−1)(x) + 3q(q−1)(x+1)
2 f (q)(x)

+ q[(q2+2)x2+3(q+1)x+2]
2 f (q+1)(x)
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+x(1+x)(2+x)
2 f (q+2)(x) + lim

n→∞
nI2.

Next, in view of Lemma 4, we have

|I2| ≤

≤

 ∞∑
ν=1

∑
2i+j≤q
i,j≥0

ni|ν−nκ|j |φi,j,q(κ)|
κq(1+κ)2q rn,ν(κ)

∫ ∞
0

vn,ν(u)|ψ(u, x)|.|u−x|q+2du


κ=x

+ |ψ(0, x)(−x)q+2|
(
∂q

∂κq rn,0(κ)
)
κ=x

:= E1 + E2.

Because of the fact ψ(u, x)→ 0 as u→ x, for a given ε > 0 there will exist
a δ > 0 such that |ψ(u, x)| < ε whenever |u− x| < δ.

Furthermore, if m ≥ {γ, q + 2}, and m a positive integer

|(u− x)q+2ψ(u, x)| ≤M |u− x|m

for |u− x| ≥ δ. Thus

|E1| ≤
∞∑
ν=1

∑
2i+j≤q
i,j≥0

ni|ν − nx|j |φi,j,q(x)|
xq(1+x)2q rn,ν(x)

(
ε

∫
|u−x|<δ

vn,ν(u)|u− x|q+2du

+M

∫
|u−x|≥δ

vn,ν(u)|u− x|mdu
)

:= J1 + J2.

Let us consider
K = sup

2i+j≤q
i,j≥0

|φi,j,q(x)|
xq(1+x)2q .

Using Schwarz’s inequality, Lemma 1, Lemma 2 and Lemma 3, we deduce
that

J1 = ε K
∞∑
ν=1

∑
2i+j≤q
i,j≥0

ni|ν − nx|jrn,ν(x)
(∫ ∞

0
vn,ν(u)du

)1/2

(∫ ∞
0

vn,ν(u)(e1 − xe0)2q+4du

)1/2

≤ ε K
∑

2i+j≤q
i,j≥0

ni+j
( ∞∑
ν=0

rn,ν(x)
(
ν
n − x

)2j
− x2jrn,0(x)

)1/2

(
Vn((e1 − xe0)2q+4, x)− x2q+4rn,0(x)

)1/2
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= ε
∑

2i+j≤q
i,j≥0

ni+j
{
Ox

(
1
nj

)
+Ox

(
1
ns

)}1/2{
Ox

(
1

nq+2

)
+Ox

(
1
np

)}1/2
,

for any s, p > 0, choosing s and p such that s > j and p > q + 2, we obtain

J1 ≤ ε
∑

2i+j≤q
i,j≥0

ni+jOx

(
1

nj/2

)
Ox

(
1

nq/2+1

)
= ε.Ox(n−1).

Since ε > 0 is arbitrary, nJ1 → 0 as n→∞.
Applying again Schwarz’s inequality, Lemma 1 and Lemma 3, we obtain

J2 ≤ M1
∑

2i+j≤q
i,j≥0

ni+j
( ∞∑
ν=0

(
ν
n − x

)2j
rn,ν(x)− x2jrn,0(x)

)1/2

( ∞∑
ν=1

rn,ν(x)
∫
|u−x|≥δ

vn,ν(u)(e1 − xe0)2mdu

)1/2

≤ M1
∑

2i+j≤q
i,j≥0

ni+j
{
Ox

(
1
nj

)
+Ox

(
1
ns

)}1/2{
Ox

(
1
nm

)
+Ox

(
1
nl

)}1/2
,

for any s, l > 0. We now choose s, l such that s > j, l > m. Then, we derive
that

J2 ≤ M1
∑

2i+j≤q
i,j≥0

ni+jOx

(
1

nj/2

)
Ox

(
1

nm/2

)
= Ox

(
1

n(m−q)/2

)
,

which implies that nJ2 → 0, as n→∞, on choosing m > q + 2.
From the above estimates of J1 and J2, nE1 → 0, as n → ∞. Finally, we

have

|E2| = |ψ(0, x)(−x)q|
(
∂q

∂κq rn,0(κ)
)
κ=x

.

Since |ψ(0, x)(−x)q| < N1 for some N1 > 0, also(
∂q

∂κq rn,0(κ)
)
κ=x

=
[
∂q

∂κq

(
e−nκ/(1+κ)

)]
κ=x

which yields that nE2 → 0 as n → ∞. By collecting the estimates of E1 and
E2, we obtain nI2 → 0 as n→∞. Therefore, combining I1 and I2, the required
result follows. �

Corollary 9. If f ∈ C[0,∞) and |f(t)| ≤ C(1 + t)γ for some γ > 0, t ≥ 0
with the existence of f ′′ in x ∈ (0,∞), then we have

lim
n→∞

n((Vnf)(x)− f(x)) = x(x2+3x+2)
2 f ′′(x).
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