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SOME INEQUALITIES FOR A STANCU TYPE OPERATOR
VIA (1,1) BOX CONVEX FUNCTIONS

IOAN GAVREA∗ and DANIEL IANOS, I∗

Abstract. In this paper we introduce a Stancu type operator and we prove
inequalities of Raşa’s type.
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1. INTRODUCTION

D.D. Stancu, in [12] using a probabilistic method, constructs a linear posi-
tive polynomial operators Lα,βn,r of Bernstein type, depending on a non-negative
integer parameter r and on two parameters α and β, such that 0 ≤ α ≤ β.
More precisely the operators are defined by

(1)
(
Lα,βn,r f

)
(x) =

n∑
k=0

wn,k,r(x)f
(
k+α
n+β

)
for f ∈ C[0, 1], where

wn,k,r(x) =

(2)

=


(n−r
k

)
xk(1− x)n−r−k+1, if 0 ≤ k < r,(n−r

k

)
xk(1− x)n−r−k+1 +

(n−r
k−r
)
xk−r+1(1− x)n−k, if r ≤ k ≤ n− r,(n−r

k−r
)
xk−r+1(1− x)n−k, if n− r < k ≤ n.

Let bn,k(x) be the fundamental Bernstein polynomials, k, n ∈ N defined by

bn,k(x) =
{ (n

k

)
xk(1− x)n−k, if 0 ≤ k ≤ n

0, otherwise
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The operators Lα,βn,r can be written in the following forms(
Lα,βn,r f

)
(x) =

n−r∑
k=0

bn−r,k(x)
[
(1− x)f

(
k+α
n+β

)
+ xf

(
k+r+α
n+β

)]
(3)

(
Lα,βn,r f

)
(x) =(1− x)

n−r∑
k=0

bn−r,k(x)f
(
k+α
n+β

)
+ x

n∑
k=r

bn−r,k−r(x)f
(
k+α
n+β

)
.(4)

Remark 1. For r = 0, Lα,βn,0 = Lα,βn the operator was introduced by D.D.
Stancu in [11]. For r = 0, α = β = 0, L0,0

n coincides with the Bernstein
operator Bn. �

Inspired by (4) we construct the following operator.
Let ϕ be an increasing differential function, ϕ : [0, 1]→ [0, 1], r, n ∈ N such

that n > 2r, 0 ≤ α ≤ β ≤ 1.
Then for f ∈ C[0, 1] we defined Lα,βn,r,ϕ by:

(5)(
Lα,βn,r,ϕf

)
(x) = (1−ϕ(x))

n−r∑
k=0

bn−r,k(x)f
(
k+α
n+β

)
+ϕ(x)

n∑
k=r

bn−r,k−r(x)f
(
k+α
n+β

)
,

x ∈ [0, 1].
The operator defined by (5) can be also written as:

(6)
(
Lα,βn,r,ϕf

)
(x) =

n∑
k=0

wn,r,k,ϕ(x)f
(
k+α
n+β

)
,

where
(7)

wn,r,k,ϕ(x) =


(1− ϕ(x)) bn−r,k(x), if 0 ≤ k < r
(1− ϕ(x)) bn−r,k(x) + ϕ(x)bn−r,k−r(x), if r ≤ k ≤ n− r
ϕ(x)bn−r,k−r(x), if n− r < k ≤ n.

The sequence
(
Lα,βn,r,ϕf

)
n∈N is a linear positive sequence and for ϕ = x it

becomes Stancu’s sequence
(
Lα,βn f

)
n∈N.

In [10], Ioan Raşa recalled his 25-year-old problem relative to preservation
of convexity by the Bernstein-Schnabl operators.

Prove or disprove that

(8)
n∑

i,j=0
(bn,i(x)bn,j(x) + bn,i(y)bn,j(y)− 2bn,i(x)bn,j(y)) f

(
i+j
2n

)
≥ 0

for each convex function f ∈ C[0, 1] and for all x, y ∈ [0, 1].
In [8], J. Mrowiec, T. Rajba and S. Wa̧sowicz prove that (8) holds. In the

proof of (8) they use the probability theory. As a tool they applied stochastic
convex ordering.

In [1], U. Abel gave an elementary proof of (8). An extension of (8) was
considered in [5], where bn,k(x) were replaced by more general functions and
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the functional evaluations were replaced by A i+j
2n

(f), where {At}t≥0 is a set
of linear positive functionals defined on a linear space of functions satisfying
certain assumptions (see [5] for more details).

In [6], Raşa’s conjecture (8) was studied for the case of Baskakov-Mastroianni
operators.

Given f ∈ C[0, 1], denote

∆1
hf(x) := ∆hf(x) :=

{
f(x+ h)− f(x), x, x+ h ∈ [0, 1]
0, otherwise

and for q ≥ 1
∆q+1
h f(x) := ∆q

h (∆hf(x)) .
A function f defined on [0, 1] is called q-monotone if ∆q

hf(x) ≥ 0, for all
h ≥ 0 (see [2]).

Abel and Leviatan in [2] proved the following result.

Theorem A. Let q, n ∈ N. If f ∈ C[0, 1] is a q-monotone function, then
for all x, y ∈ [0, 1]
sgn(x− y)q×

n∑
∂1,...,∂q=0

q∑
j=0

(−1)q−j
(q
j

)( j∏
i=1

bn,∂i
(x)
)( q∏

i=j+1
bn,∂i

(y)
)∫ 1

0
f
(
∂1+...+∂q+αt

qn+α

)
dt ≥ 0.

In [7], it was proved that Theorem A follows from the fact that the tensorial
product of Bernstein polynomials, i.e.

(Bn,mf) (x, y) =
n∑
i=0

m∑
j=0

bn,i(x)bm,j(y)f
(
i
n ,

j
m

)
preserves (q, s)-convexity (see [4]).

The aim of this article is to prove an inequality of type (8) for operators
Lα,βn,r,ϕ.

2. MAIN RESULTS

If f(x, y) is a function defined on the rectangle I × J, I = [a, b], J =
[c, d], x1, . . . , xm are distinct points from I and y1, . . . , yn are distinct points
from J , then the double divided difference is defined by[

x1, . . . , xm
y1, . . . , yn

; f
]

=
[
x1, . . . , xm; [y1, . . . , yn; f(x, ·)]

]
=
[
y1, . . . , yn; [x1, . . . , xm; f(·, y)]

]
.

Here, for the distinct points zk, k = 1, n and a function g defined on a set
that contains these points, [z1, . . . , zn; g] denote the classical divided difference
given by

[z1; g] =g(z1)
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[z1, z2; g] =g(z1)− g(z2)
z1 − z2

[z1, z2, . . . , zn−1, zn; g] =[z1, . . . , zn−1; g]− [z2, . . . , zn; g]
z1 − zn

.

T. Popoviciu introduced the notion of (m,n) convexity in [9, p. 78]. In
[4], S. Gal and P. Niculescu used box convexity of order (m,n) for (m,n)
convexity. We will use the terminology introduced in [4] and say that the
function f : I × J → R is box convex of order (m,n) if all divided differences[

x1, . . . , xm+1
y1, . . . , yn+1

; f
]

are non-negative for any choice of distinct points x1, . . . , xm+1 and y1, . . . , yn+1.
For the remaining of this paper, we will consider I = J = [0, 1].
In particular, let us observe that when m = n = 1 for f : I × I → R, box

convexity of order (1, 1) is equivalent to[
x1, x2
y1, y2

; f
]

= 1
(x1−x2)(y1−y2)

[
f(x1, y1)− f(x1, y2)− f(x2, y1) + f(x2, y2)

]
≥ 0.

Lemma 2 ([9]). If f ∈ Cq+s(I × I) and ∂q+sf
∂xq∂ys ≥ 0 on I × I, then f is (q, s)

box convex.

In this paper we will use Lemma 2 for the case q = s = 1.

Definition 3. Let U, V be two operators U, V : C[0, 1]→ C[0, 1] defined by

(Uf)(x) =
n∑
i=0

ai(x)f(xi)

(V f)(y) =
m∑
j=0

bj(y)f(yj).

for all x, y ∈ I, xi, yj ∈ I, i = 0, 1, . . . , n, j = 0, 1, . . . ,m.
The operator denoted by UV,UV : C(I × I)→ C(I × I) defined by

(9) UV f(x, y) =
n∑
i=0

m∑
j=0

f(xi, yj)ai(x)bj(y)

is called the tensor product of the operators U and V .

The following results will be proved in this paper.

Theorem 4. Let ϕ,ψ : [0, 1] → [0, 1] be two increasing differentiable func-
tions and let L = Lα,βn,r1,ϕL

γ,δ
m,r2,ψ

the tensor product of operators Lα,βn,r1,ϕ, L
γ,δ
m,r2,ψ

defined as in (6) i.e.

(10) (Lf)(x, y) =
n∑
i=0

m∑
j=0

wn,r1,i,ϕ(x)wm,r2,j,ψ(y)f
(
i+α
n+β ,

j+γ
m+δ

)
.
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If f is (1, 1) box convex function, then Lf is (1, 1) box convex.

Theorem 5. Let f be a (1, 1) box convex function on I×I and x, x1, y, y1 ∈
[0, 1]. The following inequality holds:

sgn [(x− x1)(y − y1)] ·

(11)

·
n∑
i=0

m∑
j=0

(wn,r1,ϕ(x)− wn,r1,ϕ(x1)) (wm,r2,ψ(y)− wm,r2,ψ(y1)) f
(
i+α
n+β ,

j+γ
m+δ

)
≥ 0.

Corollary 6. If f is a (1, 1) box convex function then

n∑
i=0

m∑
j=0

[
wn,r1,ϕ(x)wm,r2,ψ(x) + wn,r1,ϕ(y)wm,r2,ψ(y)

(12)

− wn,r1,ϕ(x)wm,r2,ψ(y)− wn,r1,ϕ(y)wm,r2,ψ(x)
]
f
(
i+α
n+β ,

j+γ
m+δ

)
≥ 0.

Corollary 7. If f : [0, 1]→ R is a convex function, then for all x, x1, y, y1 ∈
[0, 1] the following inequality holds:

sgn [(x− x1)(y − y1)] ·

(13)

·
n∑
i=0

m∑
j=0

[
wn,r1,ϕ(x)−wn,r1,ϕ(x1)

][
wm,r2,ψ(y)−wm,r2,ψ(y1)

]
f
(

i+α
2(n+β) + j+γ

2(m+δ)

)
≥0.

3. PROOFS

Proof of Theorem 4. From (5) we have
L′n,r1,ϕ(f)(x) =(14)

= ϕ′(x)
n−r1∑
i=0

bn−r1,i(x)
(
f
(
i+α+r
n+β

)
− f

(
i+α
n+β

))

+ (1− ϕ(x)) (n− r1)
n−r1−1∑
i=0

bn−r1−1,i(x)
(
f
(
i+α+1
n+β

)
− f

(
i+α
n+β

))

+ ϕ(x)(n− r1)
n−r1−1∑
i=0

bn−r1−1,i(x)
(
f
(
i+r1+α+1

n+β

)
− f

(
i+r1+α
n+β

))

= ϕ′(x) r1
n+β

n−r1∑
i=0

bn−r1,i(x)
[
i+α
n+β ,

i+α+r1
n+β ; f

]

+ (1− ϕ(x)) n−r1
n+β

n−r1−1∑
i=0

bn−r1−1,i(x)
[
i+α
n+β ,

i+α+1
n+β ; f

]
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+ ϕ(x)n−r1
n+β

n−r1−1∑
i=0

bn−r1−1,i(x)
[
i+r1+α
n+β , i+r1+α+1

n+β ; f
]

and

L′m,r2,ψ(f)(y) =ψ′(y) r2
m+δ

m−r2∑
j=0

bm−r2,j(y)
[
j+γ
m+δ ,

j+γ+r2
m+δ ; f

]
(15)

+ (1− ψ(y)) m−r2
m+δ

m−r2−1∑
j=0

bm−r2−1,j(y)
[
j+γ
m+δ ,

j+γ+1
m+δ ; f

]

+ ψ(y)m−r2
m+δ

m−r2−1∑
j=0

bm−r2−1,j(y)
[
j+r2+γ
m+δ , j+r2+γ+1

m+δ ; f
]

From (14) and (15) we get
∂2L

∂x∂y
(x, y) =(16)

= ϕ′(x)ψ′(y) r1
n+β

r2
m+δ

n−r1∑
i=0

m−r2∑
j=0

bn−r1,i(x)bm−r2,j(y)
[
i+α
n+β ,

i+α+r1
n+β

j+γ
m+δ ,

j+γ+r2
m+δ

; f
]

+ (1− ϕ(x)) (1− ψ(y)) (n−r1)(m−r2)
(n+β)(m+δ)

×
n−r1−1∑
i=0

m−r2−1∑
j=0

bn−r1−1,i(x)bm−r2−1,j(y)
[
i+α
n+β ,

i+α+1
n+β

j+γ
m+δ ,

j+γ+1
m+δ

; f
]

+ ϕ(x)ψ(y) (n−r1)(m−r2)
(n+β)(m+δ)

×
n−r1−1∑
i=0

m−r2−1∑
j=0

bn−r1−1,i(x)bm−r2−1,j(y)
[

i+r1+α
n+β , i+r1+α+1

n+β
j+r2+γ
m+δ , j+r2+γ+1

m+δ
; f
]
,

f being a (1, 1) box convex function, from (16) we obtain
∂2L

∂x∂y
(x, y) ≥ 0.

From the last inequality and Lemma 2 the theorem is proved. �

Proof of Theorem 5. If x = x1 or y = y1, then the relation (11) is trivial.
Let us suppose that x > x1 and y = y1. Then we have
n∑
i=0

m∑
j=0

[wn,r1,ϕ(x)− wn,r1,ϕ(x1)][wm,r2,ψ(y)− wm,r2,ψ(y1)]f
(
i+α
n+β ,

j+γ
m+δ

)
=

=
∫ x

x1

∫ y

y1

 n∑
i=0

m∑
j=0

w′n,r1,ϕ(u)w′m,r2,ψ(v)f
(
i+α
n+β ,

j+γ
m+δ

) dudv
=
∫ x

x1

∫ y

y1

∂2L
∂x∂y (u, v)dudv.
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From Theorem 4 we have ∂2L
∂u∂v (u, v) ≥ 0, for all (u, v) ∈ I × I. �

Proof of Corollary 6. Inequality (12) follows from the inequality
n∑
i=0

m∑
j=0

(wn,r1,ϕ(x)− wn,r1,ϕ(y)) (wm,r2,ψ(x)− wm,r2,ψ(y)) f
(
i+α
n+β ,

j+γ
m+δ

)
≥ 0,

which follows from (11). �

Proof of Corollary 7. If the function f is a convex function then the function
g : I × I → R, g(x, y) = f

(
x+y

2

)
is a (1, 1) box convex function and so

inequality (13) is inequality (11) for the function g. �

Remark 8. If f is a (1, 1) box convex function, in (11) the evaluation
functional f

(
i+α
n+β ,

j+γ
m+δ

)
can be replaced by∫ 1

0

∫ 1

0
f
(
i+αu
n+β ,

j+γv
m+δ

)
dudv, i = 0, 1, . . . , n, j = 0, 1, . . . ,m. �

Remark 9. For m = n, r = 0, ϕ(x) = ψ(x) = x the inequality (13) becomes
(8). �
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