JOURNAL OF NUMERICAL ANALYSIS AND APPROXIMATION THEORY
J. Numer. Anal. Approz. Theory, vol. 50 (2021) no. 1, pp. 52-59

ictp.acad.ro/jnaat

SOME INEQUALITIES FOR A STANCU TYPE OPERATOR
VIA (1,1) BOX CONVEX FUNCTIONS
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Abstract. In this paper we introduce a Stancu type operator and we prove
inequalities of Rasa’s type.
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1. INTRODUCTION

D.D. Stancu, in [12] using a probabilistic method, constructs a linear posi-
tive polynomial operators ngf of Bernstein type, depending on a non-negative
integer parameter r and on two parameters o and 3, such that 0 < a < £.
More precisely the operators are defined by

(1) (L?1) (@) = >~ e ) )
k=0

for f € C[0,1], where

(2)
wn,k,r(x) =
( gr>xk 1—.%'” r—k+1 if0§k<7'7
_ ( ;r)xk — )T k+1 + (” :) k*T+1(1 — :p)"fk, iftr<k<n-r,
(k r)l‘k” r+1(1 )" k’ ifn—r<k<n.

Let by, i (x) be the fundamental Bernstein polynomials, k,n € N defined by

(Ma*(1—z)"F if0<k<n

bn,k(m) = .
0, otherwise
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The operators L,O{f can be written in the following forms

8 (12f1)1 =5 e [0 (35) 01 (3575

(@) (1885) () =(1 - 2 ”zbn e (gig)mkimmmf(m).

REMARK 1. For r = 0, Lg:o = L% the operator was introduced by D.D.
Stancu in [11]. For r = 0,a = B8 = 0, L% coincides with the Bernstein
operator B,,. O

Inspired by (4) we construct the following operator.

Let ¢ be an increasing differential function, ¢ : [0,1] — [0,1],7,n € N such
that n > 2r,0 <a < g <1.

Then for f € C[0,1] we defined L%

(5)
(L%r@@f)( an rk ( ) an rk— r (?T%)a

x € [0,1].
The operator defined by (5) can be also written as:

(6) (Lf o) (@) anrk,w G

where
(7)
(1= 9(2)) b (), 0 <k <r
wnrk,ap( ) {

by:

nr<p

(1 =) by—rr(x) + p(@)bp—rp—r(zx), fr <k <n-—r
o(x)bp—p p—r(x), if n—7r <k <n.

The sequence (ng f)n oy IS a linear positive sequence and for ¢ = x it
becomes Stancu’s sequence (Lg’ﬁ f)n N
n [10], Ioan Rasa recalled his 25-year-old problem relative to preservation
of convexity by the Bernstein-Schnabl operators.
Prove or disprove that
n
(8) Y (bni(@)bug (@) + bui(®)bng (v) = 2bni(@)bn i () £ (52) > 0
i,j=0
for each convex function f € C[0,1] and for all z,y € [0, 1].

n [8], J. Mrowiec, T. Rajba and S. Wasowicz prove that (8) holds. In the
proof of (8) they use the probability theory. As a tool they applied stochastic
convex ordering.

In [1], U. Abel gave an elementary proof of (8). An extension of (8) was
considered in [5], where b, ;(x) were replaced by more general functions and
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the functional evaluations were replaced by Az+g (f), where {Ai};5 is a set

of linear positive functionals defined on a linear space of functions satisfying
certain assumptions (see [5] for more details).

In [6], Raga’s conjecture (8) was studied for the case of Baskakov-Mastroianni
operators.

Given f € C[0,1], denote

ALf(z) == Apf(z) = {

and for ¢ > 1

f(x+h) = f(z), z,z+h€0,1]
0, otherwise

AT f () = A (Anf ()
A function f defined on [0,1] is called g-monotone if A} f(z) > 0, for all
h >0 (see [2]).
Abel and Leviatan in [2] proved the following result.

THEOREM A. Let g,n € N. If f € C[0,1] is a g¢-monotone function, then
for all z,y € [0, 1]

sgn(x — y)Tx
n q
Za Z q ] (H bn 8 > ( 1_5_1 bnd >/ <81+qn—:-a;+at> dt > 0.
=0 i=j

In [7], it was proved that Theorem A follows from the fact that the tensorial
product of Bernstein polynomials, i.e.

(B f) ( Zzbm b, (¥) f (L, L)

=0 7=0

preserves (g, s)-convexity (see [4]).

The aim of this article is to prove an inequality of type (8) for operators
aMB

n?’r‘?w :

2. MAIN RESULTS

If f(z,y) is a function defined on the rectangle I x J,I = [a,b],J =
[e,d],x1,..., 2 are distinct points from I and y,...,y, are distinct points
from J, then the double divided difference is defined by

['xyi’a'.'..,yn’f‘| :[xl,...,a:m;[yl,...,yn;f(% )H

:[yl,...,yn;[$1,-.-,33m;f(',y)H-

Here, for the distinct points 2, k = 1,n and a function g defined on a set
that contains these points, [z1, ..., z,; g] denote the classical divided difference
given by

215 9] =g(21)
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g(21) — g(22)
Z1 — %9
(21, s 2n-1;9] — [22, - -, Zn; 9]
21 — Zn '

[2172239] =

[217227 .. ')anlvzn;g] =

T. Popoviciu introduced the notion of (m,n) convexity in [9, p. 78]. In
[4], S. Gal and P. Niculescu used box convexity of order (m,n) for (m,n)
convexity. We will use the terminology introduced in [4] and say that the
function f : I x J — R is box convex of order (m,n) if all divided differences

T, -ees xm-‘rl'f
)
Y, -5 Yn+l
are non-negative for any choice of distinct points x1, ..., Tm+1 and y1, . .., Ynt1.

For the remaining of this paper, we will consider I = J = [0, 1].
In particular, let us observe that when m =n =1 for f: I x I — R, box
convexity of order (1,1) is equivalent to

|;ji: yQ’f‘| m[f(xlayl)_f(l‘lay2)_f(x27yl)+f(x23y2)] ZO

LEMMA 2 ([9)). If f € C9T5(I x I) and 88‘1:8]‘8 >0 onlIXI, then f is (q,s)
box conver.

In this paper we will use Lemma 2 for the case ¢ = s = 1.

DEFINITION 3. Let U,V be two operators U,V : C[0,1] — C[0, 1] defined by

= Z ai(z) f(xi)
=0

(V) =D bi(w)f(y)-
j=0
forallz,y € I,x;,y;€1,i=0,1,...,n,7=0,1,...,m.
The operator denoted by UV, UV : C(I x I) — C(I x I) defined by

9) UVf z,y) ZZf xuyj a;(x (y)

=0 5=0
is called the tensor product of the operators U and V.

The following results will be proved in this paper.

THEOREM 4. Let ¢, : [0 1] — [0, 1] be two increasing differentiable func-
tions and let L = Lﬁ’fl SDL:;L ryp the tensor product of operators Lg;,@w,, LZer,w

defined as in (6) i.e.

1) L) =3 D il Y s F (555, 255).

1=0 75=0
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If f is (1,1) box convex function, then Lf is (1,1) box convez.

THEOREM 5. Let f be a (1,1) box convex function on I x I and x,x1,y,y1 €
[0,1]. The following inequality holds:

(11)

sgn [(z — z1)(y — y1)] -

DO W (@) = Wiy o (30)) (W (1) = Wiy (1) £ (55, 555) > 0.
i=0 j=0

COROLLARY 6. If f is a (1,1) box convex function then

n m
Z Z {wnﬂ“h@(a})wmﬂ"%’%ﬁ (z) + wnﬂ“h@(y)wm,mﬂb (y)

= Wnrs o ()W 1 (U) = Wiy o (U)W g ()| £ (55, 255 > 0.

COROLLARY 7. If f : [0,1] — R is a convex function, then for all x,z1,y,y1 €
[0, 1] the following inequality holds:

(13)
sgn [(z — z1)(y — y1)] -

2D [t @) o) (W5 (8) = Wiy (U0 (5 + iy ) 2 0-
1=0 j=

3. PROOFS
Proof of Theorem /. From (5) we have

(14) Lo, o(f)(@) =

(@)Y bunnao) (£ (22252 - £ (23))
=0
—|—(1—(P n—’l”1 nilbn ri— 11 (f(%)_f(;i%)>
n—ri—1

+ n—?“1 Z by — r1— 12 (f(%>_f<%>)
n—ri

/ x) n:}B Z bp—r i(x) [21%7 thof,_é’m’f}
=0

n—ri—1

FO-p@)i5g X bononile) [, 585 S
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n—ry—1

n 1 i+r1+a i+ri+a+l.
n+5 Z bn T — 1’L |: n+ﬁ b n+ﬁ ’f]

and

m—rg

(15) ;n,rz,w(f)(y m+5 Z bm— rz,] {7]7;757]—;7:?2?]0]

m—ro—1
ity iyt
> bmero1 () |55 B

+ (1= v(y) 57

m—ro—1
m T2 Jtroty jHroty+1l.
m+5 Z bim—ry—1,i(y )[ m+d 0 mto ’f}

From (14) and (15) we get
2

920y (z,y) =

(16)

1+ itatry ‘|

- gpl(,’];)z//(y) n:zlg mrj_(; Z Z bn—T1,i (x)bm—m,j (y) [?i’éy ]—?jfrz )
i m+9) m~+0

+ (1= () (1 —9(y)) {oafms)

n—ri—1m-—ro—1 i+o i+a+1 ]

X Z Z bnn1,i($)bmr21,j(y)[?i€’ Jﬁfvrﬁl’
¢ : m+4’ m+0

+ (@) (y) T
n—ri—1lm—ro—1 1+rit+a +ri+a+1 ‘|

X Z Z bn—r1—1,i(x)bm—r2—17j(y)[ }Trﬂﬁ; j+7gﬂ'3y+l;f
i=0 = m+d m+9

f being a (1,1) box convex function, from (16) we obtain
2

—(z,
8x8y(
From the last inequality and Lemma 2 the theorem is proved. ]

y) = 0.

Proof of Theorem 5. If x = x1 or y = y1, then the relation (11) is trivial.
Let us suppose that > z; and y = y;. Then we have

z% Z%[wnﬂ”las@(x) - wn,Tl,tp(xl)][wm,rg,w(y) - wm,rg,'dz(yl)]f (;:_Oé, %) =
i=0 j=

/ /yl (Zzwnm,@ mrz,zp(v)f (;i%m)) dudv

=0 j7=0

—//gjgyuvdudv
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From Theorem 4 we have %(u, v) >0, for all (u,v) € I x I. O
Proof of Corollary 6. Inequality (12) follows from the inequality
n m ) .
DD Warp (@) = Wiy o (1)) (Wi (2) = Wy () £ (555, 255 ) > 0,
=0 j=0
which follows from (11). O

Proof of Corollary 7. If the function f is a convex function then the function
g: I xI — Rg(z,y = f(%) is a (1,1) box convex function and so
inequality (13) is inequality (11) for the function g. O

REMARK 8. If f is a (1,1) box convex function, in (11) the evaluation
functional f (“‘O‘ M) can be replaced by

n+B’ m+9
bt i+ Jtyv
i+ou T -
/O/Of(m,m>dud’l], 2—0,1,...,n,j—0,1,...,m. ]
REMARK 9. For m = n,r = 0, ¢p(z) = ¢(z) = x the inequality (13) becomes
(8). O
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