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ON THE RATE OF CONVERGENCE
OF MODIFIED o-BERNSTEIN OPERATORS BASED ON ¢-INTEGERS
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Abstract. In the present paper we define a g-analogue of the modified a-
Bernstein operators introduced by Kajla and Acar (Ann. Funct. Anal., 10
(2019), 570-582). We study uniform convergence theorem and the Voronovskaja
type asymptotic theorem. We determine the estimate of error in the approxima-
tion by these operators by virtue of second order modulus of continuity via the
approach of Steklov means and the technique of Peetre’s K-functional. Next,
we investigate the Griiss-Voronovskaya type theorem. Further, we define a bi-
variate tensor product of these operatos and derive the convergence estimates by
utilizing the partial and total moduli of continuity. The approximation degree
by means of Peetre’s K-functional, the Voronovskaja and Griiss-Voronovskaja
type theorems are also investigated. Finally, we construct the associated GBS
(Generalized Boolean Sum) operator and examine its convergence behavior by
virtue of the mixed modulus of smoothness.
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1. INTRODUCTION

In 1912, Bernstein [9] gave a simple and elegant proof of the Weierstrass
approximation theorem by defining a sequence of positive linear operators as
follows.

For ( € C(Z) ={f :Z — R| f is continuous}, T = [0, 1], the n-th Bernstein
polynomial B,, : C(Z) — C(Z) is defined by

n
(1.1) Ba(Ga) =Y (Dak(1 — )"k (L), Vz € Z and n € N.
k=0

Later several authors introduced various generalizations of these polynomi-
als and studied their approximation properties (see [22]).
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In the past two decades, the development of g-calculus has been an active
area of research. In 1987, Lupas [29] was the first person who introduced a
g-analogue of the Bernstein polynomials and established some approximation
results. A decade later, Phillips [35] gave another g-analogue, £, , : C(Z) —
C(Z) of the Bernstein polynomials which became very popular. He defined it
as

(12) nq Cv ZC([[fL )pnk qx )7

where 0 < ¢ < 1 and p,, (¢; ) = (Z)qx (1—x)77*%, 2 € I. Several generaliza-
tions have been studied for the definition of g-Bernstein polynomials given by
(1.2), for instance, Muraru [31] proposed a g-analogue of the Bernstein-Schurer
operators and examined convergence behaviour by virtue of the modulus of
continuity. Agrawal et al. [2] defined Bernstein-Schurer-Stancu operators
based on g¢-integers and discussed the local and global results. Dalmanoglu
[33] gave a g-analogue of the Bernstein-Kantorovich polynomials. Gupta [22]
introduced a sequence of Bernstein-Durrmeyer operators based on g-integers
and established some approximation theorems.

Gupta and Radu [24] discussed statistical approximation properties of an-
other kind of ¢-Baskakov-Kantorovich operators. Mahmudov [30] introduced
an alternate form of the g-analogue of Bernstein-Kantorovich operators con-
sidered in [33]. Aliaga and Baxhaku [4] defined a bivariate extension of the
q-Bernstein type operators involving parameter A and examined their degree
of approximation.

Recently, Mursaleen et al. [32] proposed a sequence of generalized Bernstein
operators based on g-integers. Cai [12] introduced another generalization of
Bernstein operators based on g-integers and derived some convergence the-
orems and shape preserving properties. Based on the Phillips g-Bernstein
polynomials [35], generalized Bézier curves and surfaces were introduced in
([15], [16], [34]). For a detailed account of the work in this direction, we refer
the reader to the book [5]. Before proceeding further, let us mention some
important basic definitions and notations of g-calculus. For ¢ > 0, and each
nonnegative integer [, the g-integer [I], and the g-factorial [{],! are, respec-

tively, given by
(1*(11) 7& 1
UrEs =0 4 ’

, q=1.

and
. { gl — Vg [ty 121,
1, l=0.
For the non-negative integers n, ! satisfying [ < n, the g-binomial coefficients
are defined by

n nlg!
(), =
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In 2017, Chen et al. [13] introduced generalized Bernstein operators (1.1)
involving a real parameter ‘«’ satisfying 0 < a <1, as

(1.3) Loa(CGa) = Pupal)C(E), z €1,
k=0

where the a-Bernstein basis function P, j (), for n > 2, is given by
(1.4) Poa(@) =("%) (1 = a)ak (1 — o)+

+ (51— a)ah (-2

+ (Pazk (1 — z)mFk

with (":22) = (":12) = 0. Clearly P, q(z), verifies the following recurrence
relation

Pora(@)=(1—-2)P1pa(@)+2Pr1p-10(x), V 0 <k <n, and n > 3.

The authors [13] established the uniform convergence theorem and the
Voronovskaja-type asymptotic formula etc. For the special case @ = 1, the
operators (1.3) reduce to (1.1).

For any ( € C(Z), Khosravian-Arab et al. [27] presented a new family of
Bernstein operators as follows:

n

(1.5) B (Gr) = ) P (@)X(R), €T,
m=0
where
Pr%,f (x) = al(x, n)PTJlVfllm(x) +a(l - x,n)Pri\{’imfl(x), 1<m<n-1,
Py (@) = a(z,n)(1 — )",
P%l (z) = a(l — z,n)z" !,
and
(1.6) a(x,n) =ap(n) +zai(n), n=0,1,2,3...

ap(n) and aj(n) being two unknown sequences, which may be defined in an
appropriate manner. If ag(n) = 1, and a1(n) = —1, then (1.5) reduces to (1.1).

Recently, Kajla and Acar [26] for any ¢ € C(Z), constructed a new family
of a-Bernstein operators defined by

(1.7) Gra (Ga) = 3 Pr@)c (£),

k=0

M,1
where Py (z) = a(z,n)Po_1k,a(®) +a(l —2,n) Py p-10(z) and a(z,n) =
ai(n)x + ap(n), and investigated some approximation properties such as Ko-
rovkin type theorem and a Voronovskaja type asymptotic formula. Clearly,

for ap(n) =1, and a;(n) = —1, (1.7) includes (1.3).
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In 2019, Gupta et al. [23] presented a Kantorovich variant of the operators
(1.5) and determined various approximation results.
Motivated by the above research, for ( € C(Z) endowed with the uniform

norm ||.||, we define the g-analogue of the operators (1.7) as follows:
= k
(1.8) Ga (¢ am) = Y Pay(ao)¢ (ff)
k=0

where Pn K, a( sx) = a(x,n,q)Pr_1kae(g;z)+a(l—z,n,q)Pr_1 k—1,(q,x) with
Pora(gie) = ("%),(1 = a)(g2)*(1 — a)pF1 + (75) (1 — a)g* 221 (1 —
qm)g_k + (Z)qoz( z)k(1 — qr)y ~k and a(z,n,q) = ai(n,q)x + ag(n,q). For
ai(n,q) = —1 and ag(n, q) 1 and o = 1, we get ¢-Bernstein polynomials
given by (1.2).

The purpose of the given article is to examine the convergence behavior of
the operators (1.8) by virtue of the Lipschitz class and the K-functional. Next,
we study a bivariate extension of these operators and determine the conver-
gence estimates by virtue of the moduli of continuity and the K-functional.
Further, we study the Voronovskaja and Griiss Voronovskaja type theorems
and establish a quantitative result for functions in the Lipschitz class. Lastly,
we extend our study to the corresponding GBS operators.

2. PRELIMINARIES

Throughout this paper, we assume that 2ag(n,q) + ai(n,q) = 1.

LEMMA 2.1. Forej(h) = #,j =0,1,2, the moments of the operators (1.8),
are given by

i) Gl (eo; g5 2) =1,
i) G (ex3 ) = gl [alem, ) (1 - ) o= Bga (1) + (1 - a2, +
il gz} +a(l —z,n,¢){(1 — a)(1 — 2)(1 + ¢*[n —

[
n —3Jqx) + afn —
3lgx) + (1 — a)z([3]g + ¢*[n — 3]gz) + a(l + ¢°[n — 1]2)}|,

iii) G (e2, ¢32) = W[“ —a)fn—3lgqz(l - 2) + (1 = a)[n — 3][n

4,6%3(1— )+ (1- a)a[212+2[2)o(1 - @)g*a2n — 3], + (1— a)g*a[n -
3+ (1—a)q"x3[n—3]4[n—4], +aln—1],qz +aln—1]4n—2],¢3x} +
“lizzn) (1~ a)(1 = ) +2(1 - a)gs(l — a)f —3], + (1 - a)g’e(1 -
x)n—3lg+ (1 —a)¢*2*(1 — z)[n — 34 [n—4]q+(1—a)$[3]2+2(1—
@)[Blyaa[n — 31y + 47 (1 — )22 — 3l +¢°(1 — @) — 3lgln — 4, +

a+ 2¢%azin — 1), + agdz[n — 1], + ag®z?[n — 1)4[n — 2]q].

From the above lemma, one can obtain:
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LEMMA 2.2. The central moments of the operators (1.8), for ¢I.(h) = (h —
x)?, where j=1,2 are given by

1) G5 (6hi i) = Gl ol m. ){(1- )~ 3lygn(L-2)-+ (1-)a(2l,+
*n — 3lg2) + afn — gz} + a(l - 2,n,9){(1 — a)(1 — )(1 + ¢2[n -
3g2) + (1 )z([3), + ¢'[n — 3)gx) + a(l + ¢2ln — yz)} — gz

i) G2 (6% gi ) — a0 [(1 — a)n - 3g25(1 — 2) + (1 — ) [n — 3lgfn —

7521+ (1 -a)ol2 +22],(L—)g’a"[n 3+ (1—a)Paln—
3l + (1 —a)q"@®[n —3g[n — 4]y + aln — 14z + aln — 1]y [n — 2]4¢’z* —
222(1 — 2)q(1 — a)[n — 3]4[n]; — 2(1 — a)2?[n]4([2]; + En — 3]42) —

2a[n]q[n— 1,92 + [nﬁxQ] + a(l[_nix]%”’q) [(1 —a) +2(1—a)g?x(1—

(1-z)
2)n—3l;+ (1 —a)@Bz(l —z)n—3;+ (1 —a)g®z*(1 — z)[n — 3], [
4]q+(1—a)x[3]2—|—2(1—a)[3]qq4x2[n—3}q—l-q7(1 a)x?[n—3],+¢°(1—
@)x3[n — 3lgn — 4]y + a + 2¢%ax[n — 1), + ag®z[n — 1], + ag®2?[n —
Ugln = 2]g = 22[n),(1 — @) (1 = 2)(1 + ¢*[n — 3]gz) — 22%(1 — a)([3], +

' — 3gw) ]y — 22a(l + ¢ — Uyz)nl, + mg:ﬁ] .
In what follows, let (g,) be a sequence in (0, 1) such that
Jm =1, Jm g =c 0c<t
Jim_a1(n,gn) = prand lim ag(n, gn) = po.
REMARK 2.3. From Lemma 2.2, after simple calculations, one has
() lim 1], G250 (81 s ) =
— (1= ) [a*(p1 (20— 1) = 4po(1 = @) + (1 ~ 20) + po(1 + )
+ (po + p1)(1 = 22),
(i) Tim 1], G5 (625 gui ) =
= p1{4(1 —o)2*(1 —a)(1 — 2) + 62" — 723
+6aw3(1—x)+x2+x(1—x)2}—|—po{6aaz2(1—m)
+ 623 — 822 + 2z +4(1 — ¢)2*(1 — a)(1 — :L')}
Similarly, by carrying out further calculations it can be seen that
gﬁﬁ}( i) =0 ([n];nz) , as n — 0. O

LEMMA 2.4. For ( € C(T) and x € I, we have |QM1(C an; )| < |[C]]-
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Proof. Using Lemma 2.1, for every x € Z we have,

GA(C, gns @) |—an,mq, )¢ (B )| < ICIGAE A, gus ) = €1

3. RATE OF CONVERGENCE OF THE OPERATORS G)%! (., gn; )
First, we prove the uniform convergence theorem for the operators (1.8).

THEOREM 3.1. Let ¢ € C(Z). Then hmn_wog L qns ) = ((2), uni-
formly in x € T.

Proof. From Lemma 2.1, it follows that Q,%;}(ei,q; x) — ei(x), asn — oo,
uniformly in Z, for ¢ = 0,1,2. Hence applying Bohman-Korovkin Theorem
[21], we obtain the required result. O

Next, we establish a Voronovskaja type asymptotic result for the operators
(1.8).

THEOREM 3.2. If ¢ € C%(T), then
lim [n]q, (G (G, gns @) — (@) =

n—oo

{1 a2 m(2a - 1)~ apo(1 - ) + 2((1 - 20) + (1 + )
+ (po + p1)(1 — 2$)}CI($) + {p1{4(1 —o)z*(1—a)(1 — z) + 62* — 723

+6az3(1 — x)+a? (1 - x)2} +p0{4(1 — o)z} (1 - a)(1 — z) + 62% — 822

2 ¢"(x)
+ 6ax (1—:1:)4—23:” 52,
uniformly in x € L.

Proof. By the Taylor’s expansion of ¢ about the point A = z, we have
¢(h) = ¢(a) + ¢ () (B — 2) + 5¢" (@) (= 2)* + 5(h— 2)*{¢" () — ¢"(x)},

where 0 lies between A and z. Operating by Qé\ff&l(., dn; ) in the above equa-
tion, we obtain

Gt (G ani @) — C(2) =G (h=); gus 2)¢ (@) + G5! (h=2)%; gni ) 3¢ (2)
(3.1) + 300 (= 2*{¢"(0) - ¢"(@)}i qus ) -

Using the well known properties of modulus of continuity, for any p > 0, we

have
C"(0) = ¢"(@) < w (¢310 —al) < (1+ E55) w (¢ )
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Therefore,

Gy ((h—2)*{¢"(0) = (@)} qmiw) | <

< G (= 2)?1¢"(60) = ¢"(2) s quis @)

< w(¢" )Gt (((h=2)? + LB —2);qus) . p > 0.

1

Using Cauchy-Schwarz inequality, Remark 2.3 and choosing p = [n]q,?, we
get

G (5= 2)*{C"(0) = ")} amiw) | <
w(¢";p) [QQ,{;} (5= 2)%q052)
+ %\/g%&l((ﬁ —2)%; Gn; $)\/gfxlé}((f‘b — )4 qu; m)}

—w(CHSP>[ () + 1‘9([”]5)0(%)]

_1
= w(¢"; [1)e2)0 (3 ) -
as n — oo, uniformly in x € Z.
Hence,

G251 ((h = 2P 0) = (@) ani) | =0 (s lnlar?) O,

as n — oo, uniformly in x € Z.
Consequently,

Tim [n]g, Ga%" (5= 2){C"(0) = (@)} guiw) =0,
uniformly in z € Z. Thus, from equation (3.1) and Remark 2.3, we get

lim [n],, [Gh5! (¢, ani @) = C(@)] =
= lim [n]qn{g%;«ﬁ — ), qu; )¢ (1) + Gk (B =), qus ) 3¢ (@)

RO (= 2P('0) - '@ guia) |
= {(1 —c) <x2(p1(20z —1) —4po(1 — o)) + z((1 — 2a) + po(1 + a)))
+ (po +p1)(1— 23;)}{'(90) + [p1{4(1 — 0231 — a)(1 — 2) + 62" — Ta?

+ 6oz (1—z) 422 4x(1 — x)g} +p0{4(1 —o)z?(1—a)(1 — ) + 623 — 822
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+ 6az?(1 —x) + Qx}] Gy

uniformly in x € Z, which completes the proof. O

Now, we obtain an approximation theorem for the operators (1.8) by virtue
of the second order modulus of continuity by using a smoothing process, e.g.
Steklov mean. For ¢ € C(Z), the Steklov mean is defined as

hn
(3.2) Gn(z) = 7% /02 /02 [2¢(z +u+v) — {(x + 2(u +v))]dudv.

It is known that for the function (3 (z), there hold the following properties:
1) [1Gh — ¢l < wa(C, ) .
i) G Gy € C(T) and |G|l < Fw(C,h), G < pwa(C, h),
where w((; h) and we((; h) denote the first and second order modulus of con-
tinuity. In what follows, for all z € Z, let ugy (z) = G (¢ (h); qni ) ,m €

No := NU {0} and vp;)" := sup ¢z ‘umqn(az) ,m € N.

THEOREM 3.3. Let ¢ € C(Z). Then following inequality holds:
1625 an) — €Il < 5w (G v/, ) + Bon (651 )
Proof. Using the Steklov mean (p,(z) given by (3.2), we may write
(3:3)  1Gni (Ganiw) = (@) < G (I = Cals gni o+
+ 1605 (Chi gns @) = Cu(@)] + [Gr() — (()].

Hence using Lemma 2.4 and property (a) of Steklov mean, we have

(3-4) G (1€ = Culs ani @) < 1€ = Gull < wa(C,h).

Since ¢} € C(Z), by Taylor’s expansion we have

)2
Gn(h) = Gul@) + (1 = @)Ch () + T57=¢"(0),
where 0 lies between h and x. Then, applying Cauchy-Schwarz inequality

G (Cn(B) = Cu(@); ans )| < NICHIIY v + SN GH v
Now, applying property (b) of Steklov mean, we obtain
(35) 1Gha (C(h) = Gu(@); an; )| < R (G W)V vng, + gizwa(C by, -

Choosing h = \/vivs, and combining the equations (3.3)—(3.5), we get the
desired result. O

THEOREM 3.4. For any ¢ € C(Z), we have

1925 €) = ¢ < it I + 2y (€ 3V )
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Proof. Since ¢ e C(Z), for any h,x € Z, we can write
h
() = ¢(a@) = C@)(h =)+ | () = ¢'(a))du
Applying the operator g,{}{;(.; dn;x) on both sides of the above relation, we
get

GALL(C(R) = C(@); gns ) = () GYEN (R — 2); gns )
+ G ( / h(@’(u) — () du; qn;a:> :

Using the well known property of modulus of continuity

) = @) w(¢op) (M2 +1) 0> 0,

we obtain
[ € - < ) ldu
< /:(H“ bel) ¢ phdu
= w(¢'ip) (Jh =l + U550)
Therefore,

|G (G ans ) = ()] <
< IC (@)1Gna (i — ), n; )|
+w(¢',p) {ﬁgﬂ,{f((ﬁ — )%, qn; @) + G (18— z]; g x)} -
Using Cauchy-Schwarz inequality, we have
(G (G5 s ) —C ()] <
<|¢'(@)|IGn (7 = x); gn3 @)

+w((’;p) {gp\/g (h—2)2, qn; @ +1} \/Q — )2, qn; ).

Choosing p = % fojgn, the required assertion is obtained. ([l

The following theorem is concerned with an estimate of error in the approx-
imation by the operators (1.8) by means of the Peetre’s K-functional.

THEOREM 3.5. For all ( € C(Z) and n € N, there exists a constant C > 0

such that
G20 (G 0w ) — C(o)] < Con (6 Y553 ) (G i, ()] )
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where 63, (0) = 3, () + (uih, (@02},
Proof. For x € Z, consider the following auxiliary operator given by
(36) Gy (Ciania) =GN ani ) + ((a) — C(Q%l(ﬁ; n; l‘))-
It is clear that the operator g%l*(g; Gn; ) is linear, g%&l*(l; gn;z) = 1 and
g%&l*(ﬁ —T5qn; T) = g%dl(ﬁ — T qn;x) — (Q%O’ll(ﬁ; Gn;x) — x) =0.
For every ¢ € C3(Z) and A,z € Z, from the Taylor’s theorem, one can write
o) = o(@) + (b 2) @)+ [ (= W (i

Applying g,fl‘{,;}*(.; q; z) to the above equation and using (3.6), we obtain
h
Goa (5 an; ) =9 () + G </ (h — w)¢" (u)du; gn; x)
x

G (Bignsx)
- / (gﬁ,ﬁl(ﬁ; Gni ) — u) o (u)du.

Thus, for all x € Z, we have
G (05 5 2) — ()] <

<

h
G20 ([ th = e (u)dus ani )

Gnlal (Hsqn;x)
+ / (gﬁ,ﬁl(ﬁ; qn;w)—u>go”(u)du
h
fg%c’vl(/ ﬁ—UHSO"(U)!dU;qn;x)
Gl (hansz)
+ / gﬁ,ﬁl(ﬁ; qn; x)—ul - | (u)|du

2
3:1) <SG (=) gia) + (G i) =) | = 168, 0.

Further, for all € Z, in view of Lemma 2.4, we get
(3.8)

020G i )] < G251 ani )] + [0 (@)] + |6 (G351 i )| < 31
Now, for ¢ € C(Z) and any ¢ € C*(Z), using (3.6)—(3.8), we obtain
G (G5 ans ) = C(2)] <G (¢ — @i gni @) — (¢ — @) ()]
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+\<(g%£<ﬁ; qnm) (@) |+ G (01 g ) — ()

<4 (e = ol + $o, @) +0 (G5 luh, @)
Now, taking the infimum on the right hand side over all ¢ € C%(T),
020! (G awin) — C(o)] < 18 (G ) (G, ()],
where Ka(C, p) = inf {[[¢ — ol + o] : ¢ € C2(D)} .

Finally, using the relation between K-functional and second order modulus of
continuity [14] given by

K (¢, p) < C'wa(Cs V),

C’ being some constant, we get

G20 (G a0i ) — ¢(a)| < oG YD) Gl (o)1)

This completes the proof. O

In our next result, we discuss a convergence estimate by the operators (1.8)
for the continuous functions on Z belonging to the Lipschitz class. Let

Lipg M = {¢ € C(Z) : [(h) — ¢(2)| < M|fi—a|’,Vh,z € 7,0 <0 < 1,M >0}
be the Lipschitz class of continuous functions.

THEOREM 3.6. Let ¢ € Lipy M. Then for all x € Z,

(S5

G (G gns @) — C()] < M (g2 ()",
Proof. By the definition of Lipschitz class, we have
(G (G a3 @) = ()] < Gra (1C(R) — C(2)]; an3 )

SZP%IQ%, )¢ (=) = ¢(@)

[Klgn
[n]q

0
2\ 2
X
0
2

= M{GYH(h — 2)% g )} = M (u32, (2))7

which proves the required result. O

M,
<M2Pnk1aqn’ — | .

Applying Holder’s inequality, we get

[k] an
[n] an

|g (C dn; T )_ ‘<M<ZP%1Q qn; L

N[
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Finally, we investigate Griiss-Voronovskaya type theorem for the operators
(1.8).

THEOREM 3.7. For (", V" € C(Z), there holds the following equality:

lim [n]g, {Gna! (Cv,dns @) — Gaia (G a3 2)Gns (v, gns )} =
= (p1{4(1—c)x3(1—a)(1 —2)+62* — 7% + 6023 (1 — ) + 2% + (1 — x)z}
+po{4(1 — ¢)2*(1 — a)(1 — ) +62° — 82% + 6ax?(1 — x)+2:1:}) ¢ (z) (),

uniformly in x € Z.

Proof. For the operators gﬁ){;}(., dn; ), by our hypothesis we may write
[n]qn{gﬁﬁl(évj an; @) — GYONC ans )G (v, qn;x)} =

= [nlg, {Q%O’}(Cv, In; )

1

— GM (1 — 2), qn; 2) (V) () — C(2) () — T O ania) oy
() [gﬁ,ﬁ}@, o )~ () — GML(( — ), gui )¢ () — gM“ﬁHu:c)}

M,1 2 .
—G%’l(C,qn;m){Q%,;l (V, Qn;%')_’/(x %&W(ﬁ—x},qn; ac)u'(:c) Gnix ((f*;!) 1Gn; )I//,<J:):|

,Q

mio (h—2)2 qnsw o (h=2)? qnsa
+ 29 (Cplini®) ¢/ ()1 () 4+ o/ () P OGP0 (¢(2) — GAEM(C, ui )

@G (= ). 405 ) (0(2) = G (Goami )

Now, in view of Theorem 3.1, for any ¢ € C(Z), it follows that Q%;} (C,qn;x) —
¢(x), as n — oo, uniformly in z € Z. Further, following the proof of Theo-
rem 3.2, for any ¢ € C?(Z) we get

o { G20 (G003 )~C (@) -G (=2, v ) ()~ U202 )

0, asm — oo, uniformly in z € Z.
Hence, using Remark 2.3, we get

nlgngo[n]qn{g%g} (Cy, dn; .CC) - gé\f[o,tl (Ca dn; 'f)g%&l(% dn; '7:)} =
= (p1{4(1 — )31 —a)(1 —z)+6z =723 + 60z’ (1 — 2) + 22 + 2(1 — 2)?}

+po{4(1 — ¢)z*(1 — a)(1 — z)+62> — 822 + 6az?(1 — a:)+2x}) (2) (z),

which completes the proof. O
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4. BIVARIATE GENERALIZATION OF THE OPERATORS GM1(., g5 @)

For 7? = T x T, let C(Z?) be the space of all continuous functions on Z2,
equipped with the norm given by [[([l¢(z2) = Sup(z, ,)ez2 [C (71, 22)]-

For ( € C(Z?) and 0 < aj,a2 < 1, the bivariate generalization of the
operator (1.8) is defined by

(4.1)

ny n2 .
qnq5qng 1,09 [k}in [J]qn2
ny,ne,a1,002 <7x17x2 sznhnz, k,j QR17Qn27wlax2)< < ) .

[(n1]gn, 7 [n2lan
k=0 =0 " 2

where {¢y, }n;en is a sequence in (0, 1) satisfying n}i_r>noo qn; = 1, n}g}noo ai = i,
hmm—)oo al(nm dn; ) = Bi, and hmn—>oo ao(ni, Qni) =, Vi=1,2.

ag,00 M1 . M,1 .
Further, 3,7 k,](qm,qm, 21,22) = P, % 0 (@03 21) Pys az(qm, xz), where
M,1
nl,k aq

(1.8).
Clearly, Gm'ia'3, a5 (C; 1, 29) is a linear positive operator. Further, we note
that

(Gn,; 1) and P o ka2(qn2,z2) are defined similarly as P (q, x) in

s (B — 21)"(hg — @2)"s 21, 22) =
= Grrlon (it = 21)", Gy 1) GripZay (B2 — 22), Gy T2)
aLu ( ) a2,V ( 2),V U,UEN().

= Hnygn, \T1)Hng gy,
Let epq(z1, z2) = 282, (p, q) € Ng x Ny, with p+¢ < 2. In order to establish
the results of this section, we require the following Lemmas:

LEMMA 4.1. For the operators Gui'ne2, oy, we have

i) ;174711}77127}0241:042(1;'%17:62) =1

i) Gz oo (€101, 22) = frf— [am,m, gn){(1 = a1)[m1 = 3g,,, gny 71
(I=21)+(1=a1)z1([2g,, +a5, [n—3]q,, z1) +a1[n—1]g, gnz1}+a(l-
1,11, gny ){(1 = a1)(1 —21) (1 + g3, [n — 3lg,, 1) + (1 — ar)z1([3]4,, +

i n = gy ) + n(L+ G, n = Uy )}

i) Giylng.dr,az (€20 1, ) = %jqnl) [(1 —a1)[n —3g,, g 21 (1 —21) +
ni

(1—a1)[n—3lg,, [n—4g,, a5, 23 (1= 21) + (1 — 1)z 2], +2[2]g,, (1 -
a1)q’zt[n = 3lg,, + (1 —a1)g’z?[n = 3lg,, + (1 —a1)g"zi[n =3, [n -

1 b qn
4]Qn1 +ta [n_ ]‘]in dn L1 +041[n1 - 1]Qn1 [nl _2](1n1 q21x1:| + d [211]:1 £ 1)
ny
. (1—al)(l—x1)+2(1—a1)q21x1(1—xl)[m —3]%1 —l—(l—oq)q,?;lxl(l—

z1)[ny — 3lg,, + (1 — a1)gp, 23 (1 — a1)[n1 — g, [n1 — 4]g,, + (1 —
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ar)1[3]2, +2(1—a1)[3]g,, gn, 11 —3lg,, + 45, (1—1)ai[n —3],, +

qny
g, (1= ar)ai[ng =3, [m1—4lg,, +o1+2¢5, cnai[ng — 14, +o1gp, 1

[ = T, + 1,530~ T, 1~ 2, |

i) Gn'hny s (€015 21, 22) = Tl [a(m 12, Gny ){ (1 = a2)[n2 = 3]g,,, Gn, 2

-(1—x2)+(1—a)2([2]g,, T4, [0 —3g,, T2) +a2[ne—1]g,, gn, 2} +a(1-
2, M9, qny ) { (1 — a2) (1 = 22) (1 + g5 [n2 — 3]g,., w2) + (1 — a2)x2([3],,, +

Gl = oy ) + a(1+ Gy~ U, 22)}

) LR a1, 22) = ") | (1= 2)ms S, a(1 —22) +
ng
(1-a2)[n2—3]g,, [n2—4g,, @, 73 (1 —22) + (1 - a)za[2]7  +2[2]g,, (1~

ag)gn,w3ng — g, + (1 — aa)gh,x3[ng — 3lg,, + (1 — a2)q,x3[n2 —
3l gn, (M2 — 41g,, + a2[n2 — g, o2 + aa[ng — 1, [n2 — 2q,, 45, 72| +

a(l—2x2,m2,qn,)
[n2]G,,

) gy, w2(1—x2)[n2 —3lg,, +(1—a2)qp,x5(1—x2) [n2 —3]q,, [n2 — 44, +

(1= az)z2[3]3, +2(1 — a2)[3]q,, dn, 2302 — 3lg., + a5, (1 — az)a3[ns —

(1—ag)(1—x2)+2(1—az)qa,za(1 — x2)[n2 — 3g,, + (1 —

3] Gny + qu(l —ap)x3[ng — 3lgn, M2 —4g,, + a2+ 2qg2a2x2[n2 —1gn, +
asqy,wa[ng — g, + asg),@5[ng — 14, [n2 — Q]qnz} ,
LEMMA 4.2. From Lemma 4.1, by a simple calculation we have
1) G (i —0)i1,22) = b o, g (1= )l = 3,

'Qn1331(1_$1)+(1_0‘1)$1([2]an +q21 [n1_3]qn1 xl)“‘al[nl_l]qnl Gny T1}+
a(1=x1,m1, gny ){(1—c1) (1=21) (1443, [n1=3]g,, 21)+(1—a1)z1([3]g,, +

gt [n1 — 3lgn, 21) + on (1 + @2, [r — 1] 21)} - [m]qnlm] ;

) G108, (i — )iy ) = 0 (1 ) o — By, 211 -
ny

1) + (1 — a1)[n1 = 3lg,, [ — 4g,, g0, 27 (1 — 1) + (1 — an)z 2]+

2[2]g,,, (1 —al)qgla?%[nl —3g,, +(1 —al)qglw%[nl —3g,, +(1 —al)qfllx‘i’

“[n1=3g,, [n1—4g,, +aa[n1 —1]g,, g z1+a1[n1—1]g, @y 1 +01[n1 —

1]Qn1 [n1 — 2]qn1qg1$% - 237%(1 —21)qn, (1 — a1)[n1 — 3]‘1711 [nl]qn1 —2(1-

a1)ai[mlg., ([2lg., + @5, 1 = 3lg,, 1) — 201 [n1]g, [n1 — g, 27 +
a(l—x1,m1,qn,)

[m]inlfv% L vy R (I—on)(1—z1)+2(1—a1)gi z1(1—z1)[n1 —
Blgn, + (1 —a1)g 21(1 — 21)[n1 — 3, + (1 — a1)g5 27 (1 — 21)[n1 —
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8gn, [n1 —4lg,, +(L—a1)21 (3], +2(1—0a1)[3lg., @, ¥14n, *[01 —3]g,, +
qn, (1 — ar)ai[ng — 3lg,, +ap, (1 — an)ai[ng — 3lg, [m1 — 4]g,, + o1 +
2q727,1a1x1 [nl - 1]Qn1 +a1q7?7)41$1 [nl - I]in +a1q7§/1 x% [nl - ]‘}in [nl _Q]in -

221 [n1]g,, (1 —a1)(1 —z1)(1+ g2, [n1 — 3]g,, 21) — 227 (1 — o) ([3]g,,, +

qnq

G, (01— 3]g,,, 21) [M1] gy — 22100 (1467 [01 g, 1) [11]g,,, +[m1]7 xf] ;

qnyqng 1

) Gy (o~ 22)s 1, 22) = bl ) (1 - 2) 2 =3,

Gy 22 (1—12)+(1—a2)22([2]g,, +¢5, [n2—3]q,, 22) +az[na—1]g,, g, z2 }+
a(1—=x2,n2, gny ){ (1—aa) (1—22) (1443, [n2—3]g,, ¥2)+(1—az)z2([3]4,, +

iz = 3y 22) + a1 2, 2 = Uy, 2} — ol
tv) G (o — 05015 2) = 525822 (1 — )y — 3], 21—
2) + (1 — a2)[n2 — 3lg,, [n2 — 4q,, ¢n,23(1 — x2) + (1 — az)za 2]+
2[2]y,, (1 — a2)gs, 23[n2 — 3]q,, + (1 — a2)q), 25 [ne — 34, + (1 —a2)qf,
-3[n2—3g, [N2—4lg,, +az[na—1]q,, qnya+az[n2—1lg,, gn, T2 +az[ng—
g, (12 = 2]g,, @, 75 — 205(1 — T2)qn, (1 — az)[ng — 3]q,, [n2]q,, —2(1 —
a2)x%[”2]qn2([2]qn2 + q?LQ [ng — 3]qn2x2) - 2a2[”2]qn2 [n2 — 1]qn2qu’3% +
%52%2) (1—a2)(1—z2)+2(1—az)g?, x2(1—z2)[ng —
no
3lgn, + (1 — a2)gp,x2(1 — 22)[n2 — 3lg,, + (1 — a2)gh,#3(1 — x2)[n2 —
8gny [n2 —4]q,, + (1 —a2)22(3]3, +2(1—a2)[3lg., dn, 240, [n2 — 34, +
qr,(1 — ag)x3[ng — 3lg,, + qh,(1 — ag)ai[ng — 3]g,, [n2 — 44, + as +
2q727,2a2x2 [nQ - ]‘]Qng +a2q22$2[n2 - 1]‘1n2 +a2q7§/2 w% [n2 - ]‘}Qng [n2 _2]‘]712 -
2a5[n2]g,, (1 — a2)(1 — z2)(1+ g7, [n2 — 3]g,, x2) — 225(1 — a2)([3]g,., +

[nal;, 23| +

Gy (2= 3lg,, 22)[M2]g,, — 22200 (14 a5, [0 —1]g,., w2) [02]g,,, +[n2]7 963] :

LEMMA 4.3. From Lemma 4.2, one has
(i) limp, 500 [1]g,, Grir s e (A1 — m1)5 21, ) =

— (1) [x%<ﬁ1<2a1 1) — (1= ) + 21 (1~ 200) + 1 (1+ a1>>]

+ (81 + 1) (1 = 221);

(1) im0 [12] g, G inoan .z (B2 = 22); 21, 22) =

=(1—c9) |:$§(,82(2a2 —1) =4yl — a2)) + 2z2((1 — 2a2) + 72(1 + 042))]

+ (B2 +72) (1 — 222);
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(i17) hmmﬁoo[nl]qnl gl?}ﬁg%%l,ax(hl - ."L‘1)2; T1,T2) =

= B1{4(1 — )23 (1 — o) (1 — 1) + 627 — 723 + 60123(1 — 1) + 22
+a1(1—21)’} + {41 = e)ai(l - ar1)(1 - 21)
+ 623 — 823 + 612 (1 — 21) + 221 };

(i) im0 [n2] g, Grts - o (2 — )% 1, 2) =

= Bo{4(1 — co)x3(1 — o) (1 — ) + 625 — T3 + 6anx3(1 — x9) + 23
+ 29(1 — 22)%} + 12 {4(1 — e2)23(1 — a)(1 — x2) + 625 — 823
+ 6023 (1 — 29) + 229},
5. CONVERGENCE ESTIMATES FOR THE BIVARIATE OPERATORS

In the following result we show the uniform convergence of gﬁ{’;}ﬁi’j&lm(g )
to ¢, if ¢ € C(T?).

THEOREM 5.1. If ¢ € C(Z?), then

. anq,9
ol G a (G 22) = (1, 22),

uniformly in (z1,72) € I°.
Proof. From Lemma 4.1, obviously

lim Hggrlla%g?gfl,a2 (el]) - einC(IQ) =0, for (Zaj) € {(07 0)7 (1) 0)7 (07 1)}7

o dim (1G5 s (e20 + e02) — (e20 + en) eqzz) = 0,

hence applying the well known theorem given by Volkov [37], the required
result follows. O

For ¢ € C(Z?) and p > 0, the total modulus of continuity is given by:
w(C; p) = sup{|((fin, h2) — C(z1,22)| : \/(ﬁl —21)? + (hg — 22)* < p}.
Hence,
(R, hiz) = C(@1, m2)| < W(C; \/(ﬁl —x1)* + (hy — 22)%) < @((: p),
whenever \/(fiy — 21)% + (he — 22)%2 < p,p > 0, and for any A > 0,
w(GAp) < (14 A)w (G p)-
The partial moduli of continuity with respect to z1 and xo are defined as

(5.1)

wi(Csp) = SUP{C(ﬂfll,ﬂEz) — ((x12,22)| t 22 € J and |z11 — z12| < p, p> 0}7

wa(C;p) = SUP{((l’l,le) —((z1,222)| : 71 € J and |v21 — z22| < p, p > 0}-
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For more details on the moduli of continuity for functions of two variables, we
refer to [24].

Let C%(Z?) = {¢ € C(Z?) : P ¢ C(T?),0<i+j<2i,j€ No} equipped
with the norm

8x§8x%
2
Clle2(z2y = I<le(z2y + +
€l = IClles) + 3 o) T
The appropriate Peetre’s K-functional for the function ¢ € C(Z?) is given by

K(¢;p) = Teégl(fp){HC — Tlle@2y + plITlle2(z2y}, p > 0.

From [11, p. 192], we have
(5.2) K(¢: p) < M{wz(C; v/p) + min(L, p)|[¢]lc(z2) } p > 0,

where the constant M > 0, is independent of ¢ and p and wW3((;/p) is the
second order modulus of smoothness.
In our further consideration, let

02¢
0x1012

di¢
oz}

¢
61%

C(72) o(z?)”

Adnq,9 2 q
sup n??nz?il,aa((ﬁl - ml) ;L1 x2) = ‘971730417
(z1,72)€I?
Adnq,9ng ﬁ . _ niny
Sup  |Gnying,an a0 (A1 — 21); 21, 22)| = Bnilan
(z1,x2)€Z2
Adnq,9 2 q
sup TLTlLleLZT,Lél,OZQ((ﬁ2 - x2) 3 L1y ‘TZ) = ’7”721?027
(z1,x2)€I?

sup |Gy dran (2 — 22); 21, 22)| = prsias-
(z1,x2)€Z?

THEOREM 5.2. Let ¢ € C(Z?), then we have
190105731 ,.02(C) = Cllezz) < 20(C; p).
where p = (9%}&1 + %ng?az)%-
Proof. Taking into account the Cauchy-Schwarz inequality, we may write
|G e (G 1, 2) — (71, 22)| <

< Girlnad oo (IC(R, ) — C(@1, @2) | 21, 22)

< w((,p) gl}n‘é’él7a2 ((1 + /(1 —21)2+(ha—x2) ;1,17372)

p

< w(¢,p) (1+,1,\/g373ﬁq2751,a2((ﬁ1$1)2;$1»$2) 71117{}7%3762!1,02((712$2)2§$17952)> :

Now, choosing p = (6pila, + 'ygg?az)%, the required result is proved. O

THEOREM 5.3. For € C(Z?), the operator QZT},’LZ?&L@ verifies the following
inequality:

G ns 2.0 (C) = Clleqzey < 2(@1(¢5\/ 0t ar) + @2(C5 1\ YnaZas)-
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Proof. The proof of the theorem is a direct consequence of the definitions of

the partial moduli of continuity, Cauchy-Schwarz inequality and Lemma 4.1.
O

Next, we determine the rate of convergence for the operators G b 3, as (¢)
in terms of Peetre’s K-functional for any ¢ € C(Z?).

THEOREM 5.4. For ( € C(Z?), there holds the following inequality:

G naa1.02(C) = Clleqzey <
1 sY41 . C’?Lnl’nqn(g «@
< 2a{@m( G 4O ) + min {1, P2 Yo |
2 2
oGy () + () ),

4dnq,9no o qnq dno qnq qno 2
where Cpilnaar,a0 = { \/0n1,a1 + 1/ Vnolaz)? ninar T Pnaaz)” (-

Proof. Consider the following auxiliary operator defined as:

e anan (G 21, 02) =Gt e dy s (G 21, T2) + ((21, T2)
(5.3) - C( e an o (€105 71, 22), Gt d, a2(€01,$1,$2))

. . ‘~0nq.Gny
Then, in view of Lemma 4.1, we have Gp| %5 3100 (1; 21, 22) = 1,

ning a0 (1 — 21); 21, 22) = 0 and Gatlng'dy 00 (e — w2); 21, 22) = 0.
Let 7 € C%(Z?) and (z1,72) € Z? be arbitrary. By Taylor’s expansion, we can
write

fn o2 7(¢,x2) o1 (z1,22)
7(hn, he) = 7(21,22) = / (1 — ¢) 25052 de + 27512 (hy — )

fiz ﬁl
0 3 )d 2
(5'4) 7(521,362) iy — +/ T(gzlﬁéw ) Jr/ / 8a‘rq§lgjw

Applying G272 (s 21, 22) on both sides of the equation (5.4) and using
(5.3), we obtain

grlb}ﬁgr,lgél,az (T xlvx?) (‘/El’x?):

- 1
qnyqn o2 s
= m,l’nmgq,cm(/ (h1—9) 7-85;29:2 d¢a$1a$2>
x

1

S ho
niH4n a
+ qun,lng,il,ag </ (ﬁ2 - 7,[}) Tazéydj d¢a xy, $2>

— g hu  rho
nis4n
+ Gnimnaan,an / / 3¢a¢ 321, L2

nis4dn a b)
7qz1,1ng702z17a2 (/ (h1 — @) 7;9(;52302 do; a1, 332)
71
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qnq,dng

gnl ng,aq,a9 (610;$1,$2) 2

el qnq,4n 0°1(¢p,x2

- / < nl,lnz,ozq,ag (610; X1, :1:2) ¢> 6(¢2 )d¢
X

1

i
g‘}np‘lng 2 fio — o (z1,%) d
+ Yni,ng,an,a0 (A2 — ) oy i w1, w9
2
QinaQn

ni,ng,aq,00 (601,$1,$2) an
1-4ng T 55171/))
- / ning,an,az (€015 T1, T2) — w oy dy
2

qnqsq9n fn h2 02
1412 T
+ gmmmal,az / / a¢3¢d¢ dip; 1, 2
1 z2
anq >4qn. in »dng

gn1 ng, 0‘1 « (61074517552) ni,ng,0q,x (601;'7:171'2)
2 sM2s s 927.
+ / / ] 91/1d(2)d¢
X1 €2

Hence, applying Cauchy-Schwarz inequality

(5.5)
G 8 s (73 21, 22) — (1, 3)| <

ny -0 iy

nis4n

< gnl,lm,gn,% (‘/ |ﬁ1 - ¢’
xT

anq,9ng

gnl n2,a1 ag (6107$17$2)
+

027 (¢,x2)
T2

do|;

Z1, 332)
qnq,qng

ni,ng,a1,0 (610,.731,%2) (rb

«’1317332)

D%7(¢,x2)
08T

dng’

Gny >0 iz
n1H4dn
+ gnl}nz,gzhaz (‘ / ‘ﬁQ - w| oy

87’x1,’¢ ‘d’(/]

47’11,‘1
ny, n2,a1 a2(€107$17$2) Gny,q 92+ (z
+ ‘ / n7lb’1n2702[1,a2 (610,%’1,.’1;2) w 8(#,%71# dfl/}
T2
h
4 glmtna 1 dé du|:
ni,n2,00,002 a¢a¢ Ty, X2
any,qn q Xt
Gy ing.ay, a2(6107x17x2) G’ Ing a1 g (€01321,2) s d¢ dvp
” 2609

2
< O e (0 — )sn,m) + (w3, 00)

2
O o (02 — )% 00,0) + (135, 02) ) Pl

+ {Mﬁ%‘iﬁmz((m - x1>2;m1,xQMGZ’;}ﬁZ?él,aQ((m — 29)%; 21, 22)

+| (G088, (erosr o || (G558 s ons 1 22)-2) i leser



22 Purshottam N. Agrawal, Dharmendra Kumar and Behar Baxhaku 20

< %{( 0;11711}&1""\/ 73721,2&2>2+( 7111711717&1 +p$g?a2)2}’T"62(12):07(117}7;3%17042"THCQ(I2)-
Also, from (5.3), we have
|Gty s 2 (G 1, 22)| < |G i (G 1, @) | + |C (1, w2) |+
+’< ( Z”ll,lﬁg”:gq,ag (610; X1, 1132), 7qlrll}7;q270241,a2 (601; x1, .'L'Q)) ‘
(5.6) < 3[¢lle(z2)-
Now, for ¢ € C(Z?) and any 7 € C?(Z?), using (5.5) and (5.6), we may write
‘gg*;}ggigm(g; Ty, T2) — 4(331,962)’ <
< |Gnr g a0 (C — T3 w1, 22))]
+ |G e (T3 21, w2) — (21, 22)| + |7(21, 22) — (21, 72)]
Adnq,q9ng . dnq,9ng .
+ C ( ni,n,q1,02 (610a X1, .’EQ), ni,ng,a1,02 (6017 X1, 1;2)) - C(xly 332)

<A||¢ = Tllezy + Crihigd sl Tlc2z2)

Adnq,9 dnq,9
+ C( n?}nz?gchag(elo;xlva)a n?}n2702611a2(601;$171:2)> _C(l'lal?)

C'an'r;qng e ~ n 2 n 2
< a(lc = rllogmy + Ptz ron ) +3(cf (B2 )” + (An)” ).

Taking the infimum over all 7 € C?(Z?) on the right hand side of the above
equation and using (5.2), we get

|Gt ay a0 (G a1, @2) — C(a1,22)| <

L2 22, 2ny
<AK( ¢ 4 +@( GV Bniyar + Pna,ae
anq,dng

—_ nis4n : C’VL 1TL a1,
< Mfon(G:3y/CRTA o ) + mingt, SRR ey |

-HTJ(C; \/( glrlbial)Q + (pglgz,a2>2>7 v(xlva) € IZ?

which leads us to the desired assertion. O

The next result provides a convergence estimate for functions in C*(Z?) =
{¢eC(@?: 2, % c(Z2)} by the operators (4.1).

" Oz1° Oxz

THEOREM 5.5. If ¢ € CY(Z?), then there holds

G b0 (C) = Clle@2y I Gy le@ey VOmlar + || &y lle@z) \/ iz
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Proof. Let (x1,22) € Z?, be an arbitrary but fixed point. Then, we may
write

ﬁl h2
) = Consaa) = [ G, (0,0t + [ G (a1, 02)d0n

Now, applying G2 ., (.;x1, x2) on both sides of the above equation, we

get

|G 0 (C(Fn, h); 1, 2) — (21, 22)| <

h1
y L1, X2

Cp, (01, 22)dby

he
/ Cp, (w1,02)dO2| ;21,22 | .
T2

h1
/ Co, (01, 22)db:1| <|| ¢3, lle(z2y 11 — 1],
o

qnq,9no
S gnl sn2,00,02

1

+ gqnl »dng
ni,n2,o,02

By applying the inequalities

and

ha
| G wr,02)d0| <11 ¢, i, s = o),
2
we get
|g;]l7117177lg7:gc17a2 (C(hla ﬁ2)7 X1, 1‘2) - C($17 $2)’ S
<N Gy Nleqzz) Gmtiodsan (|1 — @1 21, 22)
+ 11 ¢y lleqzey Gnrling @r.an (|2 — a5 21, 72).
Applying Cauchy-Schwarz inequality and Lemma 4.2, we obtain
G bada,02 (C) = Clley <II €y Nle2) \/||ggz?fﬁg7él,az((ﬁl = e
11 ¢y ey V19508 0 (2 = )2) o)

=[1 ¢, ey /Omtar + 1| &y llezz) Vs’

This completes the proof. O

) . ny.q
In the next result, we discuss the convergence behaviour of Gpls'a, as(C)

to ¢ by virtue of the partial moduli of continuity of the partial derivatives of

.

THEOREM 5.6. Let ¢ € C1(Z?), then for sufficiently large ny and na, there
holds the following inequality:

1
i

2. 1 . 1
1G858 0 (O) = Clle) < C S lnila? (1 10w (c;i; [nilqnf>) ,
=1
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where W; (Cg’cl_; ) are the partial moduli of continuity of ¢, for i =1,2 and C
is some positive constant.

Proof. Using the mean value theorem in the following form, we obtain
C(h1, M) — (a1, 22) = (M — @1)Cy, (u, w2) + (B2 — x2)(),, (1, 0)
= (i —x1)¢,, (w1, 22) + (A —21) (¢, (u, 2) — &, (21, 32))
+ (he—w2)C, (21, 22) + (h2—22) (C, (21, 0)—C, (21, 22))

where u and v lie between fiy, 2, and g, x5 respectively. Applying Grrlne'2, as

(.;x1,x2) to the above equation, we obtain

2 e (G, me) — (21, 12) =

= Griidnan (1 — 21); 21, 22) &, (1, 22)

+ G an (B — 21) (¢, (u, 22) — &, (21, 22)) s 21, 22)
+ Gt d s o (o — w2); w1, 2) €, (71, 72)
+ Gy dras ((hy — 22) (G, (21, 0) — (w1, 22)) 21, 22) -

Since (3, and (},, are continuous on 72, they are bounded therein, therefore
there exist positive constants C1 and Ca such that (], | < C1 and |, | < Co,
for all (x1,22) € Z?. Hence applying Cauchy-Schwarz inequality, for any
p1,p2 > 0, we obtain

2
’ggq}ﬁg751,az(f;$1,$2) - C($1,x2)| < Z |C;:Z’gfq;11,17£70261702 (‘hl - xi‘S 1'17562)
=1

2
+ G dy (|hi — ] (1 + lﬁ;ix‘) ;361,362) @i(C,5 pi)
=1
2 1

<3 (CHGR R an (B — )5 00, 22) Y245 (G )

=1
1
qnq 9 2 2 qnq 9 2
X l:{ n?,ln270241,a2((ﬁi _xi) §x17$2)} + ign?,ln;éhaz ((hz_xz) ;.%‘1,1‘2)]).

Choosing p; = ([ni]qni)_%,i = 1,2 and applying Lemma 4.3, the required
result is proved. O

Now, we establish a convergence estimate for the operators gﬁ?}ﬁZTéI,QQ with
the aid of the Lipschitz class functions.

For ¢ : Z? - R and 0 < 6 < 1, the function ( is said to be in Lipschitz class
Lip \4(0), if 3 a positive constant M such that

Lipy((0) = {C : [C(Fn, h2) — C(21, 22)| < MJr — 2|},

Vr = (hy, ho),z = (21, 32) € T2, where ||r — 2| = {(h1 — 21)% + (ho — 22)?} 7 is
the Euclidean norm.
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THEOREM 5.7. Let ¢ € Lip,,(0), 0 < 8 < 1. Then for sufficiently large ny
and ng, the operators (4.1) verify the following relation:

2
2

G 58100 (€) = Clle@) < K{[mlg! + [naly,) }2,

dny

where KC is some positive constant.

Proof. From hypothesis, we have

|Gty e (G 1, T2) — C(21, 22)| < Gy dn oo (I (Fir, B2) — (a1, 2)| 5 21, 22)

< MGis o ([r — 2% 21, w2),
where r = (hy, hig), x = (21, 12) € Z?. Applying Hélder’s inequality , we obtain

0

|Grrarzs o0 (G, 22) — (G, 22)| < M{GRT R 0o (|7 — ]| 21, 22) } 2
0

S K:{eglrlb}al +’ygl72l?012}§7 v ﬂfl,.’EQ E 1-27

hence using Lemma 4.2, the required assertion is proved. O

Next, we discuss a Voronovskaja type asymptotic theorem.

THEOREM 5.8. Let ¢ € C%(Z?). Then

lim (7], (G, 00 (G 21, @2) = (@1, 22)) =

Jion [l (
— (1= et (2an = 1)~ tpo(1 — @) + (1 - 200) + (1 + )
(o + p)(1 = 201)| € (o1, 22) + [ (1= ) {202 — 1) — 4po(1 - 02))
+a((1 = 202) + po(L+ a2))}+ (o + (1~ 202)| o, 22)
! [p1{4(1 — a1 — an)(1 — 21) + 62% — 727 + 6arad(1 — 1) + 22
a1 (1= 20)?} + pofd(1 — )21 — ar)(1 - 21)

+ 656‘;’ — 856% + 6&11‘%(1 — 1)+ 2$1}} C;’lxl (z1,x2)

+1 [p1{4(1 — c)z3(1 — ag)(1 — a2) + 625 — 725 + 6a0a3(1 — 22) + 23
+ 29(1 — 22)%} + po{4(1 — €)z3(1 — az)(1 — 29) + 625 — 823

+ 6agr3(1 — x9) + 23;2}} g (X1, T2),

uniformly in (z1,x2) € Z2.
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Proof. Let (x1,72) € I? be an arbitrary but fixed point. Using Taylor’s
theorem, we have

(T, h) = (w1, @2) + G, (@1, 22) (A1 — 1) + ${C) 4, (w1, w2) (Fn — @1)°+
+ 207 4y (w1, m2) (A1 — 1) (Bg — 2) + (), (w1, w2) (Mg — 22)%}

(5.7) + w(ﬁl, ho; 1, xg)\/((hl—x1)4 + (ﬁz—x2)4)+§;;2 (xl, xg)(ﬁz—wz),

where w(hy, ig;x1,72) € C(T?) and w(hy, hg; w1, 22) — 0, as (Fy, fiz) —
(r1,22).
Operating GIm:4n  (.;x1,x2) on both sides of (5.7), we have

n,n,o1,02
(5.8)  Gimdn (G, we) = (w1, 2)Gimdn (B — 21); 21, 22)+
+ Gy (w1, 22) Gt (R — w2); 21, 22)
+ 3G (1, m2) Gl (A1 — 1)1, )
+ 23, g (21, 22) G0 (M1 — 21) (B2 — @2); 21, 222)
+ Gty (1, 22) G (B — w2)?; w1, w2)} + (21, 72)

+ Ganin o (@(hi1, hig; 21, 1‘2)\/((ﬁ1 — 1) + (hg — 22)4); 21, 22).

Applying Cauchy-Schwarz inequality to the last term of (5.8), we obtain

gg%?ghm (w(ﬁl, ﬁ2;m1,x2)\/((ﬁ1 — 1)t + (B — $2)4);$1,:U2) ’ <
< {gqn,qn (w2(ﬁ1,ﬁz;xl,xz);LUth)}l/Q

n,n,o,o2

X {\/{9%7ﬁ?&1,a2((ﬁ1 —x1)h 21, 22) + Gl 0 (B — 22)% 21, xg)}} .

Since @ (., .; 71, ¥9) € C(Z?) and w(fiy, hig; 1, 72) — 0, as (hy, Az) — (w1, 2),
applying Theorem 5.1, we obtain

Jim [n]q, G, an (w0 (A, fig; $1,$2)\/((ﬁ1 —a1)* + (he — z2)*); 21, 22) = 0,
uniformly in (21, 12) € Z°.

Now, using Lemma 4.3 and by the above equation, from (5.8) we reach to
the required result. ]

Griiss [20] determined the difference between the integral of a product of
two functions and the product of integrals of the two functions. Later, Gal
and Gonska [18], studied the Griiss Voronovskaya type theorem for Bernstein
and Paltanea operators with the aid of Griiss inequality which deals with the
non-multiplicavity of the operators. For more details in this direction, one can
see ([1], [28]) and the references therein. In the following theorem, we examine

the non-multiplicativity of the operators gzﬁ}ﬁiﬁglm.
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THEOREM 5.9 (Griiss Voronovskaja type theorem). For (, 7 € C%(Z?), there
holds

hm [ ]Qn{gg,nﬁqul,QQ (CTﬂ .’1:1,372) ggnﬁqul,az (C;$17$2)g7q7,n771q31 a2 (T7 x17x2)} =
= [p1{4(1 — c)x:{’(l —a)(1—x1) + 6:6‘11 — 71’? + 60413::{’(1 —x1) + x%
+a1(1— 21)*} 4+ pofd(l — )2 (1 — o1)(1 — 1)

+ 6:E‘I) — Sx% + 6a1x%(1 —x1) + 2m1}] C;l(xl, mz)Tél(ﬁ, x9)

+ [p1{4(1 — )31 — o) (1 — x9) + 625 — T3 + 6agas(1 — o) + 22
+ 29(1 — 22)%} + po{4(1 — €)z3(1 — a)(1 — 29) + 625 — 823
+ 6anx3(1 — 29) + 21‘2}:| G, (w1, 22)7,, (21, 22),
uniformly in (z1,x9) € I2.
Proof. By our hypothesis, we obtain
(M) AGE 0 o, (CT5 1, 22) — GIntn (G ey, m2)Gldn (7521, m2) } =

= [nlq, (gg“ﬁqél p (CT3 1, 2) — (21, 22) 7 (21, 22) — (((1, 22) 7, (21, T2)

+ 7(x1, 22)Cy, (21, 22)) Gt (B — 1) 21, 2) — (C(21, 22) Tay (21, 22)
+ 7 (21, 22) (L, (21, 22)) G (2 — m2); 21, 02) — §(C(21, 22) 70, 4, (21, 2)
+ 20, (21, 2) 7y, (21, @) + T(21, 22) () (w1, 2)) G ((By — @1)%; @1, 22)

— (Cz1, 22) Ty 4y (X1, 22) + €, (@1, T2)Th, (21, 22) + C,, (@1, T2) T, (21, 22)
+ T(xla x2)€x1x2 (1'1, x?))g%nﬁqghag((hl - xl)(hQ - :UZ); Iy, .%'2)

— 5(Ca1, w2) Ty, 0, (1, w2) + 20, (w1, w2) TS, (%1, T2)

+7(

21, 22) (X1, 22))GIVI (R — @2)%; w1, 32) — T (21, 22)
(ggnﬁqgll,ag Ca xy, .@2) C(xlv $2) - C:/r:l (mla $2)ggnﬁqul,o¢2 ((hl - .%'1); I, 1‘2)

— Gy (w1, 22) G ((ha — w2); 21, 2)
— 50y (1, m2)GIIn((By — @1)%5 21, 2)

— oy (21, 2) G ((ha — 21) (g — 2); 21, 22)

— 50y (1, ) GII (B — 562)2;961,962)) Gl s (G 1, 22)

(gg%qéil 0 (T3 01, T2) — 7(x1, T9) — 7y (w1, 22) Gl (B — @1); 21, 2)
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— Ty, (w1, 22)Glin | ((hg — x2); 21, 22)

- %Tcgmzl (:El’ :E?)gg?ﬁ?gq,ag((ﬁl - 1‘1)2; Z1, :EZ)
— Ty (1, 22) G (B — 1) (B — 22); 21, 22)

- %7—3/8,2132 (:El’ $2)gg?r7z?31,a2 ((hQ - 1'2)2; X, $2)>

+ Ty (w1, m2) G ((By = x1); 21, 22) (C(@1, 22) — Gimde (G201, 72))

+ 7, (@1, 22) G0, o, ((he — m2)i 21, 22) (G20, 22)) — G, 0, (G 21, 22))

Gt o (ln—z1)%21,22)

+ T4y (21, 2) 5 (C(z1,22) — G, (G w1, 22))
gl}nvqn fio— 2; ,
+ 73,;/23;2 (:El; l‘z) n,n,oq,ocg(( ; 12) 1 12) (C(xlv 332) _ ggl?ﬁ(’]gh(IZ (Ca 1,17 1,2))

+ Ty (X1, 22) G ((h1—21) (ha—2); 21, T2)
x (C(x1,22)—  Ghmin o, (G, m2))
+ Gy (w1, 2) 75 (21, 22) Gl ((
+ Gy (@1, 02) 75, (21, 22) Gt ((ln — 1) (he — 22); 71, 22)
((

+ Gy (21, 2) Ty (21, 20) Gl (B — 1) (B2 — x2); 21, 22)

hy — 21)?%; 21, 29)

+ (G (@1, w2) 7, (1, 22) Gl (B — 2)%; 1, 962))-

From Theorem 5.1, for all ¢ € C(Z?), it follows that Gindn (¢ xq,29) —

n,n,x1,x2
¢(z1,22), as n — oo, uniformly in (x1,z2) € Z?, and by Theorem 5.8, for every
¢ € C*(7?), we have

Jim [n]g, |Gl 6, (G 21, 22) — (a1, 2) -

— Gy (w1, 22) Gl ((h1 — x1); 21, 22)
— Gy (w1, 22) Gl (B — m2); 21, 2)
- %{C:/E/L’L'l (.’131, x?)gg;;ﬁ?gl’QQ ((hl - 1171)2; x1, .'EQ)
+2¢ 4, Gimtn oy (I — @1)(he — 22); 21, T2)
+ ggzzggtlﬁ?gtl,QQ((ﬁz - 1132)2; .’131, .’1}'2)} = 07
uniformly in (21, 22) € Z°.

Hence, in view of the fact that ¢,7 € C?(Z?), using Lemma 4.3, we reach
the desired assertion. O
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6. CONSTRUCTION OF GBS OPERATORS FOR THE BIVARIATE OPERATORS
2711717712702417@2( 571, T2)

In the past decade, the study of GBS (Generalized Boolean Sum) operators
associated with the positive linear operators has been an active area of re-
search in the field of approximation theory. The concepts of Bogel continuous
and Bogel differentiable functions were first given by Bogel [10]. Dobrescu
and Matei [17] showed that any Bogel continuous function on a bounded in-
terval can be uniformly approximated by the boolean sum of bivariate Bern-
stein polynomials. Badea et al. [6] obtained a Korovkin type theorem for
the Bogel continuous functions. Agrawal et al. [3] studied convergence es-
timates for the GBS case of the bivariate Lupas-Durrmeyer type operators
based on Polya distribution. Barbosu et al. [8] proposed GBS operators of
Durrmeyer-Stancu type based on g-integers and examined the approximation
degree by using Lipschitz class and the mixed modulus of smoothness. Kajla
and Miclaus [25] determined the convergence behaviour of GBS operators of
Bernstein-Durrmeyer type for Bogel continuous and Bogel differentiable func-
tions. Agrawal and Chauhan [36] introduced the sequence of GBS operators
of Bernstein-Durrmeyer type on a triangle and investigated the rate of con-
vergence by virtue of the mixed modulus of smoothness for Bogel continuous
and Bogel differentiable functions. For a detailed account of the research in
this direction, one can see [19] and the references therein.

A function ¢ : Z? — R, is called B-continuous (Bdgel continuous) at a point
(.%'1,.2?2) c71?if

Aay o) Sl Tiz); (w1, w2)) = 0,

1m
(h1,h2)—=(x1,22)

where A, 4 C[(R1, A2); (@1, m2)] = (T, fiz) — ((fir, w2) — (21, Tiz) + ( (@1, @2).
Further, a function ¢ : Z? — R, is said to be B- continuous on Z?2, if is B-
continuous V(x1,z2) € Z2.

A function ¢ : 72 — R, is called B- differentiable (Bégel differentiable) on
72, if for every (x1,22) € 72,

i Az ,a0)Cl(h1,h2);(21,22)]
(ﬁ17h2)lgr(ll‘1,x2) 1(h§_1‘1)(ﬁ2—x2)

= Dp((z1,22) < 0.

The function ¢ : Z2 — R is said to be B-bounded on Z? if 3 some K > 0, such
that ’A(zl,xz)g[(ﬁl,ﬁg); (:cl,xQ)H < K, for every (ﬁl,ﬁg), ($1,$2) S 72 The
space of B-bounded functions is denoted by By (Z?), the space of B-continuous
functions is denoted by Cj(Z?) and the space of all B-differentiable functions
is denoted by Dy(Z?). Further, let B(Z?) be the space of bounded functions
on Z? endowed with the sup-norm denoted by ||.|/sc-
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For every ¢ € Cy(Z?), the GBS operator associated with the operators de-
fined in (4.1) is defined as:

ny n2
1,9 , (K]
0.0)  SEEIR e (Gna) = Y S Baa (o) ¢ (a2

nl]lInl
k=0 j=0

[ilan Many ~ Llan
+ C (xl’ [nQTqEQ ) B C (mﬂqq"ll ’ [n;‘”i ) :| .

The operator Smnt'2 4, is well defined on the space Cy(Z?) into C(Z2).
We shall analyze the order of approximation of Spyhia'd, as(¢) to ¢, for all
¢ € Cy(Z?), using mixed modulus of smoothness.

First, we show the uniform convergence of the operators (6.1) to ¢, where
¢ € Cy(T?) by using the following result:

LEMMA 6.1 ([7]). Let Ky : Co(X xY) = B(XXY),m,n € N be a sequence
of bivariate positive linear operators. Further, let Gy, be the associated GBS
operators and the following identities hold:

(1) Kmnleoo; x1,22) = 1;
(2) Kmn(ero; 21, 22) = 21 + amp(21, 22);
(3) ICm,n(€01; X1, 332) = X2+ Bm,n(xla 1‘2)
(4) Kunlezo + €o2; w1, 22) = 27 + 23 + Y (21, 22)
forall (x1,x2) € X XY. If the sequences tum n, Bm,n, and ym n converge to zero,
as m,n — oo, uniformly on X xY, then the sequence (G, n(C)) converges to
¢, as m,n — oo, uniformly on X xY for all { € Cp(X xY).

THEOREM 6.2. For ¢ € Cy(Z?), we have

lim_ Snihgdias (G o1, ) = (21, 22),

uniformly in (z1,x2) € Z2.

Proof. From Lemma 4.1, it follows that
i [|Gnilny8yan (e7) — eijllezy = 0, ¥ (i,) € {(0,0),(1,0),(0,1)}
and
lim | Gring a1 a2 (€20 + eo2) — (e20 + eo2)lle(z) = 0,

hence applying Lemma 6.1, we obtain the desired conclusion. O

In the next result, we examine convergence estimates of Sprine 2 4, (¢) to ¢
by virtue of mixed modulus of smoothness.

For (z1,2), (fi1, h2) € Z?, the mixed modulus of smoothness of ¢ € Cy(Z?)
is defined by
WB(C, p1, p2) = sup{| Ay 2)Clh1, hos w1, 22|+ By — @1 < p1, |ho — 22| < p2}

for any (p1,p2) € (0,00) x (0,00). From definition of wg((, p1, p2), it follows
that

wB(C,c1p1,c2p2) < (1 +c1)(1+ e2)wp(C, 1, p2),
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for any c1,co > 0.

THEOREM 6.3. For every ¢ € Cy(Z?), and sufficiently large n1 and ns, the
operator defined by (6.1), verifies the following result:

11
1Snt e 81,02 (O) = Cllez) < K&2am(C [l s [n2]a.),

where Kg? is some positive constant depending on ay and az.

Proof. Considering the properties of the function wg, we get
|A (21 ,22)Cl (A1, B2); (21, 22)]| < WB(( Ay — w1, [z — 22])

(62) < (1o g ) (1 o) GG o),

for every (x1,x2), (fi1, hi2) € I? and for any py, p2 > 0. Using the definition of
A (g ,20)C[(A1, 2); (71, 72)], we may write

C(z1,h2) + C(fn, 22) — ((Fa, fig) = (21, 02) — A(gy 20)C[(Fi1, B2); (21, T2)]-
Applying the operator Sgﬁ}ﬁgfﬁl,az (.;x1, 2) on both sides of the above equality,
we get
S’g,”lll’rgngq a2 (C’ X1, LUQ) :C(xla 1'2) ’gl?,lﬁgngq [ (600, X1, CL‘Q)
(6.3) — G a0 (A ) CL(F1, a); (21, 22)]; 21, 72).

Hence using (6.2), Lemma 4.1 and applying the Cauchy-Schwarz inequality,
we get,

(6.4) |Sny iy dran (w1, 2) — (21, 29)] <
S gg’llylﬁg’fgél,QZ (’A :El :)32 C[(ﬁ17 h?), (.’171,{1:2)”; '1:17 'CCQ)

qny,9n
<1 +p1 \/gm,lnz,fil,w (h1 — z1)%; 21, 72)

qnq,9q
\/gnq,ln;gélﬂz (h2 — x2)%; 71, 22)

o G (i — 21)2 (B — w2) 1, x2>) G5(C: p1. pa)-

-1
Now, choosing p; = [ni]¢2,,% = 1,2, and applying Lemma 4.3, the required
assertion is proved. O

The following result is concerned with the error in the approximation of the
B-differentiable functions by the operators (6.1).

THEOREM 6.4. If ( € Dy(Z?) and D¢ € B(Z?), then

IS0 im0 (G 21, 22) — C(@1,22) 22y <

1 1

< - {1Da0le + T (DG Il Il

(M) g, [n2] g,
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where C > 0 is some constant.

Proof. Since ¢ € Dy(Z?), by mean value theorem, we have
A(ﬁm)([(hl,ﬁg); (z1,22)] = (h1 — x1)(he — x2)Dp((a, B), withx) < a < hy,
and z2 < B < hy. Clearly,

Dp((a, B)=A 4y 20 DBCI(, B); (21, 22) WD B( (o0, 22 )+Dp((21, B)—Dp((71, T2).
Since D¢ € B(Z?), from the above equalities, we have
(6.5) |Ginstng-an o (A(y an)Cl(B1, B2); (w1, w2))5 21, 32)| =
= |G 2 0z (1 = 21) (B — 22) D¢ (o, B); 21, 72)]|
< Girng gy (|1 — a1 ]|fiz — @a|| A gy 4y DBC[(0v, B); (21, 22)]|; 21, 72)
+ G0 (1l — w1l — @l (1D B¢ (0, 22)]
+ [Dp((z1, B)| + !DBC($1,$2)|>;1?1,$2>
< Gnihiaduas (Il — 1lha = 22|wB(DpC; o = 2], 18 = w2l); 21, 02)
+3[lIDEC oo Gritns s an (ix — 21|z — o] 21, 2).

Considering the properties of mixed modulus of smoothness wg, for any p1,
p2 > 0, we have

wB(Dp(;|la — x1],|B — x2]) < wp(DpC; |h — 21], |he — 22])
2
(6.6) < JIQ + p; i — 2i)) WB(DBC; p1, p2)-
i1

Hence taking into account (6.5), (6.6) and applying the Cauchy-Schwarz in-
equality, we obtain

(6.7) |Smynaar a0 (C w1, 22) — (a1, 22)| =

= |QZ?}&Z?§1,QQ(AC[(7?1,ﬁz); (x1,x2)]; 21, 22)| <
< 3I1DBC oo\ G2, (i1 — 21)2(Fy — )2 21, 5)

4 ( drats o (Fiy — 3| — ol 1, 2)

+ 91 Gt ds e (M1 — 1) |he — 2] 21, 72)

+ 03 Gy @y an (|h1 — 21| (2 — 22)%; 21, 32)

+ 01 3 Gt (T — 1)2 (B — 22)%; 21, 332))&713(DBC; P, p2)

< 3I1D5Cl oo\ G LR, n (it — 21)2(Ba — 32)% 71, 75)

+ (VLR (= 2022 = 2251, 22)




31 «-Bernstein operators based on g-integers 33

+ oG (B — 1) (s — w9)2 21, 2)

Py VG (B — 21)2(hy — w2)%; 21, 5)

+ pflpz_l g an o (B1 — 1) (hy — 22)%; 21, 9?2))@(1?3(; P15 P2)-

Since, for 7,5 € {1,2}, we have
niing a0 (1 — 21)% (g — 22)%; 1, 20) =

(6.8) =0 L : )(9([ L ), asni,ng — 00,

[nl]Qn

—1
uniformly in (1, z2) € Z?, combining (6.7)-(6.8) and choosing p; = [n]q2,,i =
1,2, we reach the desired result. ([l

Now, we discuss the approximation degree of the operators (6.1) for Lips-
chitz class of B-continuous functions.

The Lipschitz class Lip?wb with 8 € (0,1], for B-continuous functions is
defined by

0
Lipfs={C € Co(T2):|A 1y ) [, Bo); (21, 2)]| < M{ (Ba—21) 2+ (ha—2)} 2 }
for every (A1, hg), (21, 72) € Z?.
THEOREM 6.5. For { € Lipjﬂ,uw 0 € (0,1], we have

niHin n n Q
H‘Sql}ng,gq az () — CHC(Z?) < M(H:']H}al + ’77(112?112)2'
Proof. Considering Lemma 4.1 and (6.3), by our hypothesis we get

S 02(G 21, @2) = (1, m2)| <
< Giiitdsan (| A<l 22); (1, 22)

< MG o (B — 21)? + (B2 — 22)%)

121, $2>

(15

;L1 1E2> .
Now, applying the Holder’s inequality with (p1,q1) = (%, 2%9» and using
Lemma 4.1, we get
gz?%i%naz(ﬁth) — ((r1,22)| <
2
< G s (e00; 71, 22)} &0
X M{Gn g3 00 (((ﬁl — 1) + (g — 22)%); $1,$2)}9/2
n n 2
< M(Q;IM}OQ + 7312?&2) 2,
which yields us the required result. This completes the proof. U
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