
JOURNAL OF NUMERICAL ANALYSIS AND APPROXIMATION THEORY
J. Numer. Anal. Approx. Theory, vol. 51 (2022) no. 1, pp. 67–82, http://doi.org/10.33993/jnaat511-1264

ictp.acad.ro/jnaat

BASKAKOV-KANTOROVICH OPERATORS
REPRODUCING AFFINE FUNCTIONS: INVERSE RESULTS

JORGE BUSTAMANTE∗

Abstract. In a previous paper the author presented a Kantorovich modification
of Baskakov operators which reproduce affine functions and he provided an upper
estimate for the rate of convergence in polynomial weighted spaces. In this paper,
for the same family of operators, a strong inverse inequality is given for the case
of approximation in norm.
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1. INTRODUCTION

Let C[0, ∞) be the family of all real continuous functions on the semiaxis.
Denote ek(t) = tk, k ≥ 0.

Throughout the paper, we fix m ∈ N, m ≥ 2, and set

ϱ(x) = 1
(1+x)m and φ(x) =

√
x(1 + x).

Moreover
Cϱ[0, ∞) =

{
f ∈ C[0, ∞) : ∥f∥ϱ < ∞

}
,

where ∥f∥ϱ = supx≥0 |ϱ(x)f(x)|.
For a real λ > 1, f : [0, ∞) → R and x ≥ 0, the Baskakov operator is

defined by

Vλ(f, x) =
∞∑

k=0
f

(
k
λ

)
vλ,k(x), vλ,k(x) =

(λ+k−1
k

)
xk

(1+x)λ+k ,

whenever the series converges absolutely.
For some functions f ∈ C[0, ∞), a family of Kantorovich-Baskakov type

operators reproducing affine functions was introduced in [1] by setting

Mλ(f, x) = λ
∞∑

k=0
Qλ,k(f)vλ,k(x), Qλ,k(f) =

∫
Iλ,k

f(akt)dt,
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where
Iλ,k =

[
k
λ , k+1

λ

]
and ak = 2k

2k+1 , k ∈ N0.

Approximation properties of the operators Mλ in some weighted spaces were
presented in [1]. The following notations are needed: for 0 ≤ β ≤ 1, set

Cϱ,β[0, ∞) =
{

h ∈ C[0, ∞) : h(0) = 0, ∥h∥ϱ,β = ∥φ2βh∥ϱ < ∞
}

and

(1) K(f, t)ϱ,β = inf
{

∥f − g∥ϱ,β + t∥φ2g′′∥ϱ,β : g ∈ D(ϱ, β)
}

,

where

D(ϱ, β) =
{

g ∈ Cϱ,β[0, ∞) : g, g′ ∈ ACloc : ∥φ2g′′∥ϱ,β < ∞
}

.

The following result was proved in [1].

Theorem 1. If β ∈ [0, 1] and m ≥ 2, then there exists a constant C such
that, for all λ > 2(1 + m) and every f ∈ Cϱ,β[0, ∞),

∥Mλ(f) − f∥ϱ,β ≤ CK
(
f, 1

λ

)
ϱ,β

.

In this paper we present a strong inverse result related with Theorem 1.
The work is organized as follows. In Section 2 we present notations that

will be used throughout the paper, as well as some identities related with the
operators Mλ and their derivatives. Section 3 is devoted to prove inequalities
related with the moments of the operators Mλ. In Section 4 we collect several
inequalities related with the weight ϱ. In Section 5 we include some Bernstein
type inequalities. A Voronovskaya type theorem is given in Section 6. Finally
the main result is proved in Section 7.

In what follows C and Ci (i ∈ N) will denote absolute constants. They
may be different on each occurrence. We remark that our arguments allow to
obtain bounds for the constants, but not the best.

2. NOTATIONS AND IDENTITIES

We will use the notations

M ′
λ(f, x) = d

dx
Mλ(f, x), M ′′

λ (f, x) = d2

dx2 Mλ(f, x)

and
M ′′′

λ (f, x) = d3

dx3 Mλ(f, x).

For λ > 1, k ∈ N0 and x ≥ 0, we define

Rλ,k(x) =
(

k
λ − x

)2
− (1+2x)

λ

(
k
λ − x

)
− φ2(x)

λ ,(2)

Iλ,1(x) =
∞∑

k=1

vλ,k(x)
ϱ( k

λ
)φ2β( k

n
)

(
k
λ − x

)2
,(3)
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Iλ,2(x) =1+2x
λ

∞∑
k=1

∣∣∣ k
λ − x

∣∣∣ vλ,k(x)
ϱ( k

λ
)φ2β( k

n
) ,(4)

and

(5) Iλ,3(x) = φ2(x)
λ

∞∑
k=1

vλ,k(x)
ϱ( k

λ
)φ2β( k

λ
) .

For p, q ≥ 0, set

(6) Aλ,p,q(x) =
∞∑

k=1

vλ,k(x)
ϱp( k

λ
)φq( k

λ
) .

For f ∈ C[0, ∞) and k, j ∈ N, we use the notation

Jλ,k,j(f) =
∫

Iλ,k

∫ ak+j(t+j/λ)

k/λ
f(u) ·

(
(ak+j(t + j

λ) − u
)

du dt.

Proposition 1. ([1, Prop. 2.4]) For each f ∈ Cϱ[0, ∞), λ > 1 and x > 0,
one has

M ′
λ(f, x) = λ2

∞∑
k=0

(
Qλ,k+1(f) − Qλ,k(f)

)
vλ+1,k(x)

= λ2

φ2(x)

∞∑
k=0

Qλ,k(f)
(

k
λ − x

)
vλ,k(x).

If f(0) = 0, the term corresponding to k = 0 should be omitted.

Remark 1. The proof of Proposition 1 (see [1]) is a consequence of the
identities (vλ,−1 = 0)

□(7) v′
λ,k(x) = k−λx

x(1+x)vλ,k(x) = λ
(
vλ+1,k−1(x) − vλ+1,k(x))

)
.

Here need the analogous of Proposition 1 for the second and the third
derivatives.

Proposition 2. For each λ > 1, f ∈ Cϱ[0, ∞), and x > 0, one has

M ′′
λ (f, x) = λ2(λ + 1)

∞∑
k=0

(
Qλ,k+2(f) − 2Qλ,k+1(f) + Qλ,k(f)

)
vλ+2,k(x)(8)

= λ3

φ4(x)

∞∑
k=0

Qλ,k(f)Rλ,k(x)vλ,k(x),(9)

where Rλ,k was defined in (2).
Moreover, if g ∈ C2

ϱ(0, ∞) and h ∈ C3
ϱ(0, ∞), then

(10) M ′′
λ (g, x) = λ2(λ + 1)

∞∑
k=0

( 2∑
j=0

(2
j

)
(−1)jJλ,k,j(g′′)

)
vλ+2,k(x)
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and
φ2(x)M ′′′

λ (g, x)
λ2(λ + 1)(λ + 2) =

∞∑
k=0

( 2∑
j=0

(2
j

)
(−1)jJλ,k,j(g′′)

)(
k

λ+2 − x
)
vλ+2,k(x).

If f(0) = 0 or g(0) = 0 the term corresponding to k = 0 should be omitted.
Proof. It follows from Proposition 1 and (7) that

M ′′
λ (f, x) =λ2

∞∑
k=0

(
Qλ,k+1(f) − Qλ,k(f)

)
v′

λ+1,k(x)

=λ2(λ + 1)
∞∑

k=0

(
Qλ,k+1(f) − Qλ,k(f)

)(
vλ+2,k−1(x) − vλ+2,k(x))

)
=λ2(λ + 1)

∞∑
k=0

(
Qλ,k+2(f) − 2Qλ,k+1(f) + Qλ,k(f)

)
vλ+2,k(x).

On the other hand,
φ4(x)

λ2 M ′′
λ (f, x) =φ2(x)

λ

(
φ2(x)

λ M ′
λ(f, x)

)′
− 1+2x

λ
φ2(x)

λ M ′
λ(f, x)

=φ2(x)
λ

(
λ

∞∑
k=0

Qλ,k(f)
(

k
λ − x

)
v′

λ,k(x) − λ
∞∑

k=0
Qλ,k(f)vλ,k(x)

)
− (1 + 2x)

∞∑
k=0

Qλ,k(f)
(

k
λ − x

)
vλ,k(x)

=λ
∞∑

k=0
Qλ,k(f)

((
k
λ − x

)2
− (1+2x)

λ

(
k
λ − x

)
− φ2(x)

λ

)
vλ,k(x).

Notice that, if

Tλ(t, k) =
(
ak+2(t + 2

λ) − k
λ

)
− 2

(
ak+1(t + 1

λ) − k
λ

)
+

(
akt − k

λ

)
,

then

2
∫ k+1

λ

k
λ

Tλ(t, k)dt =

= ak+2
(
(k+3

λ )2 − (k+2
λ )2) − 2ak+1

(
(k+2

λ )2 − (k+1
λ )2

)
+ ak

(
(k+1

λ )2 − ( k
λ)2

)
= 1

λ2

(
ak+2(2k + 5) − 2ak+1(2k + 3) + ak(2k + 1)

)
= 1

λ2 (2(k + 2) − 4(k + 1) + 2k) = 0.

Hence, using the representation

g(y) = g( k
λ) + g′( k

λ)(y − k
λ) +

∫ y

k/λ
g′′(u)(y − u)du,

one has
Qλ,k+2(g) − 2Qλ,k+1(g) + Qλ,k(g) =
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=
∫ (k+1)/λ

k/λ

(
g

(
ak+2(t + 2/λ)

)
− 2g

(
ak+1(t + 1

λ)
)

+ g(akt)
)
dt

=
∫ (k+1)/λ

k/λ

( ∫ ak+2(t+2/λ)

k/λ
g′′(u)(ak+2(t + 2

λ) − u)

− 2
∫ ak+1(t+2/λ)

k/λ
g′′(u)(ak+1(t + 1

λ) − u) +
∫ akt

k/λ
g′′(u)(akt − u)

)
du

=
2∑

j=0

(2
j

)
(−1)jJλ,k,j(g′′).

On the other hand

φ2(x)M ′′′
λ (g, x) =

= φ2(x)λ2(λ + 1)
∞∑

k=0

( 2∑
j=0

(2
j

)
(−1)jJλ,k,j(g′′)

)
v′

λ+2,k(x)

= φ2(x)λ2(λ + 1)
∞∑

k=0

( 2∑
j=0

(2
j

)
(−1)jJn,k,j(g′′)

)
k−(λ+2)x

x(1+x) vλ+2,k(x)

= λ2(λ + 1)(λ + 2)
∞∑

k=0

( 2∑
j=0

(2
j

)
(−1)jJn,k,j(g′′)

)(
k

λ+2 − x
)
vλ+2,k(x). □

3. ESTIMATES FOR THE MOMENTS

Here, for q ∈ N, we should consider the absolute moments

Vλ,q(x) = Vλ(|e1 − x|q, x) and Mλ,q(x) = Mλ(|e1 − x|q, x).

Proposition 3. For each fixed q ∈ N, there exists a constant Cq such that,
if λ > 1, x > 0 and λx ≥ 2

3 , then

Vλ,q(x) ≤ Cq
φq(x)

λ
q
2

.

Proof. It was proved in [3, Prop. 3.2] that, if q = 2j, j ∈ N, the assertion
holds whenever λx ≥ 1. But the proof can be modified to include the case
λx ≥ 2

3 . Of course, with a different constant.
If q = 2j − 1, j ∈ N, then

Vλ(| e1 − x |2j−1, x) ≤
(
Vλ((e1 − x)2(j−1), x)Vλ((e1 − x)2j , x)

)1/2

≤ C
(

φ2(j−1)(x)
λj−1

φ2j(x)
λj

)1/2
= C φ2j−1(x)

λj−1/2 . □

We need an extension of Proposition 3 to the case of the operators Mλ, but
only for 1 ≤ q ≤ 6.
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Proposition 4. For each fixed q ∈ N, 1 ≤ q ≤ 6, there exists a constant
Cq such that, if λ > 1, x > 0 and λx ≥ 2

3 , then

Mλ,q(x) ≤ Cq
φq(x)

λ
q
2

.

Proof. It was proved in [1, Cor. 2.3] that, for each λ > 1 and x ≥ 0, one has

Mλ,2(x) ≤ 13
12

φ2(x)
λ and Mλ,1(x) ≤

√
13
12

φ(x)√
λ

.

Moreover, if x ≥ 1
2(λ+1) , then Mλ,4(x) ≤ 16φ4(x)

λ2 . Since 2
3λ ≥ 1

2(λ+1) , the
inequality holds under the conditions assumed above.

Notice that

Mλ,3(x) ≤
√

Mλ,2(x)Mλ,4(x) ≤ 4
√

2φ3(x)
λ3/2 .

We should present a proof for Mλ,6(x). For k ∈ N,

0 ≤ λ

∫
Iλ,k

(akt − x)6dt = λ
7ak

((
akk
λ − x + ak

λ

)7
−

(
akk
λ − x

)7)
= λ

7ak

6∑
i=0

(7
i

)(
ak
λ

)7−i(
akk
λ − x

)i
= 1

7

6∑
i=0

(7
i

)(
ak
λ

)6−i(
akk
λ − x

)i

= 1
7

6∑
i=0

(7
i

)(
ak
λ

)6−i(
k
λ − x − k

(2k+1)λ

)i

≤ 1
7

6∑
i=0

(7
i

)
2i

(
1
λ

)6−i(∣∣∣ k
λ − x

∣∣∣i +
(

k
(2k+1)λ

)i)

≤ 1
7λ6

6∑
i=0

(7
i

)
+ 1

7

6∑
i=0

(7
i

)
2i

(
1
λ

)6−i∣∣∣ k
λ − x

∣∣∣i.
Therefore

λ
∞∑

k=1
Qλ,k((e1 − x)6)vλ,k(x) ≤ 27

7λ6 +
6∑

i=1

(7
i

) 2i

λ6−i Vλ(| e1 − x |i, x)

≤ 27

7λ6 +
6∑

i=1

(7
i

) 2iCi
λ6−i

φi(x)
λi/2

= 27

7λ6 +
6∑

i=1

(7
i

) 2iCiφ
i(x)

λ3+(6−i)/2

≤ 33x3

237λ3 +
6∑

i=1

(7
i

)2i3(6−i)/2Ciφ
i(x)x(6−i)/2

2(6−i)/2λ3

≤ φ6(x)
λ3 + C1

6∑
i=1

(7
i

)φi(x)φ6−i(x)
λ3 ≤ C2

φ6(x)
λ3 .
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Moreover, taking into account Proposition 3, one has

0 ≤ λ

∫
Iλ,0

(a0t − x)6dtvλ,0 = x6vλ,0 ≤ Vλ((e1 − x)6, x) ≤ C6
φ6(x)

λ3 .

This yields the inequality for m = 6.
Finally the proof in the case m = 5 is obtained by using Hölder inequality.

□

4. PREPARATORY COMPUTATIONS

Proposition 5. Suppose that m ≥ 2, γ ∈ [0, 2), f ∈ C[0, ∞), f(0) = 0,
and ∥φ2γf∥ϱ < ∞. If λ > 1 and k ∈ N, then

| Qλ,k(f) |≤ 2m

λ

∥φ2γf∥ϱ

ϱ( k
λ)φ2γ( k

λ)
.

Proof. It was proved in [1, Prop. 3.4] that, if γ ∈ [0, 2), m ≥ γ, λ > 1 and
k > 0, then ∫ (k+1)/λ

k/λ

dt
ϱ(akt)φ2γ(akt) ≤ 2m

λ
1

ϱ( k
λ

)φ2γ( k
λ

) . □

Proposition 6. Assume m ∈ N, p, q ≥ 0, mp ≥ q ≥ 0 and set s =
2(1 + 2mp − q). There exists a constant C(p, q) such that, if λ ≥ s and x > 0,
then

Aλ,p,q(x) ≤ C(p, q) (1+x)mp

φq(x) ,

where Aλ,p,q(x) is defined in (6).

Proof. It is known that (see [3, Prop. 3.8]), if a > −1, q ∈ R, and r =
max

{
2a, 2|c|, |c|

1+a

}
, then

∞∑
k=1

(
λ
k

)a(
1 + k

λ

)c
vλ,k(x) ≤ C (1+x)c

xa , λ ≥ 2(1 + r).

We apply this result with a = q
2 and c = mp − q

2 . Notice that q ≤ 2mp − q.
Hence, if λ ≥ 2(1 + 2mp − q),

∞∑
k=1

vλ,k(x)
ϱp( k

λ)φq( k
λ)

=
∞∑

k=1

(
λ
k

) q
2
(
1 + k

λ

)mp− q
2
vλ,k(x)

≤C
(1 + x)mp− q

2

x
q
2

= C
(1 + x)mp

φq(x) . □

Proposition 7. Assume β ∈ [0, 1] and m ≥ 2. There exists a constant C
such that, if k > 0, j ∈ {0, 1, 2}, λ > 2, and g ∈ D(ϱ, β), then

| Jλ,k,j(g′′) |≤ C

ϱ( k
λ+2)φ2+2β( k

λ+2)
∥φ2g′′∥ϱ,β

λ3 .
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Proof. It is sufficient to consider the case ∥φ2g′′∥ϱ,β = 1.
If we set g(x) = ϱ(x)φ2+2β(x), then

|Jλ,k,j(g′′)| ≤
∫

Iλ,k

∫ ak+j(t+ j
λ

)

k/λ

((ak+j(t + j
λ) − u)

g(u) du dt.

(A) Let us first consider the case j ∈ {1, 2}. Since
k(1 + 2(k + j)) ≤ 2k(k + j) + 2j(k + j) = 2(k + j)2,

if t ≥ k
λ , then

k
λ ≤

(
2(k+j)

1+2(k+j)

(
k
λ + j

λ

)
≤ ak+j(t + j

λ).

Moreover, if u ≤ ak+j(t + j/λ) and t ≤ (k + 1)/λ, then
1

ϱ(u) = (1 + u)m ≤ (1 + (ak+j(k+1+j
λ ))m ≤ (1 + (2k+2

λ ))m

≤ (1 + (4k
λ ))m ≤ 4m(1 + k

λ)m ≤ 4m · 2m

ϱ( k
λ+2)

.

On the other hand, since φ2+2β(x) increases, if k
λ ≤ u, then

1
φ2+2β(u) ≤ 1

φ2+2β( k
λ)

≤ 1
φ4β( k

λ+2)
.

Therefore,

|Jλ,k,j(g′′)| ≤ 23m

g( k
λ+2 )

∫
Iλ,k

∫ ak+j(t+j/λ)

k/λ

(
ak+j(t + j

λ) − u
)
dudt

= 23m

2 g( k
λ+2 )

∫
Iλ,k

(
ak+j(t + j

λ) − k
λ

)2
dt

≤ 23m

2 g( k
λ+2 )

∫ (k+1)/λ

k/λ

(
(t + j

λ) − k
λ

)2
dt

≤ 23m

2 g( k
λ+2 )

∫ (k+1)/λ

k/λ

(1+j
λ

)2
dt ≤ 9·23m

2 g( k
λ+2 )

1
λ3 .

(B) Now assume j = 0. First notice that, if k ∈ N, then
(11) 2

3 ≤ ak < 1.

In this case, taking into account (11), for t ≥ k/λ,
φ2(akt) = akt(1 + akt) ≥ 2

3 t(1 + 2t
3 ) ≥ 4

9φ( k
λ) ≥ 4

9φ( k
λ+2).

On the other hand, since

1 + k
λ ≤ 2 + k

λ+2
λ+2

λ ≤ 2
(
1 + k

λ+2

)
,

one has

(12) 1
ϱ( k

λ)
≤ 2m

ϱ( k
λ+2)

.
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Moreover
(k + 1)ak = 2k(k+1)

2k+1 ≥ k(2k+1)
2k+1 = k.

Therefore∫
Iλ,k

∣∣∣∣∣
∫ akt

k/λ

akt−u
g(u) du

∣∣∣∣∣ dt =

=
∫ k/(λak)

k/λ

∫ k/λ

akt

u−akt
g(u) dudt +

∫ (k+1)/λ

k/(λak)

∫ akt

k/λ

akt−u
g(u) dudt

≤ C1
g(k/(λ+2))

( ∫ k/(λak)

k/n

∫ k/λ

akt
(u − akt)dudt +

∫ (k+1)/λ

k/(nak)

∫ akt

k/λ
(akt − u)dudt

)
= C1

2g( k
λ+2 )

( ∫ k/(λak)

k/λ
( k

λ − akt)2dt +
∫ (k+1)/λ

k/(λak)
(akt − k

λ)2dt
)

= C1
6ak g( k

λ+2 )

(
k3

λ3 (1 − ak)3 +
(

ak(k+1)
λ − k

λ

)3)
≤ C1

4 g( k
λ+2 )

(
k3

λ3
1

(2k+1)3 +
(

k+1
λ − k

λ

)3)
≤ C2

g( k
λ+2 )

1
λ3 ,

where we use (12). □

Proposition 8. If λ ≥ 2, β ∈ [0, 1), there exists a constant C such that, if
x > 0, k ∈ {1, 2}, and λx < 2/3, then

φ2β(x)vλ,k(x)λ
∫ (k+1)/λ

k/λ

∣∣∣∣∣
∫ akt

x

(akt − s)2ds

(ϱφ3+2β(s)

∣∣∣∣∣ dt ≤ C(k+1)2

λ2 .

Proof. Since x < 2/(3λ) ≤ ak/λ ≤ akk/λ and 0 < x < 1,

φ2β(x)vλ,k(x)λ
∫ (k+1)/λ

k/λ

∫ akt

x

(akt−s)2ds
(ϱφ3+2β(s)dt ≤

≤ xk

φ2(x)
√

1+x
λ

∫ (k+1)/λ

k/λ
(1 + t)m(t − x)2

∫ t

x

ds
s1/2 dt

= 2xk

φ2(x)
√

1+x
λ

∫ (k+1)/λ

k/λ
(1 + t)m(t − x)2(

√
t −

√
x)dt

≤ C1xk−1
(
1 + k+1

λ

)m
λ

∫ (k+1)/λ

k/λ
(t − x)2dt ≤ C2

(
k+1

λ

)2
. □

Proposition 9. If m ≥ 2 and β ∈ [0, 1), there exists a constant C such
that for i ∈ {1, 2, 3}, λ ≥ 2(1 + 2m), and λx ≥ 2/3,

Iλ,i(x) ≤ C
(1 + x)m

φ2β(x)
φ2(x)

λ
.

where we use the notations in (3)–(5).
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Proof. We will use the notation in (6). Notice that 4β < 4 ≤ 2m, thus we
can apply Proposition 6 with λ ≥ 2(1 + 2m) ≥ 2(1 + 2m − 4β).

Taking into account Hölder’s inequality and using Proposition 6 and Propo-
sition 3, we have

I1(λ, x) =
∞∑

k=1

vλ,k(x)
ϱ( k

λ)φ2β( k
n)

(
k
λ − x

)2

≤
√

Aλ,2,4β(x)
( ∞∑

k=1
vλ,k(x)

(
k
λ − x

)4)1/2
≤ C1

(1 + x)m

φ2β(x)
φ2(x)

λ
.

On the other hand

I2(λ, x) =1+2x
λ

∞∑
k=1

∣∣∣ k
λ − x

∣∣∣ vλ,k(x)
ϱ( k

λ
)φ2β( k

n
)

≤1+2x
λ

√
Aλ,2,4β(x)

( ∞∑
k=1

vλ,k(x)
(

k
n − x

)2)1/2

≤C2
(1+x)m

φ2β(x)
(1+x)

λ

√
x(1+x)

λ = C2
(1+x)m

φ2β(x)
x(1+x)

λ

√(
1 + 1

x

)
1
λ

≤C2
(1+x)m

φ2β(x)
φ2(x)

λ

√
1+λ

λ ≤
√

2C2
(1+x)m

φ2β(x)
φ2(x)

λ .

Finally

λ

φ2(x)Iλ,3(x) =
∞∑

k=1

vλ,k(x)
ϱ( k

λ)φ2β( k
λ)

= Aλ,1,2β(x) ≤ C3
(1 + x)m

φ2β(x) . □

5. BERNSTEIN TYPE INEQUALITIES

Theorem 2. Suppose β ∈ [0, 1) and m ≥ 2. There exists a constant C such
that, if λ ≥ 2(1 + 2m) and f ∈ Cϱ,β[0, ∞), then

∥φ2M ′′
λ (f)∥ϱ,β ≤ C λ ∥f∥ϱ,β.

Proof. Taking into account the notations (3)–(5), it follows from (9), Propo-
sition 5, and Proposition 9 that

ϱ(x)φ2+2β(x)|M ′′
λ (f, x)| = ϱ(x)λ3

φ2(1−β)(x)

∣∣∣ ∞∑
k=0

Qλ,k(f)Rλ,k(x)vλ,k(x)
∣∣∣

≤ ϱ(x)λ2∥f∥ϱ,β

φ2(1−β)(x)

(
I1(λ, x) + I2(λ, x) + I3(λ, x)

)
≤ Cλ ∥f∥ϱ,β. □

Theorem 3. Suppose β ∈ [0, 1) and m ≥ 2. There exist a constant Λ1 such
that, if λ ≥ 2(1 + 2m) and g ∈ D(ϱ, β), then

∥φ3M ′′′
λ (g)∥ϱ,β ≤ Λ1

√
λ ∥φ2g′′∥ϱ,β.
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Proof. Set Z(f) = ∥φ2g′′∥ϱ,β. From Propositions 2, 6 and 7 we obtain

(ϱφ3+2β)(x)|M ′′′
λ (g, x)| ≤

≤ C1 Z(f) (ϱφ1+2β)(x)λ4
∞∑

k=1

( 2∑
j=0

(2
j

)
| Jn,k,j |

∣∣∣ k
λ+2 − x

∣∣∣vλ+2,k(x)

≤ C2Z(f)(ϱφ1+2β)(x) λ
∞∑

k=1

∣∣∣ k
λ+2 − x

∣∣∣ vλ+2,k(x)
ϱ( k

λ+2 )φ2+2β( k
λ+2 )

≤ C2 Z(f) (ϱφ1+2β)(x)λ
√

Aλ+2,2,2(1+β)(x)
√

Vλ+2((e1 − x)2, x)

≤ C3 Z(f) (ϱφ1+2β)(x) (1+x)m

φ2+2β(x)λ φ(x)√
λ+2 ≤ C4 Z(f)

√
λ. □

6. A VORONOVSKAYA TYPE THEOREM

We need a result given in Theorem 5.1 of [1].

Theorem 4. If β ∈ [0, 1] and m ≥ 2, there exists a constant Λ2 such that,
for all λ > 2(1 + m) and every f ∈ Cϱ,β[0, ∞), one has

∥Mλ(f)∥ϱ,β ≤ Λ2∥f∥ϱ,β.

Let

C3
ϱ,β[0, ∞) =

{
g ∈ Cϱ,β[0, ∞) : g, g′, g′′ ∈ ACloc, ∥φ3g′′′∥ϱ,β < ∞

}
.

Theorem 5. Suppose β ∈ [0, 1) and m ≥ 3 (or m = 2 and β ∈ [0, 1/2]).
There exists a constant Λ3 such that, if g ∈ C3

ϱ,β[0, ∞) and λ ≥ 2(1 + 2m),
then ∥∥∥Mλ(g) − g − g′′

2 Mλ,2
∥∥∥

ϱ,β
≤ Λ3

λ3/2 ∥φ3g′′′∥ϱ.β .

Proof. Let us denote

Rλ(g, x) = Mλ(g, x) − g(x) − g′′(x)
2 Mλ((t − x)2, x).

By Taylor’s expansion

g(t) = g(x) + g′(x)(x − t) + 1
2g′′(x)(t − x)2 + 1

2

∫ t

x
g′′′(s)(t − s)2ds,

one has
φ2β(x)ϱ(x) | Rλ(g, x) |=

= φ2β(x)ϱ(x)
∣∣∣∣∣λ

2

∞∑
k=0

vλ,k(x)
( ∫ (k+1)/λ

k/λ

∫ akt

x
(akt − s)2 g′′′(s)ds

)
dt

∣∣∣∣∣
≤ φ2β(x)ϱ(x)∥φ3g′′′∥ϱ,β

λ
2

∞∑
k=0

vλ,k(x)
∫ (k+1)/λ

k/λ

∣∣∣∣∫ akt

x

(akt−s)2ds
(ϱφ3+2β(s)

∣∣∣∣ dt

= 1
2 ∥φ3g′′′∥ϱ,β Fn(x),
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where

Fn(x) = φ2β(x)ϱ(x)λ
∞∑

k=0
vλ,k(x)

∫ (k+1)/λ

k/λ

∣∣∣∣∫ akt

x

(akt−s)2ds
(ϱφ3+2β(s)

∣∣∣∣ dt.

Case 1. Assume λx < 2/3.
First we estimate the terms corresponding to k = 0, 1, 2.
Since a0 = 0, one has

(ϱφ2β)(x)
(1+x)λ λ

∫ 1/λ

0

∫ x

0
s2ds

(ϱφ3+2β(s)dt ≤ ϱ(x)xβ
∫ x

0
s(1−2β)/2(1 + s)mds

≤ ϱ(x)xβ(1 + x)m
∫ x

0
s(1−2β)/2ds

= 2xβx3/2−β

(3−2β) ≤ 2
(3−2β)

1
λ3/2 .

On the other hand, it follows from Proposition 8 that

(ϱφ2β)(x)λ
2∑

k=1
vλ,k(x)

∫ (k+1)/λ

k/λ

∣∣∣∣∫ akt

x

(akt−s)2ds
(ϱφ3+2β(s)

∣∣∣∣ dt ≤ C1(22+32)
λ2 .

Now we consider the tail of the series. It is known that (see [3])
k
λvλ,k(x) = xvλ+1,k−1(x).

In particular
k
λ

k−1
λ+1

k−2
λ+2vλ,k(x) = x3vλ+3,k−3(x).

From this we obtain

(ϱφ2β)(x) λ
∞∑

k=3
vλ,k(x)

∫ (k+1)/λ

k/λ

∣∣∣∣∫ akt

x

(akt−s)2ds
(ϱφ3+2β(s)

∣∣∣∣ dt =

= (ϱφ2β)(x) λ
∞∑

k=3
vλ,k(x)

∫ (k+1)/λ

k/λ

∫ akt

x

(akt−s)2(1+s)m ds
φ3+2β(s) dt

≤ λ ϱ(x)
φ3(x)

∞∑
k=3

vλ,k(x)
∫ (k+1)/λ

k/λ

∫ t

x
(t − s)2(1 + s)m ds dt

≤ λ ϱ(x)
φ3(x)

∞∑
k=1

(
1 + k+1

λ

)m
vλ,k(x)

∫ (k+1)/λ

k/λ
t3dt

≤ C2 ϱ(x)
φ3(x)

∞∑
k=3

(
1 + k

λ

)m
k3

λ3 vλ,k(x)

≤ C3 ϱ(x)
φ3(x)

∞∑
k=3

vλ,k(x)
(
1 + k

λ+3

)m
k
λ

k−1
λ+1

k−2
λ+2

≤ C4 ϱ(x) x3/2
∞∑

k=3
vλ+3,k−3(x)

(
1 + k−3

λ+3

)m
≤ C5 x3/2 ≤ C6

λ3/2 ,

where we use Proposition 6, with q = 0 and p = 1.
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Case 2. Assume λx ≥ 2/3 and set c = m − 3/2 − β.
From Proposition 3.3 of [3] we know that∣∣∣∣∣

∫ akt

x

(akt − u)2du

(ϱφ3+2β(u)

∣∣∣∣∣ =
∣∣∣∣∫ akt

x

(akt−u)2(1+u)cdu

u(3+2β)/2

∣∣∣∣
≤ |akt−x|3

(3−(1+2β)/2)x(3+2β)/2

(
(1 + x)c + (1 + t)c

)
If λx ≥ 2/3, since 3/2 + β < 5/2 < 3, one has

Fn(x) =(ϱφ2β)(x) λ
∞∑

k=0
vλ,k(x)

∫ (k+1)/λ

k/λ

∣∣∣∣∫ akt

x

(akt−u)2du
(ϱφ3+2β(u)

∣∣∣∣ dt

≤C1φ2β(x)ϱ(x)λ
x(3+2β)/2

∞∑
k=0

vλ,k(x)
∫ (k+1)/λ

k/λ
| akt − x |3

(
(1 + x)c + (1 + t)c

)
dt

=C1φ2β(x)ϱ(x)(1+x)c

x(3+2β)/2 Mλ,3(x)

+ C1φ2β(x)ϱ(x)
x(3+2β)/2 λ

∞∑
k=0

vλ,k(x)
∫ (k+1)/λ

k/λ
|akt − x|3(1 + t)cdt

= C1
φ3(x)Mλ,3(x)

+ C1(1+x)β

x3/2(1+x)m λ
∞∑

k=0
vλ,k(x)

∫ (k+1)/λ

k/λ
|akt − x|3(1 + t)cdt.

It follows from Proposition 4 that
1

φ3(x)Mλ(| t − x |3, x) ≤ C2
λ3/2 .

For the other terms we first estimate the case k = 0. Notice that, for
t ∈ (0, 1

λ),
(1 + t)c ≤ (1 + 1

λ)c ≤ (1 + 3x
2 )c ≤ 2c(1 + x)c.

Here the condition m ≥ 3 was used. Therefore

(1+x)β

x3/2(1+x)m λvλ,0(x)
∫ 1/λ

0
x3(1 + t)cdt ≤ 2c(1+x)βx3

x3/2(1+x)m vλ,0(x)(1 + x)c

= 2cx3

x3/2(1+x)3/2 vλ,0(x)

≤ 2c

φ3(x)Vλ(| t − x |3, x) ≤ C3
λ3/2 .

On the other hand, since∫ (k+1)/λ

k/λ
| akt − x |3 (1 + t)cdt ≤

≤
( ∫ (k+1)/λ

k/λ
(akt − x)6dt

)1/2( ∫ (k+1)/λ

k/λ
(1 + t)2cdt

)1/2
,
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from Theorem 4 and Proposition 4 we obtain

(1+x)β

x3/2(1+x)m λ
∞∑

k=1
vλ,k(x)

∫ (k+1)/λ

k/λ
| akt − x |3 (1 + t)cdt ≤

≤ (1+x)β

x3/2(1+x)m

√
Mλ((1 + t)2c, x)

√
Mλ((e1 − x)6, x)

≤ C4(1+x)β

x3/2(1+x)m (1 + x)m−3/2−β φ3(x)
λ3/2 = C4

λ3/2 .

This completes the proof. □

Remark 2. We do not know if Theorem 5 holds m = 2 and β ∈ (1
2 , 1).

7. INVERSE RESULT

Theorem 6. Suppose β ∈ [0, 1) and m ≥ 3 (or m = 2 and β ∈ [0, 1/2]).
There exist positive constants κ and Λ4 such that, if f ∈ Cϱ[0, ∞) and λ ≥
2(1 + 2m), then

1
λ

∥∥∥φ2(M2
λ(f))′′

∥∥∥
ϱ,β

≤ Λ3
(
∥Mλ(f) − f∥ϱ,β + ∥Mκ λ(f) − f∥ϱ,β

)
,

where M2
λ(f) = Mλ(Mλ(f)).

Proof. Let Λ1 and Λ3 be constants such that the inequalities in Theorem 3
and Theorem 5 hold for λ ≥ 2(1 + 2m). Set

µ = 16(Λ1Λ3)2 λ.

If λ ≥ 2(1 + 2m) and g = M2
λ(f), from Theorems 2 to 5 we know that

1
2µ

∥∥∥φ2(M2
λ)′′f

∥∥∥
ϱ,β

≤

≤1
2∥Mµ,2(M2

λ)′′f∥ϱ,β

≤
∣∣∣∣∣∣Mµ(M2

λf) − M2
λf

∣∣∣∣∣∣
ϱ,β

+
∣∣∣∣∣∣Mµ(M2

λf) − M2
λf − Mµ,2

2 (M2
λf)′′

∣∣∣∣∣∣
ϱ,β

≤∥Mµ(M2
λf −Mλf) + Mµ(Mλf −f) + Mµf −f +f − Mλf + Mλf − M2

λf∥ϱ,β

+ Λ3
µ3/2 ∥φ3(M2

λf)′′′∥ϱ,β

≤C1
(
∥Mµf − f∥ϱ,β + ∥Mλf − f∥ϱ,β

)
+ Λ1Λ3

√
λ

µ3/2 ∥φ2M ′′
λ (f)∥ϱ,β

≤C1
(
∥Mµf − f∥ϱ,β + ∥Mλf − f∥ϱ,β

)
+ Λ1Λ3

√
λ

µ3/2 ∥φ2M ′′
λ (f − Mλ(f))∥ϱ,β + Λ1Λ3

√
λ

µ3/2 ∥φ2M ′′
λ (Mλ(f))∥ϱ,β

≤C1
(
∥Mµf − f∥ϱ,β + ∥Mλf − f∥ϱ,β

)
+ CΛ1Λ3 λ3/2

µ3/2 ∥f − Mλ(f)∥ϱ,β + 1
4 µ ∥φ2M ′′

λ (Mλ(f))∥ϱ,β.
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Therefore

1
4µ∥φ2(M2

λ)′′f∥ϱ,β ≤ C2
(
∥Mµf − f∥ϱ,β + ∥Mλf − f∥ϱ,β

)
,

and it is sufficient to prove the result, because

1
λ

∣∣∣∣∣∣φ2(M2
λ(f))′′

∣∣∣∣∣∣
ϱ,β

= 26(Λ1Λ2)2

4µ

∣∣∣∣∣∣φ2(M2
λ(f))′′

∣∣∣∣∣∣
ϱ,β

. □

Theorem 7. Suppose β ∈ [0, 1), m ≥ 3 (or m = 2 and β ∈ [0, 1
2 ]), and κ is

given as in Theorem 6. There exists a constant C such that, if f ∈ Cϱ[0, ∞)
and λ ≥ 2(1 + 2m), then

Kβ

(
f, 1

λ

)
ϱ

≤ C
(
∥Mλ(f) − f∥ϱ,β + ∥Mκλ(f) − f∥ϱ,β

)
,

where Kβ(f, t)ϱ is defined as in (1).

Proof. Fix f ∈ Cϱ[0, ∞) and denote g = M2
λ(f) = Mλ(Mλ(f)). From

Theorem 4 we know that g ∈ Cϱ,b[0, ∞).
From the definition of the K-functional Kβ(f, t)ϱ, Theorem 4 and Theorem 6

we know that

Kβ

(
f, 1

λ

)
ϱ

≤∥f − M2
λ(f)∥ϱ,β + 1

λ ∥φ2(M2
λ(f))′′∥ϱ,β

≤∥f − Mλ(f)∥ϱ,β + ∥Mλ(f − Mλ(f))∥ϱ,β + 1
λ

∥∥∥φ2(M2
λ(f))′′

∥∥∥
ϱ,β

≤(1 + Λ2)
∥∥f − Mλ(f)

∥∥
ϱ,β

+ 1
λ

∥∥∥φ2(M2
λ(f))′′

∥∥∥
ϱ,β

≤C
(
∥Mλ(f) − f∥ϱ,β + ∥Mκ,λ(f) − f∥ϱ,β

)
. □

Remark 3. In the case β = 0 the K-functional can be replaced by a
weighted modulus of smoothness as in [4]. For the classical Baskakov ope-
rators Vn related results were given [6] and [5]. □
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[3] J. Bustamante, J. Merino-Garćıa, J.M. Quesada, Baskakov operators and Jacobi
weights: pointwise estimates, J. Inequal. Appl., 2021, art. no. 119, 17 pp. https://doi.
org/10.1186/s13660-021-02653-4

http://dx.doi.org/10.24193/subbmath.2021.4.11
http://dx.doi.org/10.24193/subbmath.2021.4.11
http://dx.doi.org/10.24193/subbmath.2021.4.11
http://dx.doi.org/10.24193/subbmath.2021.4.11
http://dx.doi.org/10.24193/subbmath.2021.4.11
https://doi.org/10.1007/s10474-012-0196-5
https://doi.org/10.1007/s10474-012-0196-5
https://doi.org/10.1007/s10474-012-0196-5
https://doi.org/10.1007/s10474-012-0196-5
https://doi.org/10.1186/s13660-021-02653-4
https://doi.org/10.1186/s13660-021-02653-4
https://doi.org/10.1186/s13660-021-02653-4
https://doi.org/10.1186/s13660-021-02653-4
https://doi.org/10.1186/s13660-021-02653-4


82 Jorge Bustamante 16

[4] Z. Ditzian, V. Totik, Moduli of Smoothness, Springer, New York, 1987.
[5] G. Feng, Direct and inverse approximation theorems for Baskakov operators with the

Jacobi-type weight, Abstr. Appl. Anal., (2011), art. id. 101852, 13 pp. https://doi.or
g/10.1155/2011/101852

[6] Sh. Guo, Q. Qi, Strong converse inequalities for Baskakov operators, J. Approx. Theory,
124 (2003) no. 2, 219–231. https://doi.org/10.1016/S0021-9045(03)00119-9

Received by the editors: received: June 18, 2022; accepted: June 22, 2022; published

online: August 25, 2022.

 https://doi.org/10.1155/2011/101852
 https://doi.org/10.1155/2011/101852
 https://doi.org/10.1155/2011/101852
 https://doi.org/10.1155/2011/101852
 https://doi.org/10.1155/2011/101852
https://doi.org/10.1016/S0021-9045(03)00119-9
https://doi.org/10.1016/S0021-9045(03)00119-9
https://doi.org/10.1016/S0021-9045(03)00119-9

	1. Introduction
	2. Notations and identities
	3. Estimates for the moments
	4. Preparatory computations
	5. Bernstein type inequalities
	6. A Voronovskaya type theorem
	7. Inverse result
	References

