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WAVELET BI-FRAMES ON LOCAL FIELDS
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Abstract. In this paper, we introduce the notion of periodic wavelet bi-frames
on local fields and establish the theory for the construction of periodic Bessel
sequences and periodic wavelet bi-frames on local fields.
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1. INTRODUCTION

Duffin and Schaeffer [14] introduced the concept of frame in separable
Hilbert space while dealing with some deep problems in non-harmonic Fourier
series. Frames are basis-like systems that span a vector space but allow for lin-
ear dependency, which can be used to reduce noise, find sparse representations,
or obtain other desirable features unavailable with orthonormal bases.

During the last two decades, there is a substantial body of work that has
been concerned with the construction of wavelets on local fields. Even though
the structures and metrics of local fields of zero and positive characteristics
are similar, their wavelet and MRA (multiresolution analysis) theory are quite
different. For example, R. L. Benedetto and J. J. Benedetto [12] developed
a wavelet theory for local fields and related groups. They did not develop
the multiresolution analysis (MRA) approach, their method is based on the
theory of wavelet sets and only allows the construction of wavelet functions
whose Fourier transforms are characteristic functions of some sets. Khren-
nikov, Shelkovich and Skopina [21] constructed a number of scaling functions
generating an MRA of L?(Q,). But later on in [10], Albeverio, Evdokimov and
Skopina proved that all these scaling functions lead to the same Haar MRA
and that there exist no other orthogonal test scaling functions generating an
MRA except those described in [21]. Some wavelet bases for L?(Q,) differ-
ent from the Haar system were constructed in [9, 15]. These wavelet bases
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were obtained by relaxing the basis condition in the definition of an MRA
and form Riesz bases without any dual wavelet systems. For some related
works on wavelets and frames on Q,,, we refer to [11, 20, 22, 23]. On the other
hand, Lang [24, 25, 26| constructed several examples of compactly supported
wavelets for the Cantor dyadic group. Farkov [16, 17] has constructed many
examples of wavelets for the Vilenkin p-groups. Jiang et al. [18] pointed out
a method for constructing orthogonal wavelets on local field K with a con-
stant generating sequence and derived necessary and sufficient conditions for
a solution of the refinement equation to generate a multiresolution analysis of
L?(K). In the series of papers [1, 2, 3, 4, 5, 6, 7, 8, 30, 31, 32, 33], we have
obtained various results related to wavelet and Gabor frames on local fields.

The study of periodic bi-frames was carried by Li and Jia [35] but the
parallel development on local fields is not reported yet. In this paper, we
introduce the notion of periodic wavelet bi-frames on local field of positive
characteristic and establish the theory for the construction of periodic wavelet
bi-frames on local fields.

The rest of the article is structured as follows. In Section 2, we discuss the
preliminaries of local fields and some basic definitions which plays vital role
in the rest of the paper. In Section 3, we establish some results related to
periodic Bessel sequences on local fields of positive characteristic. Section 4 is
devoted to the construction of periodic wavelet bi-frames on local fields.

2. PRELIMINARIES ON LOCAL FIELDS

Let K be a field and a topological space. Then K is called a local field if both
KT and K* are locally compact Abelian groups, where K™ and K* denote
the additive and multiplicative groups of K, respectively. If K is any field
and is endowed with the discrete topology, then K is a local field. Further,
if K is connected, then K is either R or C. If K is not connected, then it is
totally disconnected. Hence by a local field, we mean a field K which is locally
compact, non-discrete and totally disconnected. The p-adic fields are examples
of local fields. In the rest of this paper, we use the symbols N, Ny and Z to
denote the sets of natural, non-negative integers and integers, respectively.

Let K be a local field. Let dz be the Haar measure on the locally compact
Abelian group K+. If & € K and « # 0, then d(az) is also a Haar measure.
Let d(ax) = |a|dx. We call || the absolute value of ov. Moreover, the map
x — |z| has the following properties: (a) |z| = 0 if and only if x = 0; (b) |zy| =
|z|-|y| for all z,y € K; and (c) |z+y| < max {|z|, |y|} for all z,y € K. Property
(c) is called the ultrametric inequality. The set ® = {z € K : || < 1} is called
the ring of integers in K. Define B = {z € K : |z| < 1}. The set B is called
the prime ideal in K. The prime ideal in K is the unique maximal ideal in
® and hence as result B is both principal and prime. Since the local field K
is totally disconnected, so there exist an element of B of maximal absolute
value. Let p be a fixed element of maximum absolute value in 8. Such an
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element is called a prime element of K. Therefore, for such an ideal % in ©,
we have B = (p) = p®D. As it was proved in [34], the set © is compact and
open. Hence, B is compact and open. Therefore, the residue space © /9B is
isomorphic to a finite field GF(q), where ¢ = p* for some prime p and k € N.

Let ©* =©\ B = {z € K : |z| = 1}. Then, it can be proved that ©* is a
group of units in K* and if z # 0, then we may write 2 = p*a’, 2’ € ©*. For a
proof of this fact we refer to [18]. Moreover, each B* = p*¥®D = {z € K : |z| <
q*k} is a compact subgroup of K* and usually known as the fractional ideals

of KT. Let U = {¢; ;1;01 be any fixed full set of coset representatives of 86
in ©, then every element € K can be expressed uniquely as = = Y72, cop’
with ¢y, € U. Let x be a fixed character on K+ that is trivial on ® but is
non-trivial on B!, Therefore, x is constant on cosets of D so if y € BF, then
xy(z) = x(yx),z € K. Suppose that x, is any character on K, then clearly
the restriction x,|® is also a character on ©. Therefore, if {u(n):n € Ny}
is a complete list of distinct coset representative of ® in KT, then, as it was
proved in [34], the set { Xu(n) : 1 € No} of distinct characters on @ is a complete
orthonormal system on .
The Fourier transform f of a function f € L*(K) N L%(K) is defined by

(2.1) F© = [ @@ da.
It is noted that
f(§) = /Kf(x)mdm = /Kf(a:)x(—fsc) dz.

Furthermore, the properties of Fourier transform on local field K are much
similar to those of on the real line. In particular Fourier transform is unitary
on L*(K). Also, if f € L*(D), then we define the Fourier coefficients of f as

(22 Flutm) = [ £(@)xun(@) da.

~

The series 3, e, f (4(n)) Xu(n) (%) is called the Fourier series of f. From the

standard L2-theory for compact Abelian groups, we conclude that the Fourier
series of f converges to f in L?(®D) and Parseval’s identity holds:

(2.3) 1715 = [ 1@ e = 3 [Frum)|"

n€Ng

We now impose a natural order on the sequence {u(n)}>2,. We have ® /B =
GF(q) where GF(q) is a c-dimensional vector space over the field GF(p). We
choose a set {1 = (o,(1,C2y--.,C—1} C ©* such that span {Cj};;(l) = GF(q).
For n € Ny satisfying

0<n<gq n=ag+aip+-+a1p " 0<ar <p, and k=0,1,...,c—1,

we define

(2.4) u(n) = (ap + a1+ + ae—1Ce—1) p
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Also, for n = by+b1q+baq®+- - +bsq®, n €Ny, 0 < b, < ¢,k =0,1,2,...,s,
we set
(2.5) u(n) = u(bg) + u(by)p™t + -+ u(bs)p .

This defines u(n) for all n € Ny. In general, it is not true that u(m +n) =
u(m)+u(n). But,ifr,k € Ng and 0 < s < ¢*, then u(r¢®+s) = u(r)p=™*+u(s).
Further, it is also easy to verify that u(n) = 0 if and only if n = 0 and
{u(l) +u(k) : k € No} = {u(k) : k € No} for a fixed ¢ € Ng. Hereafter we use
the notation xn = Xyu(n), 7 > 0.

Let the local field K be of characteristic p > 0 and (g, (1,(2,...,(.—1 be as
above. We define a character y on K as follows:

— exp(27i/p), pw=0and j=1,
(2.6) X(Cup ]):{1, /e w=1,...,c—1lorj#1.

We also denote the test function space on K by Q(K), that is, each function
fin Q(K) is a finite linear combination of functions of the form 1x(x—h), h €
K, k € Z, where 1, is the characteristic function of %B¥. This class of functions
can also be described in the following way. A function g € Q(K) if and only if
there exist integers k, £ such that g is constant on cosets of B* and is supported
on BE. It follows that  is closed under Fourier transform and is an algebra of
continuous functions with compact support, which is dense in Co(K) as well
asin LP(K), 1 < p < oc.

For j € Ny, let N denote a full collection of coset representatives of
No/qjNo, 'L'.e.,

Ni={o12,....¢d -1}, j>o0

Then, Ny = UneNj (n + qjNo), and for any distinct ni,ne € ./\/j, we have
(n1 + ¢’No)N(n2 + ¢’Ny) = 0. Thus, every non-negative integer k can uniquely
be written as k = r¢’ + s, where r € Ny, s € Nj. Further, a bounded function
W : K — K is said to be a radial decreasing L'-majorant of f(z) € L?(K) if
|f(z)] < W(x), W € L(K), and W(0) < co.

For j € Z and y € K, we define the dilation J; and the translation operators
T, as follows:

Dif(x) = /f (p72) and T,f(z)=f(x—y), feL*(K).
For an arbitrary measurable function f, we define
fP(a) = Y fla+ulk))
keNg
and ' '
fin(@) =¢f (p_jx - u(k)) for j € Z, k € Ny.
In particular, we define

(@) =" fir(@+u(s)) for j € Z and k € No.
s€Np
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For a finite subset £ of L?(K), we write
(2.7) X(E)={fjx:f€E, jEL, ke Ny},

(2.8) XP(E) = {1, /- f € E, j € No, k€ Nj}.

per

we require that & in (2.8) belongs to N instead of Ny. Otherwise, every ik
with k& € Nj will repeat infinitely many times since fﬁzr = [jktp—ius) for s €
Np, and thus we cannot create a new frame. The restrictions on j and k in
(2.8) are also related to our method for the construction of frames.

Let U = {¢y:1<(<L} and ¥ = {@qugL} be two finite sub-
sets of L?(K) with the same cardinality. A bi-frame for L?(K) of the form
(X (¥), X (W) is called a wavelet bi-frame for L*(K), i.e., X(¥) and X (¥) are
two frames for L?(K) satisfying

L
F=33"3 (£ 0un) e for f € LA(K),

¢=1j€Z keNy

In the similar manner, a bi-frame for L2(®) of the form (XPe(®), XPe (1))
is called a periodic wavelet bi-frame.

A function f € L'(K) N L?*(K) is said to be p-refinable if there exists a
periodic measurable function m; on K such that

~

Fr=te) =mp()f(9),

where m; is called a symbol of f.

ProproSITION 2.1. Suppose g and 1%0 are two p-refinable functions with
symbols Hy, Hy € L>(D), 120 and 1;0 are continuous at the origin with ”(Z()(O) =
Yo(0) =1 and

2

> [t +uls)|*. 3 |dole +uls))| € L2@).

s€Np s€Np

[0 ={y:1 <0< Ly and U = {¢: 1 <L < L} satisfies
(a)
(2.9) Bo(p™1€) = Hi(€)Do(€), Dulp™2€) = Hytho(€)

with Hy, Hy € L®(D),
(b) X(¥) and X (¥) are Bessel sequences in L?(K), and
(c)

L -
(2.10) > Hu(&)Hy (€ +p7) = doy
=0
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for a.e. £ € K and each v € Np, then (X (W), X (¥)) is a wavelet bi-frame for
L?(K).

PROPOSITION 2.2. Suppose g and {50 are two p-refinable functions with
symbols Hy, Hy € L>*(D), 120 and 120 are continuous at the origin with 150(0) =
Yo(0) =1 and

2

> [t +uls)|* . 3 |dole +uls))| € Lx@).

s€Np s€Np

[f @ ={p: 1 <0< L} and O = {¢hy: 1 < L < L} satisfies
(a)

o~

Del(p™1€) = H€)To(©), T(p€) = Hyto(€)

with Hy, Hy € L>(D),
(b) X(¥) and X (¥) are Bessel sequences in L*(K), and
(c)

- L .
(2.11) Ho(&)Ho (€+py)e(p™6) + > He(&) Hy (€ + py) = 0(€)do4
=1

for a.e. £ € K and each v € N1, where ¢ is a periodic measurable function
which is positively bounded from below and above and continuous at the origin
with ¢(0) =1,

then (X (), X(¥)) is a wavelet bi-frame for L*(K).

DEFINITION 2.3. A function p : K — K is called a quasi-norm if the follow-
ing conditions hold:

(i) p(x) =0 if and only if x = O;

(i) there exists co > 0 such that p(x +y) < co (p(z) + p(y)) for z,y € K;

(i) p(p~"z) = qp(z);

(iv) p is continuous on K and smooth on K\{0};

(v) there exist c1,aq, s, B1, P2 > 0 such that

c1 Ma|™ < p(x) < erlz| if x € B,

a1 a|*? < p(a) < erl2)® if x ¢ B

DEFINITION 2.4. An atmost countable collection {S; : i € T} of measurable
sets is called a partition of a measurable set S if S = U;ezS; and S; NSy = ¢
in T. Two measurable sets S and S’ in L*(K) are said to be qNg-congruent if
there exists a partition {Sy : k € No} of S such that {Si + qu(k) : k € No} is
a partition of S’.



130 Owais Ahmad, Neyaz A. Sheikh and Mobin Ahmad 7

3. PERIODIC BESSEL SEQUENCES ON LOCAL FIELDS

In this section, we establish a Bessel sequence in L?(®) from a Bessel se-
quence in L?(K) of the form {gm,, : m,n € Ng}. For that purpose, we first
introduce a Banach space £P(K) with 1 < p < oo. The space LP was intro-
duced on R? by Jia and Micchelli [19].

For 1 < p < oo and a measurable f on K, we define

> If(+ulk))

keNy

)

Lr(D)

and we write
LPK) ={f : |flp < oo}

Then £P(K) is a Banach space. It is well known that £P2(K) c £P'(K) if
1 <p1 <p2 <00

LEMMA 3.1. For f € L*(K), we have f € L2(K) if there exists a > 1 such
that |f(x)] = O ((1 + |z[)~) as |z| = oo.

Proof. Since |f(z)| = O ((1 + |z|)™%) as |z| — oo, there exists a constant C'
and N € Ny such that

|f(z+u(k)| <CQA+|z+ulk)])™® for z € D and k € N.

It follows that

2
{ > If(w+U(k))\} =

keNy

2

:{ > fetu®E)+ > If(w+U(k))l}
keNp,|k|I<N kENp,|k|>N

2

2(2N+1)Z|f<w+u(kr>)\2+2{ 3 |f(sc+u(k)>\}

keNg keNg,|k|>N

2
2(2N +1 Z |f (@ +u(k))]? —1—202{ Z f(1—|—|x+u(k)|)_°‘}

keNp k€Ng

202N +1) > |f(z +uk)]* +C
keNy

for a.e. € ® and some C independent of x. This implies that
/{Z|f:c—|—u }dx<2(2N+1)Hf||L2 4O <o, O
keNg

LEMMA 3.2. For any f € L2(K),{f(- —u(k)) : k € Ng} is a Bessel sequence
in L?(K).
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LEMMA 3.3. Ugen, (D +u(s)) is gNo- congruent to p~*®.

Proof. Since Upep, (D + u(p)) and p~*D have the same measure, to finish
the proof we only need to prove that U,cn, (D + u(p)) is congruent to a sub-
set of p71®. Observe that {p~'® + p~lu(r) : r € Ny} is a partition of K. If
Upens (D +u(p)) is not gNo-congruent to any subset of p~ 1D, then there exists
E C © with |E| > 0 such that

E4u(pr)+ptu(ry) € D+u(pa)+ptu(rs) for some (p1,71) # (p2,r2) € NjxNo.
It follows that
E C D+ (u(p2) —u(pr)) +p~" (ulra) —ulr)),
0 # (u(p2) — u(pr)) +p~" (u(r2) — u(r1)) € No.
This is a contradiction due to the fact that ¥ C ©. This completes the proof.
O

LEMMA 3.4. Let f € L2(K). Then fjx € L2(K), and |fix| < ¢/|f|2 for j €
Ny and k € Ng.

Proof. Since p /Ny C Ny and by Lemma 3.3 we have
2 2
/ { > Uil + u(r) } do=q | { S |67+ ulr)) = u(i)| } o
° reNg o reNg
2

<d | {ZN Fp i+ u(r) = u(®))| } iz
2

(3) 0 [ { > |+ u(r)) } d

reNg
2
=q 7 int,- {Z]fm—i—u }dac
reNg
2
—q | { > |f<x+u<r>>|} d,
Usew, @ | /&R,

It follows that
2 2

/{Z’f Iz +u(r )‘}d: Z/{Z]fx—i—u }dx
r€Np seN; 7P Ureng
= 1fl2,
and thus f; 5 € £L2(K), and | fjx]2 < ¢?| f|2 by (3.1). This completes the proof.
O

As an immediate consequences of Lemma 3.4, we have
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LEMMA 3.5. Let f € L2(K). Then fﬁzr € L*(®) for j € Ng and k € Ny.
The following two lemmas are very useful in the later sections.

LEMMA 3.6. Let g € L2(K). Then for an arbitrary f € L*(D), we have
<f7 gper> = Z <fag( =+ U(’I")» ’

reNg
where the series converges absolutely.

Proof. The proof of the lemma follows from the observation

/@If 1S lga + u(r)] dz < |gla]| £ O

rENp
LEMMA 3.7. Let 1,1 € L2(K). Then
5 (1) () = £ 5 (ot (G0
keN; s€Np reNo
for f,g € L*(D), where Fy = flg and G5 = 9lo_u(s)-
Proof. By Lemma 3.4 and Lemma 3.6,

(L) (0,005 = S0 37 (Fwal +ur) (9,05 +u(s)))

s€Ng 7r€Np

= 30 3 (el ul)) (g Pin(- +ulr) + uls)) )

s€Ng 7r€Np

= 3 2 (o i) ey (G Do iat)) oy

s€Ng reNp

It leads to the lemma due to the fact that No = N; + p/Ny. Thus the proof is
complete. O

LEMMA 3.8. For j € Ny, there exists a constant C' such that
lp x| > Clx| for z € K.

Proof. Tt is clear that lim |[p~7|'/7 < 1. It follows that there exists J € N
j—oo

such that ||p~7|| < 1 for j > J. By setting C = max{||p—le:0<j<J}’ then |[p~7|| <
& for j € Ng and thus [p~7z| < }|a| for j € Ny and z € K. This implies that

Jx| < Clz| for j € Ny and z € K. O
b’z J

THEOREM 3.9. Let {gj1 :j € No,k € No} be a Bessel sequence in L*(K).
Assume that

(3.2) l9(x)] = O((1 + [2[)77) (|2 — o0)
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for some T > max {ﬁg,%}, where aoa, Bo are as in Definition 2.3. Then

{1 gper J €No, k€ Nm} is a Bessel sequence in L*(D).

Proof. By invoking Lemma 3.1 and Lemma 3.4 and the fact that 7 > 1, it is

2
clear that g7} € L*(D). By a direct computation, we have g7}’ = ?,le_ju(r)

for j € Ny, k, r € Ny. First we claim that if there exists a constant C > 0
such that

2
33 X A X Wogut+url} <Ol for f e 22
J€Ng kE./\/’j reNg
holds, then 3~ oy, (Fo, g5k (- + u(r))) is well defined and
(£:0550) = 3 (Fo, gju(- + u(r)).
reNg
It follows that

2. 2 ’<f’gﬁr> <> > { > |<F079j,k('+u(7“>)>|}2.

JjE€No neN; j€Ng keN; reNg

Therefore by (3.3), we have
(£,905) < CIfIP for f € L2(D)

which implies that {1 gpe]r j € Ng, k€ ./\/]} is a Bessel sequence in L?(D).
Now we proceed to prove (3.3). By Lemma 3.8, there exists C; > 0 such
that

P72+ pIu(r) — ulk)| > O fu(r) + @ — pulk)| > O (|r = 1)

for j € Ng,z € D,k € Nj and r € Ng. We observe that |k| — oo if and only if
p(k) — oo. It follows that there exists J € N such that, if |r| > J, then

—T

l9(p T +pTu(r) = u(k)| = Colp o +pIulr) — u(k)

and p(r) > 2co maxyep p(z) for j € No,z € © and k € Nj, where ¢ is as in
Definition 2.3. So

9+ pTur) — ulk)| < e Cop T {p (ulr) + 2 — pPulk)) }

- pis u\r —-_T
< 6162 Cap 2 {p(CO)) — max p(z)} 72

< (coer) % Cop ™ {plu(r) } %

< (coer?) Bz Cap Pz [u(r))| P2
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for k € Ng with |r| > J, j € Ng, z € © and k € Nj, where ¢; is as in
Definition 2.3. Therefore, it follows that

) /
[(Fb, gj(- + u(r)))| sqj/zufu{/g\g(p‘fxw‘ju(r)—u(k))! dw}l 2

FTESE S S
< Cslfllg™> 72 fu(r)] 7
for j € No, k € Nj and r € Ny with |r| > J, and thus

2
S5 T Wt tutl | < CilfIP or f € 12(0),

Jj€Ng keEN; * reNg,|r|>J

where Cjy is a constant independent of f. Further, we have

2
Sy T Mgt uel ) <

JENEEN; * reNy,|r|<J

<RI+DI DN ‘<F079j,k7p—ju(r)(' +“(7">)>‘2

JENEkeN; keNy
<@I+1) Y [Fo.ginl
j€Np keNp

< (27 +1)||Rl?

= fI”.
Therefore, it follows that

2
S 5 S Wit o} <20+ G

j€Np ke./\/j reNg

and thus we get (3.3). This completes the proof of the theorem. O

4. CONSTRUCTION OF WAVELET BI-FRAMES ON LOCAL FIELDS

We devote this section to the construction of periodic wavelet bi-frames on
local fields. we start with some lemmas.

LEMMA 4.1. Let f € LY(K) be a p- refinable function satisfying f(()) # 0.

~

Then f(u(B)) =0 for B € N.
Proof. Suppose H is a symbol of f. Then

(4.1) Frm6) = HEF(&) ae on K

~

Also observe that f(0) # 0 and f is continuous by the fact that f € LY(K).
) =

This implies that H( ! (JE(_;)Q and is continuous in some neighborhood of

3
the origin, and thus H(0) = 1 by letting & — 0. So, at an arbitrary 5 €
No, H(§) is continuous and equals 1 by its periodicity. Combined with (4.1),

~ ~

it follows that f(p~"u(B)) = f(u(B)) for r € N, € N. Letting r — oo, we
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have f(u(B)) = 0 since limye| So0 F(€) = 0 due to the fact f € L*(K). This
completes the proof. O

LEMMA 4.2. For any finite set S C Ny, there exists jo € N such that u(ry) —
u(re) ¢ p°No forri #rz € S.

Proof. Set J = max {|u(r1) — u(re)| : 71,72 € S}. Since we have 'llm lp=7|| =
0, there exists jo € N such that |[p=|| < %. It follows that o
[P (ury) = u(ra)| < [l - Julre) = u(ra)| < 1for r # 715 € 5,
and thus p=7 (u(r1) — u(re)) ¢ Np. This completes the proof. O
LEMMA 4.3. For i # 1o € Nj,u(r1) —u(rz) ¢ /TNy for j € Ny.
Proof. For r1 # ry € Nj,u(r) —u(r2) ¢ p/Np, which implies 71 # ry €
Nj,u(ry) — u(re) € p Ny, This completes the proof. O

LEMMA 4.4. {pl/zxr(pf) ke ./\/]} is an orthonormal basis for (>(Nj) is the
Hilbert space of the functions defined on N endowed with the inner product
(f,9)= 2 f(r)g(r).

reN;
LEMMA 4.5. For any f € L'(K), we have

(i) Z f(z+u(r)) converges absolutely a.e. on K,
reNg
(i) fPr € L'(D),
(i) fu(r)) = [ " (@pl@)de for v € No
)

LEMMA 4.6. For any two Bessel sequences {h; };c1 and {ﬁi}iel s a separable

Hilbert space H ({hi}iGIy {}L}Zez> is a bi-frame if and only if
i€

for f and g in some dense subset of H.

THEOREM 4.7. Suppose v, 1bo € L?(K) are two p-refinable functions with
symbols Hy, Hy € L*(D), and

(42)  [go(@)] = O((L+]z)™7), (@) = O((L +|a) ™) (2] = o0),

(43) G0(0) = do(0) = 1

for some T > max {Bg, a—z}, where ag, Ba are as in Definition 2.3. Let ¥ =
{p:1<0<L} and ¥ = {IZ[ 1<e< L} be two finite subsets of L?(K)
satisfying

(44) () [e(@)] = O((L+[2))77), ()] = O((L+ |2)7) (Ja] — o0),
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(45) (i) DelbTE) = Hil€)To(©), delp1) = Hel€)bo(€)
with Hy, Hy € L®(D) for 1 < ¢ < L.
(ii3) X (V) and X (V) are Bessel sequences in L*(K),

and

(iv) ZHg Hg (& +1p7y) =00, for a.e. £ € K and for each vy € Nj.

Then (Xper(‘ll), Xper(‘ll)) is a periodic wavelet bi-frame for L?(K).
To prove the above theorem, we first prove the following lemma:
LEMMA 4.8. Under the hypothesis of the above theorem, we have

L j -
DT+ Y (hupn) (horm,) =

£=0m=0 keNy,

(4.7) = > <f7¢g?4Lk><f ¢8341k>

keNj 41
for j € Ng and f,g € L*(D), where 1 is the function equal to 1 on D.

Proof. By invoking Lemma 3.7 to )y, IZg with 0 < ¢ < L, we have
(48) > <f7 ngrk> <f’ ngrk> > (Fo, Yejr) 2w <Gs’w€’j’r>L2(K)

keN; s€Ng r€Np
for each 0 < ¢ < L. By (4.5) and p-refinable property of 1y, we have

(Fo. ) pagey = 477 /K Fo(&)be(p7€)xr (#7€) dE
= g2 [ BB O Hop e (076) e
=g [ Roei(1ED e de,
pID

where

Roei(NE) =3 3 Fo(€+p7 (0 (ulo) +u(p)))

a€Ny peN

X 1o (pIH1E + u(@) + pu(p)) He (p9H1€ + pu(p)).
In the similar manner, we have
<G87 J£7j7T>L2(K) = q_j/Q p7j® ﬁs,f,j (g) (g)XT (pjg) d§7
where

Roti(@)(©) =3 3 Go (649767 (w(B) +u(p))))

BENg peN;
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X o (1€ + u(B) + pu(p)) He (p+1€ + pu(p)).
Since X (¥), X (¥) are both Bessel sequences, and

{<F(], we’j’T>L2(K)}TENo 5 {<G87 W’j’T>L2(K)}reNO c £2(N0>

We observe that {q‘j Pxr(p7€) 1 € ND} is an orthonormal basis for L2(p~7D).
It follows that

[ Rorsn@P de= [ [Rucsi@©)f de < oo

pID
and
> (Fo,Yejr) 2 k) <Gs,?,;e,j,r>L2(K) =) o Ro.05(F)(€)Rer(9) (&) dE.
r€Np
So by (4.8), we have
(4.9)
L
DY (ke ) (108 Yy / Ro,05(F) (€) R (9)(€) de.
(=0 keN; (=0 s€Ng

Further, by (4.6) we observe that

L
>~ He (77 + pu(p) He (P76 + pup))) = 8, for p,p € .
=0

Also we have
Ro,,i (/)€ R0 (9)(€) =
= > Y B (s+p7 tula) +pTulp)) do (M€ + u(a) + piu(p))

pE./\/'j a€Np

x G (€ prmtuta) + pue) do (7€ + u(a) + pulp) |

Thus by (4.9), we have

L
S 3 (ruks) (£08) =

0=0 kEN;;
=2 X [ B(e e ul) o (7 () + piu(p)
s€Ng peN; aENo

< G e prmta@) & pul) o (9776 + ula) + pulp) | de
-> > [

s€Np pEN; 1(D+u(p)) aENo

> Fo (6497 ula)) do (b7 + u(@))
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x {@ (€ + pIu(a)) v (pH1E + u(a))} de
=2 / j @+u() > o (5 +p‘j‘1U(a)) Do (pI+1E + u(a))

s€Np a€Ng
(4.10)

< {Gu e+ pmtu@) o (97416 + u(a) e

By applying Lemma 3.3 to p~! leads to Upen, (® + u(p)) being p~'No-
congruent to p~®, therefore p~7 Upen, (@ +u(p))) is p 7~ 'Ny-congruent to
p~/~1®. Combined with (4.10), it follows that

L
S (fur) (g0 =

=0 keN;

=3 [ X Bt ) do (e + ula)

s€Np a€Np

(4.11) {66+ pmrut@) o (41 + ula) e

Further, we have

(Fos o410 o) = ¢ U2 /K Fo(&)do(p/+)xr(p7 1) dé
(4.12)
O[S B (g (@) o P a7 e

aGNo

Similarly, we have

<Gs’ ¢0,j+1,r>L2(K) -

(4.13)
:q—<j+1>/2/ MG (§+p‘j‘1u(a))%(pﬂ'“&u(a))xr(p*jflﬁ)d&
p_J_lg a€eNg
for s € Np.

By (4.2) and Lemma 3.1, we have v € L2(K). This implies that
{bo(- — u(r)) : 7 € Np} is a Bessel sequence in L?(K) by Lemma 3.2, and
thus {¢0j+1, : 7 € Ny} is a Bessel sequence in L?(K). This implies that

{ <F07 w07j+1,7‘>L2(K) }TEN() S £2 (NO) and thus

> Fo (5 + p—j—lu(a)) Do (pIH1E 1 u(a)) € L2(p~1D).

aeNp
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In the similar manner, we have

S G+ p 7 u(e)) do (1€ + u(a)) € L2(p I 'D).

a€Np
Therefore, by (4.11), (4.12) and (4.13), we have
(4.14)
L -
Z Z <f’ ¢?§Tk>< E§Tk> Z Z (Fos Yoj+1,0) 12k <Gs,¢0,j+1,r>Lz(K)
=0 keN; seNg reNg

However, applying (4.8) to the case of j + 1 and ¢ = 0, we have
Z <f7 ¢?§11k> <gv 1%);11 k>: Z Z(Fm Qﬂ(),j#—l,ﬁLz(]K) <Gs7 ¢0,j+1,r>L2(K).
kG/\/'J'+1 s€Ng r€Np

Hence

S (508 (9980 =

keN; 11
@15 =Y () i £ X () (o v
keN; =0 keN;;

for k € No ~
Now we need to check 5" and Qj)per. By (4.2), we have 1,10 € L*(K),

thus 9 (u(e)) = 1/}0( (o)) =0 for € N by Lemma 4.1. It follows that
(4.16)

P =D d(u =1and ¢ (&) = > do(u(@))xa(§) = 1.
a€eN a€eN
Combining (4.15) and (4.16), (4.7) follows. This completes the proof of
Lemma 4.8. O

per

Proof of Theorem 4.7. By calling Theorem 3.9, it is clear that {1/)5],6 :
No, k € /\/}} and {{/;Ejrk 17 €Ng,k e /\/']} are Bessel sequences in L2(’D) for

cach 1 < £ < L. It follows that XPe"(¥) and XP'(¥) are both Bessel sequences
in L?(D). Also observe that the set of trigonometric polynomials is dense in
L?(®). In order to finish the proof, we only need to show that

+ZZ S (rabe ) (FaE ) = (f.9)

=0m=0 kEN,

for arbitrary trigonometric polynomials f and g by Lemma 4.6. Again by
Lemma 4.8, it is equivalent to

(4.17) Si(h,9) =3 (L) (F 85 = (f.9) as j — oo
keN;
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for arbitrary trigonometric polynomials f and g. Let us fix the trigonometric
polynomials f and g. Now we prove (4.17). Clearly there exists a finite set
S C Ny such that f and g have the form

(4.18) f(x) = Z cr(fxr(2), g(x) = Z er(f)xr(2)
r€Np reNp

where

(4.19) e (f)=c(g)=0forr ¢ S.

By Lemma 4.2, we can extend S as a full set Nj,. Also by Lemma 4.3,
we can extend Nj, to Nj,+1. By repeating this procedure, we can obtain a
sequence {N;}72, satisfying Nj C Nji1. It implies that
(4.20) e (f) = ¢ (g) =0 for r ¢ Nj and j > jo.

per

By using Lemma 3.1 and Lemma 3.5, we have ¢0jk,wgirk € L*(®). It
follows by Lemma 4.5 that

(4.21) bk = > doxe(@), 965, D doxe(a
reNp r€Np
where _
dr = 1ok (u(r)) + 2o (p u(r)) xr (pTu(k)),
dr = P (u(r)) = 2P0 (pPu(r)) xr (pTu(k)),
Combining the above with (4.20), we obtain

(1852 = 2 D0 2l (k)

(9,055 = 3 cola)a™ 2 Do(wu(r) e (pu(k).

reN;

Applying Lemma 4.4 to p~—7, we obtain an orthonormal basis {q 312y e (p=3€) Xk (p~IE) :
ke N}} for £2(N;). So
(4.22) Si(f:9) =Y er(Fer(g)do(piu(r))io(p?u(r)) for j > jo.

rE/\/j

Also observe that Yo, %0 € L2(K) € L*(K) by Lemma 3.1, which implies

that g, 1o are continuous, and by (4.13), we have
Tim $0() = lim J(§) = 1
By letting j — oo in (4.22), we obtain that

lim S(f.9) = lm 3 e(Pale) = 3 a(Pals) = (f.9).

reN; reNp

This completes the proof of Theorem 4.7. g
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THEOREM 4.9. Suppose 1o, € L*(K) are two p-refinable functions with
symbols Hy, Hy € L>®(D), and

[bo(x)] = O((L+ |2]) 7). [do(@)| = O((1+ |2)77) (Jz| = o0),

h0(0) = ¥o(0) = 1
for some T > max {Bg, %}, where aa, Bo are as in Definition 2.3. Let W =

{pp: 1<l <L} and U = {1;@ 1< < L} be two finite subsets of L*(K) such
that N

(i) [e(@)] = O((L+ [2) ™), |the()] = O((L + |2])"™) (|z] = o0),

(i3) e(p~1€) = He(€)vo(€), ve(p™'€) = He(€)vo(€) with Hy, Hy € L(D)
for1 </{< L.

(iii) X (¥) and X (V) are Bessel sequences in L2(K), and

(iv) there exists a periodic measurable function @ which is positively bounded
from below and above and continuous at the origin with ¢(0) = 1 such that

- L -
(4.23) Ho(&)Ho (€ +py)e(p™6) + > He(&) Hy (€ + py) = 0(€)do,4
=1

for a.e. £ € K and each v € Ny, then (XP(0), XP(V)) is a periodic wavelet
bi-frame for L*(K).

Proof. We define r by
f‘o = szo
Then clearly I' is p-refinable with the symbol

—~ — 1\ 17
H'y(€) = e(p jgfo(ﬁ).

Further, we define fg by

= —~ = — H
Fu(€) = HIy(€)Ty with FT7y(€) = @fg) for1< (<L,

Denote U = {Ty: 1 < £ < L}, it is easy to check that the systems ¥ U {¢o}
and O U {Ty} associated with H’, satisfy the conditions of Theorem 4.7, and
U = V. Therefore, (XP(0), XP (V) ie, (XP(¥), XP(V) is a periodic
wavelet bi-frame by Theorem 4.7. The proof is complete. U
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