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OF VOLTERRA AND FREDHOLM INTEGRAL EQUATIONS
USING THE FRACTIONAL SPLINE FUNCTION METHOD
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Abstract. In this article, the researchers develop a new type of Spline function
with fractional order which constructs two distinct formulas for the proposed
method by using fractional boundary conditions and fractional continuity con-
ditions. These methods are used to solve linear Volterra and Fredholm-integral
equations of the second kind. The convergence analysis is studied. Moreover,
some numerical examples are provided and compared to illustrate the efficiency
and applicability of the proposed methods.
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1. INTRODUCTION

Numerical analysis has been used more and more in the fields of applied
mathematics since the beginning of the twentieth century, since spline func-
tions are simple to analyze and work with on computer see [2], [3], [10] and
[6], they are currently one of the most popular areas of approximation theory.
These functions have an important role in mathematics and its technologi-
cal applications, and also play a significant role in solving integral equations,
integro-differential equations, and differential equations.

Currently, many researchers used fractional calculus to derive problems in
mathematical science, computer science, physical science and engineering, see
[7], [12], [9] and [13], the fractional operator has many definitions, includ-
ing the Riemann’s, Liouville’s, Gruwald-Letnikov’s, Riemann-Liouville’s, and
Caputo’s fractional integrals and derivatives.

Recently, some works have been done on this model type, but with natural
orders, see [1], [7],[14], [10], [8], [4], and [15], so that is why the proposed
technique will be the beginning of a more detailed work on fractional models
and perhaps it can progress the topic.
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This work is organized as follows: the researchers proposed two new types
of fractional Spline method (FSM) to solve Volterra and Fredholm-integral
equations by using two systems of equations as shown in Section 2 and Sec-
tion 3, in Section 4 the convergence of these two fractional Spline models have
been investigated, in Section 5 numerical examples are presented to illustrate
the applications and effectiveness of the approach. In Section 6, a conclusion
is given.

2. THE FRACTIONAL SPLINE METHOD
Consider the linear integral equations of the second kind with the unknown
function z(t) :

(1) )\/ (s)ds =y(t), t,se X =1[0,pt)], 0<t<hb.

Where k(¢,s) and y(t) are known continuous functions defined on X, p(t) =1t
(VIE) or p(t) = b (FIE), b and X are constants. We approximate (1) by using
fractional Spline model, divided the domain X into (N — 1) sub intervals, N

is equally spaced mesh points sy, s2, ..., sy where s; = a+ih, (h is step size),
1=0,1,...,n— 1.
(2) Si(s) = ai(s — )% + bi(s — )% + ci(s — )2 + ds.

To derive the approximate solution of (1) we used two boundary, continuity
conditions on (2) in the following form:

S(Sl) = ZZ‘, S(Sl)
S(si+1) = Ziy1, (Sz+1) Zit1,
(3) FSM1 sy p,  FSM2 D) - B
S (si41) = Fipa, 5(%)(5z’+1) = Fit1.

By using algebraic manipulation of (2) and (3) we obtain the following (it
can be easily verified that the spline scheme approximation S(s), is successfully
uniquely determined using (2) recurrence formula for all h in the interval):

4
a; = -5 |:Z Z,L+1
h2

Fi+2F; 1,

8
|

4 FSM1
(4) bi = h% Zig1 — Z} 3fh {7}7 + 8FH_1]
¢ = %Fi, d; = Z;.

_ 4 _
F; bi = —F=F,
]’ 3T

Ziy1 — Zi:| — % [3Fi +2Fi41
d;, = Z;.

a”i: 15\/>h|: +1 —
FSM?2

)

1
GV




3 Fractional spline function method 169

From D%Si(si) = D%Si,l(si) and D%Si(si) = D%Si,l(si) for FSM1 and
FSM2, respectively, we get the following equations:

(5) FSM1 {3Fi—1 +19F; + 8F;11 = % Ziy1 — Zi—l]a
(6) FSM?2 {3Fz 1+ 19F + 8Fz+1 12f|: i—1 — 2Z; + Ziq1 |-

According to the Taylor formula for traditional calculus for all s in that
neighborhood a,the function y = z(s) has derivatives up to the order (n + 1),
and the following is the general form of fractional Taylor series.

o0
(k) k—n
2 (s) = > 4ZF(k(ilZzS+17) -
k=—o0
To get a unique solution for (5) and (6), we get the following equations by

using fractional Taylor series.

3F_1+8Fj11 =
(1) FSM1

7 |8Ziv2 = 8Ziv1 +3Z; — 37— 1]

3\3 3\%

19F; + 8F;41 =

SZH-Q +11Z;41 — 19Zi:|>

3F,_1 +8F41 = 4}% [24Zi+2 —24Z;1 +9Z; — 9Zz1},
FSM?2

19F; +8F;1 =

AN

{24Zi+2 + 33241 — 57Zi] .

By expanding (5) and (6) with fractional order Taylor series about s;, we
obtained the following Truncation error.

(8)
3 5
[H41n3 2® 1 [Uin2z,? ) [%]h2z§3)+..., (FSM1)

(FSM2)

The matrix representation of (5) and (6) are A1 F = B1Z and AyF = ByZ
respectively, from (2) and (4) we get

9) F=A'BiZ=MZ, and F=A'"BoZ = My Z.

Where A1, A2, B1 and By are three diagonal matrices of (5) and (6) respec-
tively, and F = (Fp, Fy,...,FN)T, F = (Fo, Fy,...,Fx)T,and Z = (2o, Z4, . . .

) ZN)T
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3. THE METHOD OF SOLUTION

In this section, we used the proposed fractional spline model discussed in
Section 2 to derive problem for (1).
From (2) and (4) we get

(10)
A7, —47; 8F;+16F; 5Zi11—57;
h% +1+ 3ﬁh2+1} (S—Si)5+ 217%
14Fi 16Fi 7
+;jﬂ+1] (s—si)?’—l—{3};}1/(8—81)4—&4—(9(}14), (FSM1)
Sil#) = 8F, 8F,
i+1 0L AF;
S s s || s = sy

Zigx1—Z;i _ 12hF;+8hFiq
n3 15y/m

V(s —si)+ Zi + O(hY). (FSM?2)

_l’_

By substituting (10) in (1) we get

ZA/SZH (t7,)=(s)ds + y(1,)
n—1 Sit1

%2/\/ k(t;, 8)S:(s)ds +y(t;) + O(hY).
i=0 %

We divide the above equation of two FSM of the following (FSM1):

Si41
y(t;) + Z [4Z1 + 3fh2})\/s k(t;,s)\/ (s — si)3ds

] Si+1
+ h;“ + ;@?;;;}A/ k(ty, 5)\/(5 — s2)ds
i ) ] Si+1
7115%& - 31\‘}1;4)\/. k(t;,s)\/ (s — si)3ds

|
—

S
[l
— O

+
™

=0
n—1 r )
57 16F; it

—f—; _ h%“—i— 3\/{};])\/. k(t;,s)\/(s — si)3ds

P i 4
+ \/#])\/ E(tj,s)\/(s — s ds—i—z [ } / k(tj, s)ds+O(h")

=0 - i

+Z 4ZZ+ th J,z+|: 4Z;+1 ;i}%z%}bﬁz

Y ) 57; 16F;
+{ sgz’—glj%} JZ+[ Tt 3\/77;1:|djz+|:\f:|ejl+|: i}fa‘ﬁo(’#)'
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and the following (FSM2)'

Si+1
y(t;) + Z Lg@fih] / k(t;, s)\/ (s — s:)>ds+
n = Sit1
+ 4 _f;:z/%lh])\/& k(t;,s)\/ (s — si)5ds+
[ = Si+1
3\f]>‘/ k(tj, s)\/(s — si)3ds+

] )\/:i+1 k(tj,s)\/(s — s;)ds

Zit1 8hFl})\/ o k(tj78)\/ (s — si)ds+

|
—

S =
|
_ O

+
LIM
=

+
[N
SN
|
=
BE

i
L

+
]
§
g

=0
n—1 ¢ Sit1
+ Zl})\/ k(t;, 8)ds + O(hY)
=0 - Si
n—1 B n—1 SF n—1 _
—8F, | = 1 |7 4F,
=y(t;) + [15\/%]%72 + Z [15\/;2]6” + {3\/4 Cjit
=0 =0 =0
n—1 B n—1 7 B n—1
—Z; 4hE |7 f 8hE; | = 4
+2 Vh By |G {\/%1_15\/77 eﬂ""Z[ ]sz+0(h)
i=0 i=0 i=0
where
_ Si+1
aji = bjit1 = aj; =bjit1 = A k(tj, s)\/ (s — si)°ds,
Sq
Si+1
Cji = djit1 = Cj; = / k(t;,s)\/ (s — si)3ds,
Si
_ B Si41
€ji = dji = €jiv1 = A k(tj,s)\/ (s — si)ds,

We introduce that a;jn = bjo = ajn = Bj,() = Cjn = djo = Cjn = €jn = ‘Zj,n =
€j,0 = fjn = fjn = 0, so we can write the matrix representation as:
A=aj;,B=bj;,A=a5;,B=0b;;,C=cjs.d = dj;,
C=¢E=ej;,D=dj;,E=¢;;, F=f,
andF F]ualsoy (y(]aylu"'ayn)Taz:(207217"‘7Zn)T7F:(f07f17"‘7fn)T
and F = (fo, f1,--., fa)". So we have:

(11)

FSM1 {Z Y + 8A+16B 4 16D—14C F,

3/mh? svrh \f

4A— 4B_|_5D—35C+F:|Z+
h2 h?2
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8B—8A4 8hD—8hE
R%H{Z Y + J+4Z+[mﬁh+F+&f TV
By substituting (9) in (11) we get:
(12) FSMl{[I—P—PlMl]Z:Y — Z=[-P-PM]Y,
FSM2{[I - P~ PIM,)Z =Y = Z=[I - P~ PiM]"'Y.
We consider that the exact solution of (10) is:
42;—A4Z; 8F,+16F;
I 3ﬁh2+1] (s —si)°
52;41—52; |, 14F;+16F;

(13) S;(s) = + 221\ /(s = 50) + Zi + O(hY). (FSM1)
[Bng\lﬁiFi (s — ;)5 + [;\Ff] (s — si)3
+ ZiJ;ll%—Zi _ 12h}};—§;F—;+1] /(S _ 51’) + Zz + O(h4)(FSM2)

A A 2 A~ A(L N
where Z;, F; and F; are the exact solutions of Z;, Zi(Q) and ZZ-( )

By subtracting (13) and (10) we get the following

3
2’ respectively.

[\/is=s0p

[yls=siy

[\/(s=siy

ﬁ“’l)] (s—s$;)

(FSM2)

AZi=2i) =M Ziy1~Zit1) 4+ 8 —F)+16(Fip1—Fiy1)
3 3y/mh?
+ 5(Zi+1—22‘+1)—5(zi—2i)+14(Fi—pi)+16(Fi+1_Fi+1)
3 3/rh
2F; F) 4
N (s —si)+ (Z; — Z )+ O(h FSM1
N i (), (FsM)
8(Fyp1— Fz+1 f 4(Fi*f%i)
15fh (s = SZ 3/
+ (Zisr—Ziv1)—(Zi=Zi) _ 12h(Fi—F)+8h(Fipr—
Ly 15/
+7; + O(h).
Hence
) Boh*
(14) el=19: 4
Boh

where By and (3, are constants.
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4. CONVERGENCE ANALYSIS
The convergence of the proposed methods have been proved in this section.
LEMMA 1 (see [9]). If L is a square Matm'a: with ||L||ec < 1, then the matriz
(I — L)~ is exist, and |[(I — L)Y, < LT

|
LEMMA 2. The matrices [I — P — PLMj] and [I — P — P M>] in (12) are
invertible if:

E]|oo (b — a)(10p1 +1) < 1, (FSM1),
and
[k|loo(b — a)(8u2 +1) < 1, (FSM2).
Proof. For ¢+ =0,1,...,n, we have
5
h3

1Alloo = [|Blloo = [ Allsc = |1 Bllss < l[Kllo (b — a) %,
IClloo = ICllsc = 1 Dlloo < lIklloo (b — a) 2%,

[N

— 5
1Ellsec = | Elloc = [ Dlloc < lIElloo (b a)g,
1Flloe = 1 Fllo < [[£lloc (b — a),
IIPlloo < [*lloo (b = @),
1Pt]loo < 39 [1k]loo (b — a),
HPlloo < oo (b = a),
1Pilloe < % [klloo(b — a).

15v/7
By using Lemma 1 the matrices [[ — P — PiM;] and [[ — P — P Ms] are
invertible, if
[P+ PiM] <1
|klloo(d —a)(10p1 +1) < 1, (FSM1)
and o
[P + PlMQ} <1,
[Elloo (b — a)(8p2 +1) <1, (FSM2)
where p is the matrix product of A7' and By from (9) and ps is the matrix
product of A;' and By from (9). O

THEOREM 3. We assume that y(t) € C*(I) and K(t,s) € CYI x I), in a
way that
Flloo (b — @) (101 + 1) < 1,
[Elloo (b — a)(8ug +1) < 1.

Conszdermg s the unique appmmmatwn solutions and the errore =2 — S

and € = Z — S, they satisfy ||e]oo < u5(h2), and ||€]|oc < pe(h) respectively.
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Proof. From (14) we can write

{H& — Silloo < Bo(h),

(15) SO
|Si = Silloo < Bo(h%).

Let Z be the exact solution, T and T are the local truncation errors vector
of FSM1 and FSM2 respectively, so, from (12) we have

(16)

[[—P—MP|Z=Y+T, (FSM1)
[[—P—MP|Z=Y+T. (FSM?2)

Subtracting (16) in (12) we get
a7 [[—P—-MPle=T = e=[I—-P—MP]'T,
[[—P—-MPe=T — é=[1—-P— MP] 'T.

So, from the local truncation error (8) and (17)

§ —
ITlleo < J2h2ns  and  ||Tlleo < 5 %=hpua,

—~
Njw
~—

_ 2 _
where p3 = maxy,<a,<t,,, 2P (1), pa = maxy <ay<t,,, 22 (a2), a1 and oy

are constants,

el < [(I =P — MiP) ™ Hlool| T 0o,
(18) {H oo < I 1P1) " ool ]| oo

[elloc < (T = P = Mo Pr) ™ |oo|| T | oo

Then, from Lemma 1, Lemma 2 and (18), we get

[P
) {llelloo S T (b—a) (1071 1)
A I T]|
elloc < =R G-a) G
3
€lloo < pshz,
(20) | H:O > M5
lelloe < peh,
3
where i = Wk s o o) (104 1) < 1 and

ay =1—|k|lec(b—a)(8u2 + 1) < 1. Now, from (15) and (19) we get:
N A 3
12 = Silloo <112 = Silloo + [[Si = Silloo < SR>

1Z = Silloo < 1Z = Silloo + [1Si = Sillos < B2,

where 81 = us + 8o and By = ug + Bo, so the convergence of the (one and a
half) order and (first) order of FSM1 and FSM2 are explained respectively,
because we can write |E|| — 0 as h — 0. O
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5. TEST PROBLEMS

In this section, we present some test problems to show the efficiency of
the FSM, the Python program is used to obtain the results. The numerical
results reported in tables includes the errors and comparisons of the exact
and approximation solutions and explained in figures. The absolute error ||E]|
is used to measure the errors between different points, and mean absolute
error(MAE) is used to measure the errors between different step sizes.

b, FIE,
|Enll = llzn(t) — 2(t)]l2, t € [0,p(t)], p(t)Z{t VIE.

mag — 1l
n

EXAMPLE 4. The Fredholm integral equation of the second kind

1

z(t) — / e 32(s)ds =1 — 2 4 et
-1

z(t) = 1 is the exact solution, Table 1, Fig. 5.1 and Fig. 5.2 presents the errors,

and it is clear that the proposed methods are more accurate than all methods

mentioned in legend.

t Best Best Best Best Best || E|| in
NE||in [4] | |E|in [5] | |E| in [3] | ||E| in [6] | FSM1 and FSM2
0 [1.5x107%]3.9x107° |82 x1071° [ 2.2 x107° <1x1071®
0.1]1.9x1077]4.8 x107° [ 3.4 x107% [ 2.3 x10~® 1.1 x10°18
02123 x107% 59 x%x107° 1.2 x107% [ 3.3 x10~1° <1x1071°
03129 x107%]7.2x%x107° |42 x107 [ 4.4 x107° 1.1x 10718
0.41]35x1077]88x107°[21x107]1.1x10"1° <1x1071°
0.5 4.3 x107% [ 1.0 x107* [ 3.5 x107 % [ 4.4 x10~1° <1x1071°
0.6]52x107%]1.3x107% 5.6 x107% [ 2.2 x1071° <1x1071®
07164 x1077]1.6 x107* |72 %107 ][22 x10"1° <1x1071°
0878 x107%[1.9x107%|1.1 x10715 [ 2.2 x10~1° <1x1071°
09196 x107*]24 x107* [ 3.6 x107®° [ 1.1 x107® <1x1071°

Table 1. Comparison of ||E|| for Example 4 with h=0.1.

ExXaMPLE 5. The Fredholm integral equation of the second kind

—t—12

z(t) — /01 eI 122(s)ds = cos(t) — “5—[esin(1) + ecos(1) — 1].

z(t) = cos(t) is the exact solution, in Table 2 and Fig. 5.3 presented the
numerical solutions and in Table 3 and Fig. 5.4 presented the errors, and it is
clear that the FSMs are more accurate than all methods mentioned in legend.
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5.1. Comparison

IE|| between methods.

Fig.
1]

2 4 6 B
t

5.2. Comparison
between FSMI,

FSM2, methods in [3]
and [6].

Exact solution

FSM1

FSM2

1

1.0000051988836043

1.0000051476505354

0.1

0.9999619230641713

0.9999649297946219

0.9999650227955869

0.2

0.9998476951563913

0.9998497279264817

0.9998496004109405

0.3

0.9996573249755573

0.999658274299757

0.999658444784708

0.4

0.9993908270190958

0.9993917805147041

0.9993915522948859

0.5

0.9990482215818578

0.9990482934885683

0.9990485985854253

0.6

0.9986295347545738

0.9986302549465026

0.9986298468523224

0.7

0.9981347984218669

0.998134330240686

0.9981348759646125

0.8

0.9975640502598242

0.9975649764944626

0.997564246641432

0.9

0.996917333733128

0.996916276990419

0.9969172530472656

Table 2. Numerical solution of Example 5 of mesh points with h=0.5.

IE]in [11] [ [E][in 3] | [[E][ in FSM1 | [E] in FSM2
with M=20 | with n=2 with n=2 with n=2
1.5 x107° [ 1.2 x10~° | 5.2 x10°° 5.4 x107°
1.9 x107° [ 2.3 x107° 3.0 x107° 3.1 x107°
2.3 x107° | 3.3 x107° 2.0 x107° 1.9 x107°
2.9 x107° [ 2.0 x107% [ 9.5 x10~" 1.1 x107°
3.5 x107° [ 1.0 x107% | 9.5 x10~7 7.3x1077
4.3 x107° | 6.2 x10~~ 7.2 x1078 3.8x10~ "
5.2 x107° | 7.9 x10~” 7.2 x10~7 3.1x10~"
6.4 x107° [ 3.4 x107% | 4.7 x1077 7.8x1078
7.8 x107° [ 3.0 x107% [ 9.3 x10~" 1.9x10~ 7
9.6 x107° | 4.4 x107° 1.1 x107° 8.1x1078

Table 3. Comparison of ||E|| for Example 5.

EXAMPLE 6. The Volterra integral equation of the second kind

z(t) + /Ot(t —$)z(s)ds =t,t € [0,1).
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Fig.  5.3. Comparison . .
between FSM1, FSM2 Fig.  5.4. Comparison
! | E|| between methods.
and Exact solutions.
z(t) = sin(t) is the exact solution, in Table 4 and Fig. 5.5 presented the
numerical solutions and in Table 5 and Fig. 5.6 presented the MAE.
t | Exact solution FSM2 FSM1
0 0 0
0.1 | 0.0156243474 | 0.0156243474 | 0.0156243565
0.2 | 0.0312449139 | 0.0312446780 | 0.0312449251
0.3 | 0.0468578357 | 0.0468577235 | 0.0468452820
0.4 | 0.0624593178 | 0.0624592837 | 0.0624743507
0.5 | 0.0780455513 | 0.0780447447 | 0.0780325743
0.6 | 0.0936127312 | 0.0936110727 | 0.0936209802
0.7 | 0.1091570568 | 0.1091567654 | 0.1091126341
0.8 | 0.1246747333 | 0.1246741958 | 0.1246957544
0.9 | 0.1401619723 | 0.1401613196 | 0.1401529085

Table 4. Numerical solution of Example 6 of mesh points with n=64.

n FSM?2 FSM1 Method in [2]
64 | 4.3 x1077 | 1.2x107° 7.3x107°
128 | 2.8 x107% [ 7.7 x10~" 1.8x107°
256 | 1.7 x107% | 4.8x10~8 4.6x10~7
512 | 1.1 x107° | 3.0x107° 1.1x1077
1024 | 6.8 x10~ 2 [ 1.9x10~ 1 2.9x1078

Table 5. Comparison of MAE for Example 6.

EXAMPLE 7. The Volterra integral equation of the second kind

t
(1) +/ (2t + )2(s)ds = t + L6, ¢ € [0, 1).
0
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Fig.  5.5. Comparison . .
& P Fig.  5.6. Comparison

between FSM1, FSMZ2
and Exact solutions.

MAE between methods.

z(t) = t is the exact solution, in Table 6 and Fig. 5.7 presented the numerical
solutions and in Table 7 and Fig. 5.8 presented the MAE.

t | Exact solution FSM2 FSM1
0 0 0 0
0.1 0.015625 0.01562499 | 0.01562499
0.2 0.03125 0.03124997 | 0.03125011
0.3 0.046875 0.04687485 | 0.04686837
0.4 0.0625 0.06249943 | 0.06260679
0.5 0.078125 0.07812337 | 0.07801748
0.6 0.09375 0.09374616 | 0.09383638
0.7 0.109375 0.10936703 | 0.10933316
0.8 0.125 0.12498497 | 0.12504516
0.9 0.140625 0.14059868 | 0.14064388

Table 6. Numerical solution of Example 7 of mesh points with n=64.

n FSM2 FSM1 Method in [2]
64 | 5.6 x107% | 4.1x107° 1.8x107°
128 | 1.3 x107% | 1.3 x10°° 45%x107°
256 | 5.4 x107° | 4.0 x10~8 1.1x107°
512 [ 1.7 x1071° [ 1.3 x107° 2.8 x10~7
1024 | 5.3 x1072 [ 3.9 x10~ T 7.0 x10° ¢

Table 7. Comparison of MAE for Example 7.

6. CONCLUSION

In this study, we suggested a new numerical scheme to solve the second kind
of linear Volterra and Fredholm-integral equations by using a new idea for
Spline function with fractional order, to investigate the convergence analysis
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Fig.  5.8. Comparison
MAE between methods.

some useful lemmas and theorem have been proved. To precisely the technique
four examples have been illustrated and the results explained in tables and
figures shows that proposed techniques are better than the previous methods,
for this purpose the researchers are used Python program.
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