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APPROXIMATION OF THE HILBERT TRANSFORM
IN THE LEBESGUE SPACES

RASHID A. ALIEV* and LALE SH. ALIZADE?

Abstract. The Hilbert transform plays an important role in the theory and
practice of signal processing operations in continuous system theory because of
its relevance to such problems as envelope detection and demodulation, as well
as its use in relating the real and imaginary components, and the magnitude and
phase components of spectra. The Hilbert transform is a multiplier operator
and is widely used in the theory of Fourier transforms. The Hilbert transform
is the main part of the singular integral equations on the real line. Therefore,
approximations of the Hilbert transform are of great interest. Many papers
have dealt with the numerical approximation of the singular integrals in the
case of bounded intervals. On the other hand, the literature concerning the
numerical integration on unbounded intervals is by far poorer than the one on
bounded intervals. The case of the Hilbert Transform has been considered very
little. This article is devoted to the approximation of the Hilbert transform in
Lebesgue spaces by operators which introduced by V.R. Kress and E. Mortensen
to approximate the Hilbert transform of analytic functions in a strip. In this
paper, we prove that the approximating operators are bounded maps in Lebesgue
spaces and strongly converges to the Hilbert transform in these spaces.
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1. INTRODUCTION

The Hilbert transform of a function u € L,(R), 1 < p < oo is defined as the
Cauchy principle value integral [18]

(Hu)(t) = ;/Rgdﬂ tER,

where the integral is understood in the Cauchy principal value sense. It is well
known (see [14, 18, 32]) that the Hilbert transform of the function u € L,(R),
1 < p < oo, exists for almost all values of ¢t € R . In case 1 < p < oo,
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the Hilbert transform is a bounded map in the space L,(R) and satisfies the
equation:
H? = 1.

The Hilbert transform plays an important role in the theory and practice
of signal processing operations in continuous system theory because of its
relevance to such problems as envelope detection and demodulation, as well as
its use in relating the real and imaginary components, and the magnitude and
phase components of spectra. The Hilbert transform is a multiplier operator
and is widely used in the theory of Fourier transforms. The Hilbert transform
is the main part of the singular integral equations on the real line (see [24]).
Therefore, approximations of the Hilbert transform are of great interest.

Many papers have dealt with the numerical approximation of the Hilbert
Transform in the case of bounded intervals and the reader can refer to [1,
3,6, 7,9, 10, 12, 13, 15, 16, 17, 20, 21, 22, 25, 28, 30, 31, 32, 37, 38] and
the references given there. On the other hand, the literature concerning the
numerical integration on unbounded intervals is by far poorer than the one
on bounded intervals. The case of the Hilbert Transform has been considered
very little and the reader can consult [2, 8, 11, 12, 19, 20, 23, 26, 27, 34, 35, 36,
39]. In particular, in [19] the authors assume that the function w is analytic
in the strip {z € C : |Sz| < d}, in which case they show that the series
%Zke%k#evm “(tj]fé) uniformly converges to (Hu)(t) as § — 0. In [5] the

u(t+(k+1/2)5)
—k—1/2

author replaces the above series with the following one %Ekez
for a suitable choice of the step § — 0.

This article is devoted to the approximation of the Hilbert transform of
functions from L,(R) by operators of the form

(t+(k+1/2)0
(Hgu)(t) = 2 3 w2 -5 5
kEZ

which were introduced in [19].

In Section 2 we present the properties of the approximating operators Hj.
We show that the operators Hs are bounded maps in the space L,(R), 1 <
p < oo and

H} =1

in L,(R) (Theorem 2).
In Section 3 we give an approximation of the singular integral with Hilbert
kernel

(So)(t) = & /_7; cot ETp(r)dr, teT =[—m,n)

by a sequence of operators

_1 Zcot( D) o (¢4 T e N,
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in L,(T). We show that the operators S,, are uniformly bounded in L,(T)
and strongly converges to the operator S in L,(T"), 1 < p < oo (Theorems 3
and 4).

In Section 4 we give an approximation of the Hilbert transform H by the
operators Hs. We show that for any 6 > 0 the sequence of operators { Hs /,, }nen
strongly converges to the operator H in L,(R), 1 < p < oo (Theorem 9).

Note that in this paper the singular integral with Hilbert kernel and the
Hilbert transform is approximated by operators preserving the main proper-
ties of these operators (see: Theorem 2 and (6), (7)). This leads to give an
approximation of the singular integral and the Hilbert transform of the func-
tions from L,, 1 < p < oo, but other approximate methods can only be applied
to continuous or piecewise continuous functions.

2. PROPERTIES OF THE APPROXIMATING OPERATORS Hj

Let l,, 1 < p < oo, the space of all sequences b = {by,}ncz with finite

norm |[|bll;, = (X2 \bn|p)1/p. The sequence h(b) = {(h(b))n}nez is called
the discrete Hilbert transform of the sequence b = {b, },ez, where (h(b)), =
> bn_ e 7.

m#n n—m’

M. Riesz (see [29]) proved that if b € [, 1 < p < oo, then h(b) € [, and the
inequality
(1) 1R(O) ]I, < Cpllblls,
holds, where C), is constant depending only on p.

We will use a modified version of the discrete Hilbert transform: (h(b)), =
Y mez, #711/2, n € Z. K. Andersen [4] proved that the inequality (1) is also

valid for the transform h, that is, there exist C'p > ( such that the inequality
(2) 1A(®)Ilz, < Collblls,

holds for any b € [,,, 1 <p < oc.
In the following theorems we prove that the operators Hs are bounded maps
in the space L,(R) and HZ = —1 in L,(R), 1 < p < 0.

THEOREM 1. For any 6 > 0 the operator H; is bounded in the space L,(R),
1 < p < o0, and the inequality

(3) 1 Hsll 1, (R)—L,(R) < HﬁHlp—ﬂp
holds.

Proof. Let u e Ly(R), 1 <p < oo. For any t € R

B({u(t+6/2+n5)}nez) {iZW} Z
ne

meEZ

= {13 Mk ()t + ) ez
keZ nez
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Then, by inequality (2), for almost all t € R

[{(Hsw)(t +nd) nezlly, = [P({ult +6/2 +n6)}nez)
< 1Rlly s, - |[{ult +6/2 +n5)}neZHlp.

It follows that

n+1/2)8
sl = [, o pa = 3 [
neZ
= |(Hsu)(t + no)|Pdt = (Hsu)(t + nd)Pdt
Z é )l 5
nez nEZ

6/2
- / {(Hy) ¢ + ) ez
—5/2 P
5/2
<l [ Iute+ 6724 ma) el
—IRIE - /5/2 S Jult + 6/2 + no)[Pdt

nez

_ 5/2
=121} -, - Z/ u(t +6/2 +nd)|Pdt

nez
— R, / Pt =17, - ull -
nez

O

THEOREM 2. For any 6 > 0 and v € L,(R), 1 < p < oo the following
inequality holds:

(4) Hj(Hsu)(t) = —u(?).
Proof. For any u € Ly(R) we have
Hsu)(t+(k+1/2 u(t+(k+m-+1)d)
Hs(Hsu)(t) = 1 e k+1/2/)):%z 1 '1 m+1/2)
= ke mez
_ u(tH(k+m+1)8) 1 u(t+n6)
- 7r2 Z Z (k+1/2)(m~+1/2) _TZZ (k+1/2)(n—k—1/2)
k€EZ mEZ kEZ neZ
(5) = (Z (k+1/2)(111—k—1/2)) u(t +nd).
neZ \k€eZ

Since for n =0

1 _ 1 _ 2
Z (kt1/2)(n—k—1/2) — _42 @k+n2z — T
keZ keZ
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and for n # 0
1 1] 1 1
Z (k+1/2)(n—k—1/2) — Z n {k+1/2 + nfkfl/Q}
kEZ kEZ
_ 11 1 1 _
=n ngnoo > [k+1/2 + n—k—1/2} =0,
k|<N
then equality (4) follows from (5). O

3. APPROXIMATION OF THE SINGULAR INTEGRAL WITH HILBERT KERNEL

Denote by L,(T), 1 < p < oo, the space of all measurable, 27-periodic
functions with finite norm |||z, ) = (f7 [ (t) |pdt)l/p, where T' = [—7,7),
and by Ly([a, b]) the space of all measurable functions on the interval [a,b] C R

1/p
with finite norm [[¢]|r,,aa) = (fi le(®)Pdt) ™.
It is well known that (see [40]) the singular integral with Hilbert kernel

™
(S¢)() = & [ cotFre(ndr, teT,
-7
is a bounded map in the space L,(T), 1 < p < oo and for any ¢ € L,(T)

™

(5’24,0)(75) =—p(t)+ % o(r)dr, teT.

—T

Consider in L,(T'), 1 < p < oo the sequence of operators

=1 Zcot( 7T(2k+1 )gp(t—i— (2k+1)), n € N.

It is easy to verify that if

(o@)
o(t) =% + Z (@ cos mt + by, sinmit),

m=1
then
Z)\( (@m cosmt + by, sinmt),
m=1
where )\7(77{) =1form = 1,n—1, )\%n) = )\g? = 0, )\gﬁl) = —1 for m =

n+1,2n —1 and )\g:izn = A\ for m € Z. Tt follows from here that for any
trigonometric polynomial P(t) of order at most n — 1

(6) (SnP)(t) = (SP)(?),
and for any ¢ € L,(T)

n—1

(7) (Sae)(t) = —p(t) + 5 D et +2F), neN.
k=0
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In the following theorems we prove that the sequence of operators S,, are
uniformly bounded in L,(T) and strongly converges to the operator S in L,(T),
1 <p<oo.

THEOREM 3. Operators Sy, are uniformly bounded in L,(T), 1 < p < oo,
and for any n € N the inequality

1Sullz,(1)—>L,0r) < 4+ 2||i~l”lp—>lp
holds.

Proof. Let ¢ € Ly(T'). Define the function u(t) = ¢(t) for t € [-27,27] and
u(t) =0 for t € R\ [-27,27]. Then u € L,(R), and therefore, it follows from
Theorem 1 that for any § > 0

(8) 1Hsull ) < ol - lullz,@) = 21711, - Il

Since for any t € [—m, 7]

_ 1 Z cot( 2k+1)> (t + 7r(2k+1))
=5 Z cot (—TEH) o (14 TEED)

keA,
7r(2k+1) ‘rr(2k+1) 71'(2k+1)
_1 _1 ut+——— )
(H27r/n Z —k ki T on Z T o + Z —k S o
kEZ k€EAp keA,

where
An={kez: [=5] <k <[]},
Ap={kez: |kl <2n, k>[53!] or k< [75]},
then for any t € [—m, ] we have
(Harnu)(t) — (Sn)(t) =
© =33 foor T - ] (b 2 4 1 5 ),
keAn ke,

It follows from (9) and from inequality |cotz — 1/z| < 2/7 for 0 < |z| < 7/2
that

||H27T/n - n‘)OHLp ([—=m, 7r]) <
(10) <u 2 Hlelr,m + 3 Y0 2lell,m < 4ol
k€A k€A,

From (8) and (10) we have
1Snell, (1) < [ Haorjmt — Sn@llL, (—rx) + [ HommullL, &)
< (44 20kl 1p) - ol ry- 0
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THEOREM 4. The sequence of operators S, strongly converges to the oper-
ator S in Ly,(T), 1 < p < oo, and for any ¢ € Ly(T) the following estimate
holds:

(11) [[Se=Snellr, ) < (4 IS Ly = Lo (1) + 2|“~1Hlp—>lp) ‘E}_1(p), n €N,

where EY_|(¢) — is the best approzimation of the function ¢ in the metric
L,(T) by trigonometric polynomials of order at most n — 1, n € N.

Proof. Suppose that
qn-1(t) = G + Z A, cos mt + by, sin mt)

is the best approximation of the function ¢ in the metric L,(7") by trigono-
metric polynomials of order at most n — 1, n € N. Then it follows from the
equality

(Sn@n-1)(t) = (Sgn-1)(t)
that
(S = Snp)(t) = S(¢ = gn-1)(t) = Sulp — gn—1)(1).
Then

IS¢ = Snellr, ) < (||S||LP(T)—>LP(T) + H5n||Lp(T)—>Lp(T)> [l = gn-1llz, ()
< (44 18lly () Lyiry + 20l ) - BE ().

4. APPROXIMATION OF THE HILBERT TRANSFORM

Consider the regular integral operator
(Kp)(t) = i/ K(t,7)p(r)dr, teT,

where K (t,7) is a continuous function on [—m, 7]? , and the sequence of oper-
ators

(Kn)(t :1ZK(t t+ T2 (14 2Dt e, neN,

where K(t,7) = K(t,7 — 2r) for (t,7) € [—m, 7| x (m, 37).

LEMMA 5. The sequence of operators {K,} strongly converges to the oper-
ator K in L,(T).

Proof. First assume that K(t,7) is a 2r-periodic function by 7 . Denote

[Kllo = max [K(t,7)], En(K)=inf[K — @y,
t,r€[—m,m)
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where ®,,(t,7) =

_1(am(t) cosmt + B (t ) sin mT) and infimum is

taken over all trlgonometnc polynomlals am(t), m n, Bm(t), m =1,n of
order at most n.

Denote ng = [”T_l] Suppose that

o
Ino () = G + Z (am cosmt + by, sinmt)
m=1
and
CID%%)( 2 () 4 Z ) cosmt 4 B0 (t) sinmr)

are the best approximations of the functions ¢ and K by trigonometric poly-
nomials of order at most ng.
For any trigonometric polynomial r,,_1(t) of order at most n—1, the equality

T n—1
i Tn_l(T)dT = % Z Tn—1 (t + 7“2]:;’_1))
- k=0
holds. Therefore
(Kp)(t) — (Knp)(t) =
= (K=K (p — gu) )+ 3+ [

—T

s

(K (,7) = O (t.7)] u (7)d7

%Z[ (bt 7) = @Ot 4 )] o, (£ 4+ 7).
k=0
n) _ w(2kt)

where 7, =

1K 2,y = L) < K oo [Kallz,r)=1,0m) < K]0

, k € Z. Tt follows from here and from inequalities

that
1K = Knpll 1,7y < 20 Klloo BBy (9) + 2Bng (K) [l ]2,y + B, ()] -

This completes the proof of the lemma in this case. Now consider the general
case.
Let ¢ € L,(T') and € > 0. Denote

K*(t,7) = K(t,7) for (t,7) € [—m, @ X [-7,m — ],
K*(t,7) = K(t,m — 6.) + =5 [K (t, —7) — K(t, 7 — )]
for (t,7) € [-m, 7| X [ — dg, 7],
K*(t,7+2m) = K*(t,7) for any (t,7) € [-m, 7] x R,

. T
where 8, = min {25 - (g7t — )T s 1}
€ 8l Koo lleoll L, (1) ? 8K oo Il (1)
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Since the function K*(t,7) is continuous and 27-periodic by 7, the sequence
of operators

n—1

(Kr)(t) = £ 3 Kt t+ 7)ot +7"), teT, neN
k=0
strongly converges to the operator

(Kp)(t) = 3 [ K" (t.r)elr)dr
in L,(T'). Therefore, the inequality

1K — K ||, (1) < &/2

is satisfied for large values of n. Moreover, since

s s p 1/p
Ko~ Kellem < & | [ ([ 1K@ - K @nlleir) ]

- —0c

[ ([, ) o]

< Al (6 VPl e < 5

IN

16]| Kl|ooll el ., (1)
g

1Kne — K@l <+ (35 -0 + 1) - 2| Kllooll@ll ) < 5,

then for sufficiently large values n we have

and for n >

1Kne — Kol 1) <
< |Knp = Kl ) + 1Kne = Kol ) + 1K ¢ — Kol (1) < e
O

COROLLARY 6. The sequence of operators

Kep)t) =2 Y Kttt +n"), te[-mal, neN
{keZ:t—‘rTlgn)G[—ﬂ',ﬂ']}
strongly converges to the operator K in Ly([—m,7]).

COROLLARY 7. If the function K(t,T) is continuous on [rm,mm + 2mq] X
[—m, 7], then for any ¢ € Ly(T') the sequence of functions

(Kap)(t) = & Z K(t7t+7;£n))s0(7f+7kn)), t € [rm,mm + 2mq|,
{kEZ:t—l—T,gn)E[—ﬂJr]}

converges to the function
s
(Ko)(t) = %/ K(t,m)p(T)dr, t€ [mm,mm + 2mrq]
—T

in Ly([mm,mm + 2mq]), where m € Z, ¢ € N.
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COROLLARY 8. If the function Ky(t) is continuous on [—m, 7|, then the
sequence of operators

n—1
(Koo () = o - Ko (") (¢4 ™5H) teT, neN
k=—n

strongly converges to the operator
™
(K)(t) = 5 | Ko(rplt +)dr, teT
—T
in Ly(T).

In the following theorem we prove that for any § > 0 the sequence of
operators {Hs/y, fnen strongly converges to the operator H in L,(R), 1 <p <
00.

THEOREM 9. For any § > 0 the sequence of the operators {Hs, }nen
strongly converges to the operator H in Ly(R), that is for any u € Ly(R)
the following inequality holds:

Jim || Hs/qu — Hull,r) = 0.

Proof. For simplicity of presentation we have divided the proof into three
steps.
Step 1. Let us first prove that the operator

1 t+m (r)
(o =1 [ Dar
is a bounded operator in L,(T'). Indeed, for any ¢ € L,(T") we have

t+m t+m
o =1 [ far=1 [ [ -

t—m -

cot 57| p(r)dr + (Sp)(t)

D=

(12) =4 _7; [cot% - 2] o(t +7)dr + (Sp)(t).

T

Since the function
KQ(T):COt%—% for 7#£0, Ky=0

is continuous on [—m, 7], then it follows from (12) and from Corollary 8 that
the operator H* is bounded in Ly (7).
Consider the sequence of operators

n—1

(Hip)(t) =L Y hme (t+ ™) teT, neN,

k=—n
Since for any ¢ € L,(T)

n—1

(Hyo)(t) = 5 > [oot (TEE) — inrsl o (84 T8 ) 4 (Son) (1) =

k=—n
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2n Z Ko (71'(2k+1) (H— (2k+1))+(52n<,0)(t),

then it follows from Theorem 4 and from Corollary 8 that the sequence of
operators H,; strongly converges to the operator H* in L,(T).
Step 2. Let us first prove that the sequence of operators

(H e/ (4n)u Z - 1/2“ (t + W(kﬂm) ,teR, neN

strongly converges to the operator H in L,(R). At first assume that supp u C
[—7/4,7/4]. Denote by ¢ 2m-periodic function, coinciding with the function
u on [—7/4,m/4] and equal to zero in T\ [—m/4,7/4]. Since for any t €

[=m/2,7/2]

7T/4 u\T *
(13) (a0 = [ = (o))
= kt1/2
k=—n
n—1
(14) =13 e (t+ T2 = (7)),
k=—n

and the sequence of operators H strongly converges to the operator H* in
L,(T), then it follows from (13) and (14) that for any € > 0 for large values
of n

| Hrpnu — Hull g~ 2,7/2) = [ Hpo — H 0l L, (—x/2,7/2)
(15) < |[Hpp = H @1,y <e.

Due to the inequalities

e [
)0 < & [ |12 ar < s, ) > w4
1 w(k+1/2)
(Hapuw) )] < 237 gy [ (¢ + T2
kezfj})
1 w(k+1/2)
< =70 Z ‘u(t—i-T) , |t > 7/4,
keZ((;?)

where Z((fL)) ={keZ: t—l—w € [—n/4,m/4]}, we get that for any M > 27

| Hull < Wullzy (=m/am/ap Y /p _ lullny (== /a,7/4)
Lp([M,00]) = ™ IR CETOE = Tp—)/P(M—n/4)1-1/p"
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o p q1/p
ot (2 ez )

®)
kez))

[ H o | L ((1,00]) < i[

o 1/p
i / O | (“WW‘”]

LM keZ((t))

IN

M+ 7(m+1)

F oo 1/p
= w7 Z/ mn =aTipY ‘“(”W)’pdt]

L m=0 (t)
kEZ<n)

L mmt1)

R ol I O

L m=0 n (t)
kEZ(n)

INA
z»—-
;H
NE
E
+

£
o
=

—

1/p
5| 3 gl o

L m=0

lull L, (= /4,7 /4]) n/m 1/p
T v er s

llwll 2y (1= /4,7 /47)
ﬂl/P(pfl)l/p(M,%,%y—up .

Similar inequalities holds for || Hu||f,,([—oo,—ns)) and for || Hy spull 1, ([~ oo, — 1))
Therefore, for any € > 0 there exist mg > 4 such that

(16) HHUHL R\ 7"m0 "T;OD < g, HHW/nUHLP(R\[_ﬂ’ZLO’7”;0]) < €.
Since the function - is continuous on a rectangle [27,2wmg] X [—m, 7],
then it follows from Corollary 7 that the sequence of functions
2 t+m(2k+1
(Wae)(t) = 2 > A ) —
{kGZ:t—&-@E[—W,ﬂ}
_1 (t+m(2k+1)/n)
== > SRR, neN

{keZ:t+ T4 e[ 7}

converges to the function
(W)t = [ #Dar

in L,([2m, 2rmg]). Denote by v the function, defined on [—m, 7] by the equality
(1) = u(r/4). Then it follows from the equations

/4 ™
(Hu)(t) = %/_ /41;%%17 _ ;/_ W/ gr = (Wep)(4t), t € [r/2, 7mo /2,
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(Hyjanyuw)(t) = 1 Z W - P( 4t+_7rkk.|i1/2)/n)

™
kez® kez(“

(4n) (4n)
= (W) (4t), te[n/2,mmo/2],
that the sequence of functions Hy4,)u converges to the function Hu in
L,([7/2,7mmg/2]). Therefore, for large values of n
(17) [ Hr(anyw — Hullp, (jn/2,7mo0/2)) < €

Similarly, for large values on n

(18) | Hrjanyt — Hull L, ((—7mo/2,—m/2]) <
It follows from (15)—(18) that in the case suppu C [—7/4, 7 /4]
(19) lim ||Hy4nyu — Hullp,®) = 0.

n— o0

Now suppose that suppu C [—7mm/4,mm/4] for some m € N. Denote by wy
the function, defined on [—m/4,7/4] by the equation ug(t) = u(mt). Then for
any t € R

1 Tm/4 wr) 1 w/4 w(mr) _
(Hu)(t) = mdr = i——mdr = (Huo)(t/m),

—mm/4 —n/4
(Hrjamyw)(t) = 3 3 el 1/2)/n)
{kEZ:t—&-WG[_%,%]}
- % Z uou/mﬂr—(i]ii;g)/(mn)) = (Hp/(4mnyuo) (t/m).
kezggjj)

Since equation (19) holds for ug, we obtain that
m | Hrjanyu — Hullp,r m!/P Jim || Hamnyuo — Huoll 1, ) = 0.

n—

Now consider the general case. Let us prove that equation (19) holds for
any u € Ly(R). For any u € L,(R) and € > 0 there exist m € N such that

(20) lu = wmlL, @) <e,

where w, (t) = u(t) - X(—rm/4,mm/4)(t)- Since equation (19) holds for uy,, and it
follows from (3), (20) that

| Hreany (w0 — um) — H(u — um) || L, ®) <
< M Hojan)ll Ly (R)— Ly (R) + HH|’LP(R)—>LP(R)} Nu = w1, ®)
& (1l + NN (212w

then we get that the equation (19) also holds for the function u.
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Step 3. Let us prove that for any § > 0 the secuence of the operators
{Hs/n}nen strongly converges to the operator H in L,(R). Let u € Ly(R).
Denote w(t) = u(46t/m), t € R. Then for any ¢t € R

(Hu)(t):%/ gd_%/ wlar/) g
R R

(21) _ %/ 7 = (Hw)(xt/(49)),
R
(H pu)(t) = 1 Z t+_k]:r11//226/n)
keZ
(22) = L3 w0 2O — (H gy w) (mt  (49)).
keZ

Since limy, o0 || Hy j(anyw — Hw|| @) = 0, then it follows from (21), (22) that
Jim HHé/nU_HUHLp = 0.
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