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POINTWISE COPROXIMINALITY IN LP(u,X)

EYAD ABU-SIRHAN*

Abstract. Let X be a Banach space, G be a closed subspace of X, (2,3, u)
be a o-finite measure space, L(u, X) be the space of all strongly measurable
functions from Q to X, and LP(u, X) be the space of all Bochner p-integrable
functions from €2 to X. The purpose of this paper is to discuss the relationship
between the pointwise coproximinality of L(u, G) in L(u, X) and the pointwise
coproximinality of L?(u, G) in L?(u, X).
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1. INTRODUCTION

In this article, (X, || - ||) will be referred to as a Banach space over the field
R of real numbers, G as a closed subspace of X, and (2, %, ) as a o-finite
nontrivial measure space, i.e. ) is a countable union of measurable sets each
with finite measure and there exists at least A € ¥ with co > u(A) > 0. For
p > 1, we suppose LP(u, X) is the space of all Bochner p-integrable functions
from Q to X, L(u, X) is the linear space of all u-equivalence classes of strongly
measurable functions from 2 to X, see [10]. If a subset M of L(u, X) is closed
with regard to the pointwise limits of sequences, we say that it is closed. For
E C Q and a function f : ) — X, xg is the characteristic function of the set
E and xg ® f is the function xg ® f(s) = xg(s)f(s). A function f:Q — X
is said to be simple if

n
f=Y mixe,
i=1

where z; € X and E; = f~!(z;) is measurable for i = 1,2,...,n. A function
f: Q — X is said to be strongly measurable if there exists a sequence of
simple functions {f,} with

Lim || fa(s) = f(s)[| =0,

Let M be a closed subspace of L(u, X), we write LP(M) for the Banach space
of all functions in M such that [, || f(s)|[? is finite. An element gy € G is said
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to be a best coapproximation of z € X if
lg — goll < |z — g Vg € G.

The set of all elements of best coapproximation of z in G will be denoted
by Rg(x). If Rg(x) is nonempty for any z € X, G is said to be a coproximinal
subspace of X. This new kind of approximation has been introduced by C.
Franchetti and M. Furri (1972) [4] to characterize real Hilbert spaces among
real reflexive Banach spaces.

P.L. Papini and I. Singer (1979) [8] then went into greater depth on the
best coapproximation. It has lately been studied in LP(u, X); for example,
see [1, 2, 6, 7, 5]. With finite measure spaces, though, [5, 6, 7] have dealt.
This paper’s goal is to demonstrate the connection between the pointwise
coproximinality of LP(u,G) in LP(u, X) and the pointwise coproximinality of
L(p,G) in L(p, X). Pointwise coproximinality is a counterpart of pointwise
proximinality, it should be noted, see [9, 2].

2. POINTWISE COPROXIMINALITY

DEFINITION 1. Let M be a subset of L(u, X) and f € L(u, X). An element
¢ in M is said to be a best pointwise coapproximation of f from M if for any
¢ e M,

[do(s) = &(s)ll < [1.f(s) — ¢(s)ll a.e.

M is said to be pointwise coproximinal in L(€2, X) if each element of L(, X)
has a best pointwise coapproximation from M.

LEMMA 1. Let M be a subset of L(u, X), f € M, and A € X. If M is
pointwise coproximinal in L(p, X), then xa ® f € M.

Proof. Assume that M is pointwise coproximinal and there exist A € X,
f € M, such that x4 ® f ¢ M. By assumption there exists ¢4 in M such that

[pa(s) — ()] < llxa® f(s) — o(s)|| a.e.
and for all ¢ € M. Taking ¢ = 0 one obtains
[pa(s)ll < lIxa @ f(s)ll
(1) = xa(s)[f ()]l a.e.

For ¢ = f one obtains

[pa(s) = F(s)l < lixa® f(s) = Fs)l

(2) = xac(s)[[f(s)] a.e.
By (1), ¢pa(s) =0 a.e. s€ A°and by (2) ¢a(s) = f(s) a.e. s€ A, that
is, xAa ® f = ¢4 € M. The proof is completed by the contradiction. O

COROLLARY 1. Let M be a closed subspace of L(u, X). If M is pointwise
coproziminal in L(p, X), then M is an L(p, R)-submodule of L(p, X).
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Proof. The proof follows from Lemma 1 and the fact that the set of all
simple functions in L(p, X) is dense in L(u, X).

Let A = {A, : n € N} be a family of countable subset of Q. if A, € X for
any n € N, A; N A; = ¢ for i # j, and pu(2 — UpenAy) = 0, then the set A is
said to be measurable partition of € [3]. O

LEMMA 2 ([2]). Let G be a closed subspace of X, 1 <p < oo, f € LP(ju, X),
and h € L(p, X). If h is pointwise coapprozimation to f, then h € LP(u, Q)
and it is a best coapproximation to f from LP(u,G).

LEMMA 3. Let M be a closed subspace of L(u, X) and f € M. Then there
exists a measurable partition {Dy,n € N} such that

f(s) =Y xp, ® f(s)
neN
and xXp, ® f € LP(M), 1 <p < oo, for alln in N .

Proof. Since (2,3, u) is o-finite, we may assume that Q = {J,,cy An, A4y, is
measurable, 4, C A, 11, and p(A4,) < oo for any n € N. For each n € N, let

Bn ={s € Q:|f(s)| <n},

C, = A, N By, and D,, = C,, — Cp,—1. Then {D,,n € N} is a measurable
partition, xp, ® f € LP(M) by Lemma 1, and f => 7>, xp, ® f. O

THEOREM 1. Let G be a closed subspace of X. Then the following are
equivalent

(1) L(u, G) is pointwise coproziminal in L(u, X).

(2) LP(u, G) is pointwise coproximinal in LP(u, X).

Proof. (1) = (2). Letf € LP(u,X). Then f € L(p,X) and it has a
best pointwise coapproximation fy from L(u,G). By Lemma 2, fp is a best
pointwise coapproximation to f from LP(u,G).

(2) = (1). Let f € L(u,X). By Lemma 3, there exists {D,, : n € N}
measurable partition of €2 such that

f=> xp.®f
neN

and xp, ® f € LP(u, X) for any n in N and 1 < p < co. By assumption, there
exists ¢, € LP(u, G) such that

(3) [¢n(s) — &(s)[| < lIxD, ® f(s) — (s)l a.e.
for all ¢ € L(u,G). Taking ¢ = 0 yields,
[én(s)Il < [IxD, ® f(5)]] a.e.

and hence ¢, = xp, @ ¢p. If we let ¢ = > neN @n, then ¢ € L(p, G). We claim
that

l¢(s) = &)l < [1F(5) — o(s)]] a.e.
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for all ¢ € L(u,G). If the claim is incorrect, then ¢g € L(u,G) exists such
that

p{s : é(s) = do(s)]| >[I £(s) = bo(s)[} >0
and let Ag = {s: ||p(s) — ¢o(s)|| > || £(s) — do(s)||}. By Lemma 3, there exists
a measurable partition {C), : n € N} of  such that

d0= > XCn D do
neN

and xc, ® ¢o € LP(p,G) for any n in N and 1 < p < co. Then {C,, N Dy, :
n,m € N} is a measurable partition of 2. Hence there exist ng, mo € N such
that (Ao N Cpy N Dpy) > 0. If s € Ag N Cryy N Dy, then

l6(s) = @o ()]l >[1£(s) = do(s)
XDy © &n(8) = Xy @ P0(8)I] >[XD0y ® F(8) = XCmy © do(s)]-

Let
Bo = {s: IXDn, @ O0(5) = XCmy @ P0(8)|l > XDy @ F(8) = XCrmy @ D0(5)]I}-
Then Ag N Cpyy N Dy, € By and pu(By) > 0, which contradicts (1). O

THEOREM 2 ([2]). If LP(u, G) is pointwise coproximinal in LP(p, X), then
G is coproriminal in X .

COROLLARY 2. If L(p, G) is coproziminal in L(u, X), then G is coproxim-
inal in X.

Proof. It is obvious that pointwise coproximinality of L(u,G) in L(u,x)
follows from coproximinality of L(u, G) in L(p, ). Then LP(u, G) is pointwise
coproximinal in LP(u, X') by Theorem 1. Therefore LP(u, G) is coproximinal
in LP(u, X) and the result follows from Theorem 2. O
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