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AN EXTENSION OF THE CHENEY-SHARMA OPERATOR
OF THE FIRST KIND

TEODORA CATINAS! and IULIA BUDA®?

Abstract. We extend the Cheney-Sharma operators of the first kind using
Stancu type technique and we study some approximation properties of the new
operator. We calculate the moments, we study local approximation with respect
to a K-functional and the preservation of the Lipschitz constant and order.
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1. INTRODUCTION

In 1964, Cheney and Sharma introduced a generalization of the Bernstein
polynomials,
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based on Jensen’s generalization of the binomial theorem. In this respect,
considering 8 > 0, u := x, v := 1 — z, when = € [0,1] and m := n € N, the
first identity of the Abel-Jensen formulas,
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generates the Cheney-Sharma operator of the first kind, defined, for f : [0,1] —
R, by (see, e.g., [1], [3]):

(5) Pl(fi2) = pl (@) F(5),
k=0
where
m\ z(z+kB)F~1—z+(n—k)B]"—F
(©) (@) = () =

The following properties can be found in [3]. With the usual notations
ex(t) :=tk, t €[0,1], k = 0,1,2,..., by direct calculation in (2), one easily
obtains

PB(eg;z) = 1.
Furthermore, Cheney and Sharma highlighted that
(7) PB(ey;z) = Ay,
where
o0
(8) Ay =(1+ nﬁ)_l/e_t (14 25)" d.
0

Considering 8 = o (%), A, <1 and (A,) tends to 1, there is obtained
PP (ey;x) — « uniformly on [0, 1].
Applying a reduction formula, Cheney and Sharma also proved that
PP (eq; ) — 2 uniformly on [0, 1].
Since P? is nonnegative for 0 < = o (%), applying the Korovkin theorem,
it is obtained that for all f € C]0,1],
P?(f; ) — f uniformly on [0,1].
For 8 = 0, one easily obtains the Bernstein operator,
P% = B,.

In 1982, Stancu [6] introduced a new Bernstein type operator,

Lnw = 3 o) [ = 20f () +f (E2)],
k=0

where b, ;, denote the basis Bernstein polynomials of degree n,
b = (Na"(1—2)" " k=0,1,....n,

for f € C[0,1], n,r € N such that n > 2r.
In the present paper we introduce the Stancu type extension of the Cheney
and Sharma operator of the first kind, based on an ideea from [4], using the
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Stancu type operator L, ,, and the Cheney and Sharma operator of the first
kind, P?, that is given by

O Led ()= Y penk@) [ = 0)f () +ar (222)]
k=0

where p,,_, is given by (6), considering n — r in places of n, f € C]0, 1] and
n,r € N such that n > 2r.
In order to obtain approximation results, we consider, as in [3], 5 > 0 such

that B =o (%) . By direct calculation, it is obtained that L p?L’r reduces to the

Stancu operator L,, ., while L p§70 represents the Cheney-Sharma operator of

the first kind, P?.

As in [4], we are going to calculate the moments of the new operators, using
a reduction formula from [3], and we study local approximation properties
with respect to an appropriate K-functional. Moreover, we emphasize the
preservation of the Lipschitz constant and the order when applying Lpﬁm
operator to a Lipschitz continuous function, in a similar manner to the one
presented in [2] and [4].

2. PROPERTIES OF CHENEY-SHARMA OPERATOR OF THE FIRST KIND

The purpose of this section is to outline some intermediary results regarding
the Cheney and Sharma operators of the first kind that will be used in the
sequel in order to prove some properties of the new constructed operator.

LEMMA 1 ([3]). Let x,y € [0,1], n € N, k=0,1,...,n. Then the function

n

S(kyn,x,y) =3 () (@ + pB) ™y + (n— p)p)"
n=0
satisfies the recurrence relation
(10) S(k,n,z,y) = S(k— 1Ln,z,y) + nBS(k,n— 1,2 + B,y).

COROLLARY 2 ([3]). By applying recursively the formula (10), one obtains

o

(1) S(na,y) = [ a+y+ B+ gyt
0
and
(12) S(2,n,x,y) = / e_tdt/e_sds [m(:c +y+nB+tf+sp)"
0 0

+nf%s(x 4y +np +t6 + sﬁ)”_l}.

The next result refers to the moments of the Cheney-Sharma operator of
first kind.
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LEMMA 3 (see [3] for a) and b)). For every x € [0,1], n € N one obtains
a) PP(eg;x) =1,
b) PP(ey;x) = Apx, with A, given by (8),
¢) PP(eg;x) = 1= 1{ (x +28)An + 2(n — ),BZBn} + 14,2,

with A, and B, given by

oo o
(13) An = Treap / _tdt/e Sds 1+ tiffrfﬁﬁ)
0 0
oo o 3
~ _ _ n—
(14) B, = m/e tdt/se *ds (1 + tfjjg)
0 0

Moreover, considering 0 < g =o (%), one determines
lim A, = lim A, = lim B, = 1.
n—oo n—oo n—oo

Proof. a) This result is easily obtained by direct calculation, starting from
(2).

b) The second result is presented in [3].

¢) For obtaining P?(es; ), we consider another method than the one used
in [3], where the authors emphasized some bounds for the terms of P?(eg;x)
which are helpful in order to prove that P?(ey;x) converges uniformly to z2,

taking into consideration that 0 < 8 = o (7) But for calculating the moments

of the new introduced operator, we need to highlight some coefficients of the
monomials e; and ey that appear in P (eg; ).

We have [3]
n—1 k

2 n nn1+n2’

3‘?‘
N

that we replace in P?(eq; x) and applying (12), we obtain
PP(eg; ) = =11+ nB) "eS(2,n — 2,2 + 28,1 —x) + %Pf(el; x)
=l {x(a: +2B)A, + x(n — 2)5234 +14,z,
where A4, and B,, are given in (13) and (14), obtained by rewriting the integrals
n (12). The first limit was evaluated in [3] using the double inequality,
(15) e (1 —nu?) < (1+u)" < e™,

which will also be helpful for calculating the limits of A,, and B,,.
Indeed, by applying the right inequality from (15), we obtain

oo o0

[t [ervas L0

0 0

A, <

1
(14npB)*
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_ﬂwmz(/e( >ﬁ)'_uHmT

0
Similarly, there are obtained the following inequalities:
1 2n3
A~ ey < An < (1+2B)
1 o 5n52
rsEr ~ st < Bn < -

Considering 0 < g = 0( ), it is easily seen that lim A, = lim B, = 1,

n—0o0 n—oo
n

hence P?(eq; ) converges uniformly to 2.

3. PROPERTIES OF THE STANCU TYPE EXTENSION OF THE CHENEY-SHARMA
OPERATOR OF THE FIRST KIND

In this section we study some approximation properties for the new opera-
tor, Lpgm, introduced by us in (9).

First, we highlight the expressions of the moments of L pgr in terms of the
moments of the Cheney-Sharma operators of the first kind.

LEMMA 4. For every x € [0,1], n,r € N such that n > 2r, we obtain
L}, (e x) =1,
Lpgm(el; r) =""TA, ,r+ L,
Lpl .(e2;2) =(n=Dn=r=1) [z(x +2B) Ay + z(n — 7 —2)5°Byy]

n

+ 25 (14 22r) Ap—rz + ;—Zx

Proof. Taking into account (5), (6), (9), Lemma 3, in a similar manner to

[4], we obtain

Lpg,r(e()v ) (607 )_ L,

Lpp(er;w) = "5 TPB H(e132) + SePy (eo;w) = R Ay + B,

LP?L,T(627:E (= T Pﬁ (62, )+2$T TPﬁ (el,x)—l—:;Z:L'Pn r(eo’ )
—_r)2 ~

Z%{”T”[ (w+2ﬁ) n— r+x(n—r—2)B2Bn_r]+ﬁAn_r;p}

+2or" S Apr T +
:@iﬁ;tﬁh@+gmjm¢+ﬂn—r—QWBWJ

n

(14 2zr)Ap_rz + %22;1:

n—
+ e

LEMMA 5. For every f € C[0,1], we have
1Lyl < £
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Proof. Considering the expression of L pﬁvr( f;z) and Lemma 3, we get

et o= [ [0 () o1 ()]
k=0

<3 puora@) (1= ) () + o ()
k=0

]

<3 pucra@) [(L= 2|7 (8)] + 2 £ (22)
k=0

IS Pocri (@)1 — 2+ 2)
k=0

= | fI1PY_, (eo; 2)
= |I£Il
]

The next approximation result is based on the equivalence between the first
order modulus of smoothness and the following K-functional,

Ki(f,0) = inf, {Ilf =gl +6lgll}

where § > 0 and W' := {g € C[0,1] : ¢’ € C[0,1]}.
Considering the first order modulus of smoothness associated to a function
feC0,1), given by w(f,0) = sup  |f(x+h)— f(z)], in [7], it is

0<h<8;z,z+he[0,1]
asserted that there exists a positive constant C' > 0 such that
(16) C_l(U(f,(s)gKl(f,(S)SCW(f,(S)
THEOREM 6. Let f € C[0,1], x € [0,1] n,r € N such that n > 2r, and
0<B=o0 (%) . Denoting
O (@) - = | Lol (o1 = 2)s)| = (1 = Ay y)

and

we obtain
\Lpy (f;2) = f(2)] < C - w(f, bnr(2)).

Proof. For g € W' and x,t € [0,1], by the Lagrange theorem, it results that
there exists ¢, ; between x and ¢ such that

g(t) — g(z) = g'(con) (t — ).
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Applying the operator LPQT and taking into account the linearity of the
operator, we get

1Lpp,(g;7) = g(x)| = |g'(ce)| - | Lpph (61 — x5 2)]
< HQIH O, ().
Hence, by Lemma 5, we have
Lpy (f;2) = f(@)| = |Lp) (f — g:2) — (f — 9)(x) + Lpj, . (g;2) — g(2)]
<|Lpp,(f = g2) = (f = 9)(@)| + |Lp) (9:7) — g(x)]
< 2Hf - g” + Hg/H : 5n,r(x)
=2(|If — gll +bur(@) - lg']) -
Applying inequality (16), we obtain
1Lpp, (f;2) = f(@)] <2 Ki(f, 60,0 (2)) < C-w(f, 60, (2)).
O

Next, we study the preservation of the Lipschitz constant and the order of
a Lipschitz continuous function by applying the operator L p%r.

THEOREM 7. Let f € Lipy,(«,[0,1]). Then

Lpgﬂdf S LlpM(a> [07 1])’

for n € N, where Lipy;(,[0,1]) denotes the class of Lipschitz continuous
functions on [0,1] of order a € (0,1] and constant M, defined by

Libys(a, [0,1]) = {f € C10,1] : | () = f(y)| < Mz —y|*}.

Proof. The proof follows a similar manner to the one applied in [2] and [4].
Considering z,y € [0, 1], z < y, we have
ket
)

(17) ZW Z (" Nyly + kB)Ft

k=0
M=y +m—r=RF" 7 [ =y)f (5) +uf (2]

Using the third Abel-Jensen identity (4), with u ==z, v:=y —x, m =k,
we obtain

Lef,(fy) an @) [(L=)F (5) + s (

k

yy+kB) =3 (Na(@+iB)Y Hy—a)ly —x+ (k=B

J=0
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Replacing this in (17), we get

n—r J
LPnT(f Y) Wz Z Ja(z + kB) (y — )
j=0 k=0
-+ G-RBY T L —y+ (n—r— )BT

Jo-wr (s )ﬂ/f(J*)}

Denoting [ := j — k, we have

B . . 1r n—r\ m—r—=k k—1 .
LPn,r(fyy) T At (n—m)B)"" kz:% i ( k )( 1 )x($ + kﬁ) (y [E)

y—a+I1B) L —y+ (n—r— k1B
Ja—uf (5 +ur (B

Now considering

(18)
LPnr(fa z) W};}(n L (z + kB)*~

M=zt m—r=R)B T [ 2)f () +ar (5],
by taking u :=y —x, v:=1—y and m :=n —r — k in the first Abel-Jensen
identity (2), i.e.,

=2+ (n—r— kB = Z (TR (y — o)y — o + B
j=
M—y+n—r—k—jgp" "
and replacing in (18), it results

n—rn—r—=k

Lol (fi2) = ot 20 ()0 e

k=0 =0
@Ak Ny —2)y - +1B) T -y + (n—r — k="

Ja—a)f (5) +or (B2)].

We obtain

n—rn—r—k

Lpl (fiy) — Lpl (fiz) = o Tﬁ)n S Sl s [

k=0 =0
s+ kB Ny —2)y—z+ 1B "1 —y+(n—r—k—0)p" "

| (= (£ (5) -7 (3) +o (7 (250) = 1 (57))
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+y— o) (f () - £ (2))].

Using the hypothesis that f € Lip,,(a, [0, 1]), it results

’LPnr f y) LPnr fv = #),@)4 Z Z (n;T) (n*;*k)

r(r + kﬁ)kil(y —z)(y —x+ lﬂ)lil [1 —y+n—r—Fk-— l)ﬁ]n—r—k—l
: [(1 —(y—x)) (%)a +(y—x) (ZTT‘)"‘} ,

and furthermore,

i
I

‘Lpnr f y) LPnr f’ > #)5)7” (nl_r)(y_x)(y_x_{—lﬁ)lil

N
Il
=)

n—r—lI
S Y@+ R L~y + (n - — k= 0BT
k=0

Ja-w-a2n(8) +w-2) ()]
Using (2) with v : =z, v:=1—y and m :=n — r — [, one obtains

n—r—I|

L-(-2)+n—r-Dp" "= 3 ("7 a@+rs)H!

k=0
[A—y+m—r—1-k)p" "

So we get,
’LPg,r(fﬂJ) LPnr fir)| < W Z (nlﬂ")(y—l‘)(y—x—i—lﬁ)l_l
1=0

M--2)+m—r=08" "0 -2) (L) + -2 ()]
Recall that g(t) =t is concave for a € (0, 1], meaning that

ar -zl +ag - x5 < (o) -z 4+ ag - x9)%, for ay + ag = 1.

In our case, 1 := %, To 1= HTT, a1 :=1—(y—2z) and ag := y — x, so it
results
n—r
_ I—
‘LPS,r(f; Y) LPn’r‘ fi) _WZ(HIT)(y—x)(y—x—i—lﬁ) 1
1=0

M=)+ —r =" (1= (y—2) L+ (y - o)t]”

—szn aly—2) (1= (y—2) L+ (y— )]
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Case o = 1. The last inequality becomes
‘Lpg,r(f; y) - LPg,r(f;x)’ < LPg,'r(ela Y- ‘T)
=M(y—x) (";TA,L_T + %)
< M(y - l’),

since (Ay) — 1 (see [3]), as it has been mentioned in the first section.
Case 0 < a < 1. We will apply the Holder inequality for p := é and

q:= ﬁ s.t. % + % = 1. Taking into account that Lpgr(eo;;p) = 1, it results
‘Lpgr(f;y) - LPgr(f;x)‘ <
— -«
{an rly=2) [(1 = (y=2)) L + (y—2) }} {an ray— x)}
0

(Lepleriy—a
)a . (n;r

(v —
(y — ).

)" (Ll ey —m) "
An T

M
M - + 5)®
M-

IN
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