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PRESERVING PROPERTIES
OF SOME SZASZ-MIRAKYAN TYPE OPERATORS

JORGE BUSTAMANTE"

Abstract. For a family of Szdsz-Mirakyan type operators we prove that they
preserve convex-type functions and that a monotonicity property verified by
Cheney and Sharma in the case Szész-Mirakyan operators holds for the variation
study here. We also verify that several modulus of continuity are preserved.
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1. INTRODUCTION

Throughout the work N is the set of all positive integers, Ng = N U {0},
and P, is the family of all algebraic polynomials of degree non greater than
n. Moreover, for each j € Ny, we use the notations

ej(x)::cj, z € R,
and I = [0,00). Let C(I) the family of all continuous functions f : I — R.

The Szasz-Mirakyan operators are defined by (see [5] and the references
therein)

Sp(f,x) =€ Z %Tf(%)xk, xel.
k=0
It is known that Sy, (e, z) = 1 and Sy (e1,z) = x (see [5]).

For a fixed real p > 0 and n € N, Schurer defined ([26] and [27])

e.) n &
1) Snplf,z) = e e S Lot p (Kb pe
k=0

Some studies concerning these operators were given by Sikkema in [28] and
[29] (see also [25]).
It is known that (see [25, p. 82]), for each z > 0 and n € N, S), ,(eg,z) =1
and
Snpler,r) =z + B,
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Hence one has Sy, ,(e1,2) = = only when p = 0.

In this work we study properties of a modification M,, ;, of Schurer operators
satisfying M, p(ep, x) = 1 and M, p(e1,x) = .

Let {5(n)} be an strictly increasing sequence of positive real numbers such
that limy, o B(n) = co. For p > 0, n € N, x > 0, and a function f € C(I)
consider the operator

o0 n k
) Mgl ) = e COP 7 3 B (s )

whenever the series converges absolutely. Let £(I) be the family of all func-
tions f € C(I) such that, for each n € N, the series M, ,(f) converges abso-
lutely.

Notice that M, , can be considered a more natural extension of Szdsz-
Mirakyan operators. This modification appeared in [7] and [8]. In [7] they
were studied in spaces defined by the weight o,,(z) = 1/(1+ )™, with m € N
and in [8] some weighted space of bounded functions were considered.

There is a long list of papers devoted to study properties of Szasz-Mirakyan
operators. Here we recall some of them: [1], [3], [4], [5], [10], [17], [20], [21],
[22], [32], [33], [34], [35], and [36]. It is worth asking when the results presented
in the cited articles can be extended to the case M, ; operators.

For a fixed p > 0, n € N, and « > 0 we use the notations

(3) Gnp(z) = e~ (B)+p)x and  apnyp = B(n) +p.
For r € Ny, C,.(I) is the family of all f € C(I) such that

(4) |1l = sup {2k < oo

For r € Ny, let C; (1) be the class of all functions f € C,(I) such that
f(x)/(1 4+ )" has a finite limit as z — oo.

In Section 2 we present some general properties of operators M, ;. In Sec-
tion 3 we show that some known properties related with monotone and convex
functions and Szész-Mirakyan operators also holds for the operators M, ,. In
Section 4 we prove that several modulus of continuity are preserved (up to a
constant) by the operators M,, .

2. SOME BASIC PROPERTIES

Since the series

?&"

(5) Grpgh = P = g (@),

k=0
converges uniformly on each interval [0, a], a > 0, it can be differentiated term
by term. For i € N, we will use several times the equations

k: k+1
n

Z an, .2 a: ;ypgn’p(x),
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THEOREM 1. Ifi € Ny and

_ 1 i
(7) Piﬂ(x)—:l:(w—m)---(l‘—aw>, x>0,
then
(8) My p(Piy1,2) = AR

In particular, for each n € N and i € Ny, e; € £]0,00) and M, ,(e;, z) € P;.
Proof. Notice that P;y1(x) € P;y; and, for k € Ny,
aity Pt () = h(k = 1) (k =),

In particular Pjy1(k/anp)) = 0 for 0 < k < i. Therefore, for each fixed z > 0,

k k i—1
1 +1 an,
Z—i_pgn,p( )My p(Pis1, 2 Z (k i 1)v =a't Z (k:pz 1!
k=i+1 k=i+1
ey Z afﬁ;’wl _ xi+1g(i+1)($)’
n

where we use (6). Therefore Mn,p(Pz‘H, l‘) = 2Tt € P, 4, for each i > 0.
Since, for i > 0, 2 can be written as a linear combination of the polynomials
Py, ..., P;, we know that e; € £]0,00) and M, ,(e;,x) € P;. For i =0 it is a
simple assertion because M, ,(eg, z) = 1. O
For the case of Szasz-Mirakyan operators the last assertion in Theorem 1
was verified by Becker in [5, Lemma 3].

PROPOSITION 2. If r € N, there exists a constant C(r) > 1 such that, for
every real a > 0,

My p((a+e) z) <C(r)(1+a+2)".

Proof. From Theorem 1 we know that, for each ¢ € N, there is an algebraic
polynomial P; € P,,, say Pi(z) = > o b, w2®. such that

,p el) Z bz k$

If 0 <z <1, then

i
Z bi7k$k
k=0

i i
<D b IS (T+2)" ) [ big |-
k=0 k=0
If 1 < x, then

i,k

7 7
<> b 1< 4+2)" ) [ big |-
k=0 k=0

Therefore 0 < M, p(e;,x) < Ci(1 + z)*, where the constant C; depends only
on 1.
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Mmp((a +e1)", s) = Z (;)ar_jMn,p(€j7 s)

< C(a’” +> (;)ar’j(l +2) =C(1+a+z).0
=1

Theorem 3 was proved in [8] when 5(n) = n, but it can be easily extended
to the case of a general 3(n).

THEOREM 3. The operators M, , has the following properties:
(1) My, : £L(1) — CH(I).

(ii) Mo pleo, ) = 1

(iii) For every n,m € N, f € L(I) and x > 0,

(9) a M (f.2) = Moy (A7), F(1).2),

where Aig(u) stands the usual k-th forward difference of the function g at u
with step h.

The following result can be proved as Theorem 1 in [30] (it is a consequence
of the Korovkin theorem).

THEOREM 4. If f € L(I) and a > 0 then M, ,(f,x) converges uniformly to
f(z) on [0,al.

3. MONOTONICITY AND CONVEX FUNCTIONS

For k € N, a function g : I — R is said to be k-convex, if AFg(u) > 0 for
each h > 0. In particular, 2-convexity agrees with the usual notion of convex
functions.

For each k € N, Szdsz-Mirakyan operators preserve k-convexity [24]. That
is, if Afg(u) > 0 and S, (g,z) is well defined, then AFS, (g,u) > 0. If follows
from (9) that the operators M, , share this property Szasz-Mirakyan opera-
tors. But the assertion must be presented in a more convenient form. Let us
explain why we need that. In [38, Th. 1], Zhen proved that, if f'(x) > 0, then
SI(f,z) >0, and if f”(z) > 0, then S!/(f,z) > 0. Theorem 5 shows that these
types of results are trivial.

THEOREM 5. (i) If f € L(I) increases, then M, ,(f,x) > 0.
(ii) If f € £(I) is convex, then M} ,(f,x) > 0.

Proof. 1t follows directly from (9). O

Cheney and Sharma proved in [9] that, if f is convex, for each x and every
n €N, S,yi(f,x) < Sp(f,z). Horova [14] obtained a converse theorem. In
Theorem 6 we verify that a similar result holds for the operators M, ,. A
converse result can also be proved (see [14] and [18]). But we do not want to
consider that problem here.



5 Preserving properties of some Szasz-Mirakyan type operators 67

THEOREM 6. (i) If f € L(I) is convex then, for each x > 0 and n € N,
f(@) € Mpgap(f,2) < Mpp(f, ).

(ii) If f € L(I) is concave then, for each x > 0 and n € N,
M p(f, ) < Mpy1,(f,2) < f(2).

Proof. Assume f is convex. If we set

Cnge = (Bn+1) = ()" and  bnp = 5155250

then

cnkz Bn+1) - ) (Gt +1)" = db .
That is i

. k!r Oj, =1,
Therefore
k
:ifp ‘Zanpr'(k r)v:afjlp ST g ¢ hort
= T B (Brmsiy s + 1>H

= = (ﬁ(n+1)+p)k71= 5

Ant1,p 4nt1p

This proves that k/an11,p is a convex combination of the points {r/a,, : 0 <
r < k}.
If f is convex, then

f(anflp> < ac"k klzf(anp) kn: - a ZC (anp)%(zif)!'

n+1,p

By the Cauchy multiplication rule for product of series,

e(ﬂ(nﬂ)—ﬁ(n))wi%p (L)Cvk:i{ S (Gtpana iy (o Yo
! an,p an,p

k=0 k=0 m+r*k

_ Z { (5(n+b>€ B s (YL,

Therefore
( May(f,x > Myi1,(f,7)) =

o ak
_ ’I’L+1 CE a’ _ n+1l,p k ) k
- 6 (anp) Z k! (an+17p €T

k=0 k=0
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- Z{ = ”+%’)€ /f'”) - Ta:'p (a:,p) n anf(anH p>}mk z 0.

This proves that Mn,p(f, x) > Mp41,(f, x). From Theorem 4 we know that
My, ,(f,x) = f(x) as n — oo (pointwise convergence). Thus My41,(f,x) >
7).

The concave functions follows by changing f by —f. O

Fix n € N and let f € C,(I) be a non-negative function (see (4)).

For a non-negative function f € C,(I), in [37], Zhao proved that if f(x)/x is
non-increasing on (0, 00), then for each n > 1, S,,(f, x)/z is non-increasing. A
similar result can be proved for the operators M, , by modifying the arguments
of Zhao. Since the work [37] is not well known, we include the complete proof.
Notice that the condition f € C,(I) (assumed by Zhao) will be replaced by
the more general f € L(I).

THEOREM 7. Let f € L(I) be a non-negative function. If f(x)/x is non-
increasing on (0,00), then for each n € N, My, ,(f,x)/x is non-increasing.

Proof. We will prove that (d/dx)(M,p(f,z)/x) < 0. We use the notations

in (3).
Since
> ak —
Mn,z;(f,w) — f(o)gn »(T) +gn,p( )Z Zipf(%)wk 1
k=1
and

d gnp(®) _ 79”4’2(1) ( — QppT — 1) <0,

dz x T

we should consider the derivative of the previous series. Note that

o ak k\ d k—1
> (m)a(gn,p(fﬁ)x - ) =

k=1
(o) o0
ak ,(k=1) k— s k—
= gnp(T) Z i f(ﬁ)x 2~ gnp(@) Z e f(%)"” '
k=2 k=1
X k1 O k41
anyp k o k41, k-1 n k k—1
= gn,p(x) Z (kfl)lf(a:rp>$ gn,p(x) Z ak'p f(anp)
k=1 k=1
> an,p k+1 an k an, p okt < 0
= gnp() Z i e ) — TG k—DI =
k=1
The result is proved. g

4. PRESERVATION OF MODULUS OF CONTINUITY

DEFINITION 8. A function w : I — R is called a modulus of continuity if
w(0) =0, lim;ow(t) = 0, w is non-negative and non-decreasing in I and w(t)
is continuous in RT.
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DEFINITION 9. A function w : I — R% s called subadditive if for any
5,t >0
w(s+t) <w(s)+w(t).

If a subadditive function w : I — R™ is continuous at zero and w(0) = 0,
then it is continuous. If w is subadditive, then w(2t) < 2w(t) and it follows
from standard arguments that, if ¢, A\ > 0, then

(10) w(At) < (1T + N w(f,t).
It is known that (see [11, p. 43]), for any modulus of continuity w on I,

there exists a concave modulus of continuity (the least concave majorant) @
such that

(11) w(t) < &(t) < 2w(t).

For Szasz-Mirakyan operators preservation of the usual modulus of conti-
nuity has been considered in [31], [15] and [3]. For instance, if w(¢) is a concave
modulus of continuity and

Aw, 4) = {f € C(I): w(f,t) < Aw(®)

(

it is asserted in [15] that f € A(w, A) if and only if S, (f) € A(w, A), for each
each n € N. On the other hand, in [3] the authors considered functions f such
that 0 < w(f,1) < oo, where w(f, t) is the usual modulus of continuity. Of
course the condition 0 < w(f, 1) holds whenever f is not a constant function.

Of course, since the usual modulus of continuity is not well defined for all
f € C(I), such a result must be handled with care. In fact in [13] Hermann
presented a negative result. Let

C’oz{fGC(I) csup | f(x+6) — f(z) |[< oo for any5>0}.
zel

Notice that for any f € Cy the usual modulus of continuity is well defined,
but the conditions f € Cy and d — 0 does not necessarily imply w(f,d) — 0.
Set Cj = {f € Co: w(f,t) > 0}. In [13] Hermann proved that

5= (f)=fllc

SUD L (f1n)

fecs

= OQ.

In this section we prove some results related with preservation of some mo-
dulus of continuity by the operators M, ;.

Although Theorem 3 is sufficient to prove the preservation of convexity of
different order by the operators M, ,, we need other kind of representations
for studying modulus of continuity.

The ideas for the proof of Proposition 10 have been used for different authors
in the case of Szasz-Mirakyan operators (see [31] and [15]).

ProposiTION 10. If f € L(I), n €N, x € I and s > 0, then

My (f, 2+ 8) =My, p(f, ) = nr (o) Z o Z np Z( (f:;)—f(&))
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Proof. Notice that
e“””’(x“)Mn,p(f, r+s)=

oo oo o0 k oo
— J _J \%up k gk _ z® _J ) %p -k
= X (k) st = 2w Y (G ) ot

k=0 j=k k=0 j=k

o0 o0

k k az+k

S DMIC-OE

k=0 =0

On the other hand,

k
n

a”P($+S)M n,p f’ e Z f(ﬂnp)ili i . }ﬁxk (i a%!,pSif<af>p>>‘

k=0 i=0
It follows from the equatlon given above the announced result. O

Let UCy(I) the class of all bounded uniformly continuous functions f : I —
R. For f € UCy(I) and t > 0, define

(12) w(f,t) = sup sup | f(z+h)— f(z)].

0<h<t >0

It can be proved that w(f,t) is subadditive modulus of continuity in the
sense of Definition 8.

TueoreM 11. If f € UCy,(I), n € N, and s > 0, then My ,(f,x) is uni-
formly continuous and

w(Myp(f),8) <20(f,5).

Proof. Let w(f,t) be the least concave majorant of w(f,t).
If feUC(I), then f € L(I). From Proposition 10 one has

|M7p(fx+5)_ Np(f 33) <

st () - (55
lw<f’ avfm)

k=0 1=0
- Mn,p(w(f7 61)7 5) < Mn,p((:)(fa 61)7 8)~
Since w(f,t) is a concave function, it follows from Theorem 6 that
M p(@(f),s) <@(f,s) <2w(f,s).

In particular if ¢ > 0, w(f,s) <e¢/2,0 <y <z, x—y < s and we set
T=y+t

| Myp(fs2) = Mip(f,9) =] Map(fry +1) = Myp(fry) [< e

k‘

< efan P ers

efan,p(wJFS)
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This proves that My, ,(f) is uniformly continuous. O

For f e UCy(I), 0 < o <1, and t > 0 define

Oo(fit)= sup  sup Leth-f@l
0<s<t z€l,0<h<s
0a(f,0) =0, and
K°(f) = sup 0a(f,1).
0<t

For 0 < o < 1, let us set Lip®([) for the family of all f € UCy(I) such that

K%(f) < 0.
For 0 < a < 1, we also we consider the subspace
(13) lip®(I) = {f € Lip*(I) : %in&&a(f, t)=0 }
*)

This type of spaces appears when we study the approximation in Hoélder
type norms (see [6]).

We will analyze the problem of the preservation of the constants K(f) and
the class lip®(I) by the operators M, .

For an analogous of Theorem 12 for Szasz-Mirakyan operators see [15] and
[12].

THEOREM 12. (i) If 0 < o <1 and f € Lip®(I), then M, ,(f) € Lip*(I),
and
(14) K*(Myp(f)) < K°(f),
for each n € N.

(i) fo<a <1, fel(I), Myy(f) € Lip®(I), for each n € N, and

K 1= sup K*(My p(f)) < o0,
neN

then f € Lip*(I).

Proof. (i) Set g(z) = x®. Since the function g(z) is concave function and
M, p(g9,x) = g(x) (Theorem 4) and it follows Theorem 6 that M, ,(g,x) <
g(x).

For any k € Ny and ¢ € N,

ki) _ gk i i V(i) pa ;
| f(anvp) f(anyp) |§ w(f’ amp) = ea(f’ an»P) (“n»z’) < K (f)g<anvp)'
From Proposition 10 we know that, for x € I and h > 0,
| Mypp(f, 2+ h) = Mpp(f, @) |[< K(f)Mnp(g, h) < K*(f)h".

(ii) From Theorem 4 we know that, for each fixed « € I, M, ,(f,z) — f(x),
as n — 0o.
For x > 0, h > 0 fixed, and each n € N, one has

| flz+h) = f(o) | <[ f(z+h) = Mnp(f, 2+ h) |
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+ | Mn,p(,ﬂx“‘h) _Mn,p(fal') | + | Mn,p(f733) — f(z) |
<| f(z+h) _Mn,p(fal"{’h) | +Kh+ | Mn,p(fal') - f(z)|.

The result follows by taking n — oo. O
For the preservation of the class lip®(I) we need some previous results.

PROPOSITION 13. For 0 < a <1 and each f € lip*(I),

Oo(f,t) = sup sup LM
0<s<t 0<h<s

where w(f,t) is defined by (12).

Proof. By definition, if f € UCy(I), then w(f,s) is well defined. It is clear
that
sup IO < gy <AL0)
z€l,0<h<s 0<h<s
On the other hand, given € > 0, for any 0 < h < s, there exists x5, € I such

that

w(f,h) <eh®+ | fxn+h) — f(zn) | .
Therefore

W(I{‘;‘h) <e+ |f(xh+’}7;)a—f(1’h)| <e+

Sup |f(x+2)a—f(x)| I

z€l, 0<h<s
PROPOSITION 14. If0 < a < 1, for each f € lip®(I), the functional 0,(f,t)
s a subadditive modulus of continuity.

Proof. (a) By definition 0,(f,0) = 0 and 0,(f,t) — 0 as t — 0. Moreover
it is clear that 0,(f,t) is non-negative and non-decreasing in I

(b) Let us verify that 0,(f,t) is subadditive. Assume 0 < v < ¢ and fix any
sand hsuchthat 0 < s<wv+tand 0 < h <s.

If x € I and h <t it is clear that

‘f($+22;f(x)‘ < sup Sup ‘f(y—i_z)a_f(y)l = 0,(f,1).
O<u<tyel,0<w<u

We still have to consider the case v <t < h. Sincet < hand 0 < h—t < h,

one has

flz+h)—f(z f(z+h—t+t)—f(z+h—t flz+h—t)—f(x
thx()|<‘( t)a( )I+|((h7t))a()|

S Ga(f; t) + Ha(f)h - t) S Ha(f)t) +0a(fvv)a
because 0,(f,t) increases and h —t < s —t < v. Therefore
Oa(f,t +v) < balf,t) +0a(f,0).

(c) Taking into account that 6,(f,0) = 0 and 0(f,t) is subadditive, it is a
continuous function. O

THEOREM 15. If0<a <1, fe€lip*(I),n €N, and t > 0, then
Oa(Mnp(f),t) < 20a(f,1).
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Proof. If 0 < s <'t, taking into account Theorem 11, one has
| My p(f, x48)—Myp(f,x) |< 2w(f,s) =2 %sa < 204(f,8)s* <20,(f,t)s%.
This is sufficient to prove the result. O

For each r > 0, f € C,(I) (see (4)), and t > 0, define

Q.(f,t) = sup su M(L)_f(f)'
(:2) 0sst azo  (THEFS)

We will use this modulus only in the case f € Cy o (1).

Before proving some properties of this modulus, let us compare them with
others that have been used previously.

The following functional was considered by Kratz and Stadtmiiller in [19].
For r € N and a function f € C,(I) set

O (f6) = sup MO0l g g Vet —S@)]
(1) s,vel |s—v|<t (I+s+v) 250 Oxs<y (T2aTs)

Taking into account that 1 +x +s < 14+ 2x+ s < 2(1 + x + s), we know
that

7 (f,1) < U (f,1) < (f:8).

Kratz and Stadtmiiller proved that, for Szasz-Mirakyan operators, there
exists a constant C' such that, for all f € C,.(I), every t > 0 and each n € N,

0 (Su(f), 1) < CQ(f,1).

They did not proved that lim, g+ Qr( f,t) = 0. We will verify that, if f €
Croo(I), then lim; o+ Q,.(f,t) = 0.
For f € (2 (I), another modulus was considered in [2] by setting

- |f(z+s)—f(z)|
UL = sup sup GEpe

For 0 <t < 1, Q(f,t) and Qo(f,t) are equivalent. In fact, suppose that
s < 1. First one has

1+s)14+22)=14+s+27+5%22 <21+ s>+ 2% <21+ 2+ )2
On the other hand, if x <1,
(14s42)? =1+22+25+ 2%+ 25+ 52 < T(1+ 5% +22) < 7(14 ) (1 +2?).
and, if x > 1,
(1+s+z)2 <3+522 452 <5142 +2%) <51+ s2)(1+22).
Therefore
s (ft) < Q(f,1) <TQ(f,1).

PROPOSITION 16. If r is a non negative real and f € Cyoo(1), then Q,.(f,t)
is a subadditive modulus of continuity in the sense of Definition 8.
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Proof. Tt is clear that Q,(f,0) = 0 and Q,(f,t) is non-negative and non-
decreasing in [

(a) We consider first the case r = 0. As in the case of the classical modulus
of continuity, it is easy to prove that the functional €,(f,t) is a subadditive.
In order to prove continuity, it is sufficient to verify continuity a zero, but if
follows from the condition lim,_, f(x) = 0.

(b) Assume 7 > 0. Denote A = lim,_,o f(z)/(1 + x)". Given € > 0, there
exists xg such that

’(1f+(i))r _A’ <35, T > xg.

Ift>0and 0 <s<t<1, then

|f(z+s)=f(z) |f(z+s)—f(z) |f(z+s)—f(z)|

\ |
sup — < sup — + sup -
230 (1+z+s) 0<w<z0 (1+z+s) 2> (1+z+s)
—A| Lf(z)—Al
< sup r+s)— f(z +supm+supir
0<z<wo ‘ f( ) f( ) ’ >0 (1+z+s) e>u0 (1+4=x)

< wi(fs ) o.eo+1] + €

where w1 (f,t)[0,zo+1] 13 the usual modulus of continuity in the interval [0, zo +
1].
This is sufficient to prove that lim;_0 Q,(f,t) — 0 =0.
(c¢) Let us verify that Q.(f,t) is subadditive: Q.(f,v +1¢t) < Q.(f,v) +
Q,(f,t). Without losing generality we assume that 0 < v < ¢.
Fijemos x > 0 and 0 < s <t + w.
If s <'t, it is clear that
|f (z+s5)—f ()| [f(z+s)—f(z)] _
Thery S S Sy — W)
Let us consider the case v <t < s. Since 0 < s—t, one has (1+x+s—1t)" <
(1+ x4+ s)". Therefore

[flats)=f(@)|  |[flats—ttt)—flats—)] | |f(zts—t)—f(@)]

(1+z+s)r = (1+(z+s—t)+t)" (1+z+s—t)"
< Qr(fv t) + Qr(fv s — t) < Qr(fv t) + Qr(fvv)‘
It is sufficient to prove that €,.(f,t) is a modulus of continuity. O

THEOREM 17. If r is a non negative real, there exists a constant C such
that, for f € Croo(I), n €N, and t >0,

QT(MmP(f)v t) S CQ’/‘(f? t)'

Proof. Notice that, for s > 0, taking into account (10), with ¢t = s and
A=i/(stnp),

() - 1(5)

<n(a) (el +as)

< (14 i) (14 A+ i)

an,p$S an,p an,p

because Q,(f,s) is a subadditive modulus.



13

Preserving properties of some Szasz-Mirakyan type operators 75

Therefore (see Proposition 10)

’ Mn,p(fv T+ 3) - Mn,p(fax) ’:

[e.e]

o0
e—n,p(z+s) Z ag an Gnp Z( ( ) —f(k))|
n,p an,p
ak, K k i \"
717
S ean p(Ier) Z Z 4! ( )( an,p + an,P) ’

Taking into account Proposition 2 (with a =1+ k/a, ), we obtain

el r
—Qn,pSs 2 : np ) 7 —
¢ il S(1+anp+an,p)

=0

= Mn,p((l + ﬁ + 61)T,8) < C(r)(Q + B s)r < 2’"0(7")(1 + k4 S)T,
On the other hand

e 4n,ps - np 7 i 1 7 "
S Z 7! s + anp + an,p -

i=1

= Mo (1455 + 2 ver) s) < Mop((24 5 +en) s

<Cr)(3+:5 + s)r <370 (1+ 55 )

From the estimates given above one has

> ak Z‘k
| May(foz+8) = Mup(f,2) | <3000 2D 3 ™ (14 5 45

k=0
<6 C(r)Q(f,s)(1+z+ )",

where we use again Proposition 2. O
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