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HIGHER-ORDER APPROXIMATIONS
FOR SPACE-FRACTIONAL DIFFUSION EQUATION
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Abstract. Second-order and third-order finite difference approximations for
fractional derivatives are derived from a recently proposed unified explicit form.
The Crank-Nicholson schemes based on these approximations are applied to
discretize the space-fractional diffusion equation. We theoretically analyze the
convergence and stability of the Crank-Nicholson schemes, proving that they are
unconditionally stable. These schemes exhibit unconditional stability and con-
vergence for fractional derivatives of order « in the range % < a < 2. Numerical
examples further confirm the convergence orders and unconditional stability of
the approximations, demonstrating their effectiveness in practice.
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1. INTRODUCTION

Fractional derivatives, for example, the Riemann-Liouville, Caputo, and
Grinwald-Letnikov derivatives, have found numerous applications across vari-
ous applied fields, including physics [9, 12, 26, 27], biology|6, 28, 29], finance[24,
25], and engineering [10, 11, 14, 15, 16, 17]. Their unique characteristics such
as non-locality give more suitable descriptions for various phenomena, includ-
ing anomalous diffusion, population dynamics, fractional Brownian motion,
etc. compared to traditional derivatives. However, the non-local nature of
fractional derivatives often leads to complex formulas, making it difficult to
solve fractional-order differential equations, such as fractional-order diffusion
equations, using both analytical and approximate methods [5, 7, 23].

The Griinwald difference (GD) approximation presents a finite difference
technique for approximating fractional derivatives. It utilizes an infinite sum
of terms derived from the power series expansion of the generator Wi(z) =
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(1 — 2)® about zero [5]. Despite its first-order accuracy, the GD approxima-
tion yields unstable results, even with stable methods like Euler and Crank-
Nicholson, which are typically reliable for integer-order diffusion equations.
To address this, a shifted version with shift » = 1 was introduced [7], aim-
ing to restore unconditional stability while preserving first-order accuracy for
fractional derivatives.

The shifted Griinwald approximation has served as a cornerstone for con-
structing higher-order finite difference approximations for fractional order dif-
ferential equations. Meerchaert et al. [19] employed extrapolation technique
on the Crank-Nicholson scheme of the Shifted Griinwald approximation for the
fractional diffusion equation to obtain the second-order accuracy for the space
discretization. Nasir et al. [18], from the shifted Griinwal approximations with
a non-integer shift r = %, obtained a second-order accuracy which displays su-
per convergence. Convex combinations of the shifted form of the Griinwal ap-
proximation with various shifts were used to obtain some second-order approx-
imations [20]. This technique is referred in the literature as the weighted and
shifted Griinwald difference(WSGD) approximations. A third-order approxi-
mation through WSGD was not successful as it fails to give the desired stability
for a fractional derivative order « in the range 1 < o < 2. However, achiev-
ing stability for the third-order approximation is possible within a restricted
range of the fractional order as shown in [22]. Hao [21] derived a fourth-order
approximation using a quasi compact difference approximation technique on
a WSGD approximation. Additionally, by utilizing super-convergent approx-
imations for fractional derivatives, Zhao and Deng [33] proposed a series of
higher-order difference schemes for the space fractional diffusion equation.

Moreover, Lubich [4] proposed generators in the form of power or rational
polynomials to construct higher-order approximations for fractional deriva-
tives. While these generators provide coefficients for higher-order accuracy
without shifts, their shifted forms only yield first-order approximations re-
gardless of the original accuracy orders.

Nasir and Nafa [3] introduced polynomial-type generators for higher-order
approximations with shifts and derived a second-order finite-difference scheme
for the one-dimensional fractional diffusion equation. In construction of this
work, Nasir and Nafa [2] and Gunarathna et al. [13] developed quasi-compact
schemes with third-and fourth-order accuracy, respectively, both derived from
the second-order approximation and applied them to the one-dimensional frac-
tional diffusion equation.

The generators for the Nasir and Nafa [3] approximations are usually ob-
tained manually by hand calculations, solving a resulting system of linear
equations or by symbolic computations and these processes are specific to the
problem at hand. To alleviate those difficulties, Gunarathna et al. [8] have ob-
tained an explicit form for generators that gives approximations for fractional
derivatives with shifts retaining their higher orders. This form generalizes the
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Lubich form with shift and hence the Lubich form becomes a special case with
no shift. Gunarathna et al. [30] then extended the explicit form developed in
[8] to a more general unified explicit form that gives more new approximations
for fractional derivatives and various finite difference formulas for any classical
derivative.

In this paper, we apply the unified explicit form in [8] to the space fractional
diffusion equation given by (1). We consider a second-order approximation
derived from this unified form. Subsequently, a new quasi-compact third-order
approximation is derived from this second-order approximation. Using these
approximations, second-and third -order Crank-Nicholson (C-N) schemes are
constructed for the space fractional diffusion equation. Theoretical analyses
of stability and convergence are established for both the C-N schemes.

M WG = KiDE u(a,t) + KaD2ua,t) + f(a, 1),
with the initial and boundary conditions:
(2) u(x,0) = so(a), € [a, b ula,t) = Zi(t),ulb,t) = Zo(t), t € [0,T],

where wu(z.t) is the unknown function to be determined; K, Ky are non-
negative constant diffusion coefficient with K; + Ko # 0, i.e., not both are
simultaneously zero; f(z,t) is a known source term. The fractional derivatives
Dg  and Dg,, in Riemann-Liouville sense, are given in Definition 1.

The remaining sections of this paper are structured as follows: Section 2
presents essential preliminaries and terminologies. Section 3 applies the uni-
fied form to obtain new second-and third-order approximations for fractional
derivatives and obtain their Crank-Nicholson (C-N) schemes with order 2 and
order 3 to solve the space fractional diffusion equation. Section 4 analyses
the C-N schemes derived in Section 3. Section 5 presents numerical examples.
Section 6 concludes the paper.

2. PRELIMINARIES AND TERMINOLOGIES

This section presents the requisite materials and definitions relevant to the
subject of the paper. Let f(z) be a sufficiently smooth function defined on a
real domain R.

DEFINITION 1 ([5]). The left(-) and right(+) Riemann-Liouville (R-L) frac-
tional derivatives of a real order o > 0 are defined as

(3) DS [(@) = rrimyi | e,
and
(4) REDg f(x) = %%L e dn

respectively, where n = [a]+1, an integer withn—1 < a < n and I'(-) denotes
the gamma function.
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DEFINITION 2 ([3]). Let {w,(f)} be a sequence of real numbers with generat-
ing function
Zwk 2F

Define a shifted difference formula wzth shzft r as
(5) h,p, rf ha Z wk [L‘ :F )h)

1) W(z) is said to approximate the fmctzonal derivatives D if
0 lim AL, f(2) = Dl (z).

2) W(z) is said to approzimate the fractional derivatives Dgy with order p
if
(7) ALy prf(x) = Dgzf(x) + O(hP).

PROPOSITION 3 (Theorem 1 [3, 2]). Let « > 0,n = [a] + 1, and a non-
negative integer m be given. Let a function f(x) € C™ " (R) and D* f(x) =
%f(z) € Li(R) for0 < k < m+n+1. Then, a generator W(z) approximates
the fractional derivatives DSy f(x) with order p and shift r, 1 <p < m, if and
only if
(8) G(z) = Z%W(e*‘z)e” =1+ O(P).

Moreover, if G(z) =1+ 372, a2, where a; = aj(,7), then we have

ALy o f (@) = DYy f () + hPapDoT f () + B ay DY f(a) +
(9) + W™ a, D™ f () + O(h™ 1),

2.1. The unified explicit form. In this section, the unified form appearing
in [30] is presented. This unified form extends the explicit form in [§] to a
more general form that covers compact finite difference formulas for higher
order classical derivatives as well as some new Lubich type generators for
fractional derivatives. For this, we introduce a base differential order d, a
positive integer, to express the fractional differential operator as

d
gi - (D )x:l:’
and consider approximating the fractional derivative by a Lubich type gener-
ator of the form

(10) W(z) = (Bo+Brz + ...+ Bya¥ )T = (P(2)7

where P(z) corresponds to the classical derivative operator D?. The coeffi-
cients ; in (10) are to be determined based on the fractional order «, the
required approximation order p, and shift r. The degree N — 1 of P(z) is
similarly determined based on p and d. This setup leads to the following
theorem.
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THEOREM 4. With assumptions of Pmpositign 3, the generator of the form
W(z) = Wpra(2) = (Bo+Biz+. . .+Bn-12V"1) 9, where d is a positive integer,
approzimates the fractional derivatives Dg‘qcf(x) at x with order p and shift r
if and only if the coefficients B; satisfy the linear system

N—-1
(11) Z B = dloar,  k=0,1,...,N —1,

where \ = rd/a, N =p+d and b4 is the Kronecker delta having value of

one for k = d and zero otherwise.

Proof. In view of Proposition 3, we have G(z) = - W (e7%) "> = 1+ O(2P).
This gives

v\ i
B )
j=0

Z%z Bje)\jz) _ (Zd Z B; Z k')\f k)
‘ =

o

00 d
- (5320

k=0

ale

k=d+1

o
= (’;‘)+Z511+...+’”';1+bd+ > bkzk_d)
1

N—
(12) =14 > A, k=0,1,2,....

Since G(z) does not have any pole singularities by virtue of (8), we have b = 0
for k=0,1,...,d — 1. Moreover, since G(0) = 1, we have by = 1. These are
the consistency condition for the GTA with generator W(z). Now, for order
p = 1, these conditions give the system (11) with N = 1+ d and the proof
ends. For p > 1, G(z) reduces to

ale

G(z) = (1 + i bkzk_d> = (1+X)7" =1+ 0O(2P),

k=d+1

where v = ¢ and

(13) X = Z bkzk_d.

k=d+1
Expansion of (1 + X)7 gives

(14) 1+ X + 20 0x2 4 =14 0(0:P).
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The term with z appears in the term X only on the left-hand side of (14).
This gives byy1 = 0. The same is true for by, k = d+1,d+2,...,p+d —
1, by successively comparing the coefficients of z5=¢ to gain O(zP) in (14).
Altogether, we have by, = 04, k =0,1,2,...,p+ d — 1 which yield the linear
system (11) with (12) and N = p + d. O

THEOREM 5. Let a > 0, a positive integer d > 1 and f(x) be a sufficiently
smooth function such that DSy f(z) is defined. For an approzimation (5)
for DSy f(z) of order p and shift r with the generator in the form (10), the
coefficients [3; are given by

(15) Bi=p  J=01... . N-1,
where N =p+d and

=

p—1 N-1

—1 d .
(16) N; = > [T -m), D= T G-m)
0<mi<ma<...<mp_1<N-—1 k=0 m=0
mi#5,1<i<p—1 m#j

For the proof of Theorem 5, the interesting readers are referred to [30].

3. APPLICATIONS OF THE UNIFIED EXPLICIT FORM

This section applies the unified explicit form to derive a second and third
order approximations.

3.1. Second-order approximation. To derive the second order approxima-
tion, the following generating function form:

(17) Waso(2) = (Bo + Brz + Baz? + B323)/?

is considered. The coefficients Sy, 81, B2, and 53 are computed using the unified
form equation (15). The computed coefficients are: Sy = —A + 2,
B1=3XA—05,08=—-3\+4, and B3 =X — 1, where A = %T

3.2. Third-order approximation: Quasi-compact form. Now, we derive
a new quasi-compact third-order approximation from the second-order approx-
imation described in the Section 3.1. In view of Proposition 3, we have

H(z) = Hy2(z) = Z%Wr,g(e_z)erz =1+ ag(r)z2 + ag(r)23 + a4(r)z4 +...,

where as(r) = —51= (11a? — 36ar + 24r?) and
as(r) = &% (3% — 13a%r + 18ar? — 8r?). Also, Equation (9) gives

A%y, f(x) = D&y f(x) + azh? DXL f(2) + O(h?)
= (1+ aph?D?) D f(x) + O(h?)
(18) = P,DS, f(z) + O(h%),

where P, = (I + h%a2D2) and I is the identity differential operator. The dif-
ferential operator D? may be approximated by the standard central difference
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operator &7 f (z) with D2 f(x) = 67 f(z) +O(h?). Using this, an approximation
is obtained for P, such that

Py f(x) = (I + a2h®D32) f(x)
= (I + azh*(8; + O(h*))) f(x)
= (I + azh?62)f(z) + O(h*)

(19) = Puf(x) + O(nY),
where
(20) Py, = (I + azh?3;).

Then (18) and (19) reason to give
Ainrf(x) = (Py+ O()Dgy f(x) + O(h?)
(21) = P,DY. f(z) + O(h?).

3.3. Discretization of the space fractional diffusion equation. The dis-
cretization of the space fractional diffusion equation (1) in the domain [a, b] x
[0,T7] is considered. The function wu(z,t) is zero-extended outside the space
domain interval [a,b] so that the left and right fractional derivatives are ap-
plicable. For a numerical scheme, the space domain [a,b] is partitioned into
a uniform mesh of size N with sub-interval length h = (b — a)/N, and the
time domain [0, 7] into a uniform partition of size M with sub-interval length
7 = T/M. These form a uniform partition on the 2-D domain [a,b] x [0,T]
with grid points (x;,t™),0 < i < N,0 < m < M, where z; = a + th and
t™ = mr. The following notations are also introduced for conciseness:

U = (xi’tm)’ 75m+1/2 _ % (thrl + tm) 7 fim+1/2 —f (xi7tm+1/2) ’

)

T
m _ (,m ,m m\T m+1/2 m+1/2  m+1/2 m+1/2
U™ = (u, o, .. uf)’, and FY —<f0 f N .

Furthermore, prior to the construction of the C-N schemes, it should be noted
that the time derivative at (x,t + 7/2) may be approximated with order 2
accuracy as follows:

(22) Qulelb7/2) — L(y(z,t + 1) — u(z, b)) + O(12),
and
(23) u(z,t+7/2) = S(u(z, t +7) + u(z,t) + O(?).

3.4. Second-order Crank-Nicholson scheme. Using Equations (22) and
(23) the FDE at (z;, t™*1/2) gives the C-N scheme:

m+1_ m
(24) = e (T )+ ST O ),

where Ag o = KlA‘jh,zJ + KQA?f_h’Z’l. Rearranging (24) gives

(25) "t = F ™ = A f OGP 4 1)
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foralli=0,1,2,...,Nand m=0,1,2,..., M — 1. The corresponding matrix
form of (25) is given by

(26) (I = B)U™ ! = (I + Bo)U™ + 7F"™ 12 + O(7° + 7h?)
for all m=0,1,2,...,M — 1, where B, = 5 <K1A2,1 +K2A2T,1),

1, (o) if; >4
o —w: le > J— 1
Ao (i — Jha%i—j+12,10 - ’
2.1(4,7) {O, elsewhere,

where w;_;112,1 are the power series coefficients of the generating function
W = Ws2(z) as seen in (17). They can be computed using the J. C. P. Miller
recurrence.

Now, let U™ be the solution of (26) after neglecting the O(73 + 7h?) terms
with U™ = [af%, 43", ..., 4% _,]7, where its entries @ become the approximate
values of the exact values u}". Also, let P, and B, be the reduced matrix from
P, and B, respectively by deleting the first and last rows and columns, and
Fm+1/2 be the reduced vector obtained from F™t1/2 by removing its first
and last entries. After imposing the boundary conditions (2), Equation (26)
becomes to be on the ready-to-solve form:

(27) (I — B)U™ ' = (I + B)U™ +7E™H2 45" m=1,2,...,M —1,
where b = By(ul" ™ +ul')+ By (ut +u) and By and By are the first (0)

and last(N'*") column vectors of the matrix B, reduced again as before.

3.5. Third-order quasi-compact Crank-Nicholson scheme. The new or-
der 3 quasi compact approximation is applied to numerically solve the space
fractional diffusion equation with third-order accuracy. Pre-operating (1) by
Py, which is given by (20) gives

(28) P2t — K P, DS u(,t) + Ko Py DSy u(x,t) + Pyf(z,t).

With the aid of the second-order approximations given by Equations (22) and
(23), the FDE at (a;,t™1/2) gives the C-N scheme
(29)  Pul(urt — ) = 1Oy +ul) + Buf T2 4 O(r% + B3,

2

where Cp, = K1 A% + Ko earrangin ields
here Cp = K1A%, 51 + KoA%) 51 R ging (29) yield

1
(30)  (Ph—3Ch) ul™"' = (Py+ 5Ch) ul + 7Pufi" 2 + O(r% + 7h?).
Consequently, in matrix language, the C-N scheme (30) can be read as
(B1)  (Pa—Ca) U™ = (Pa+ Co) UM + P F™ 24 O (7° 4 71h?)

for m = 0,1,2,...,M — 1, where P, = Tri[ca,1 — 2¢,¢o] is a tri-diagonal
matrix with size N + 1 and C, = § (K1A271 + KQA;FJ). After imposing the
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boundary conditions (2), Equation (31) reduces to the following form:
(32)
(Py — C)U™! = (Py+ C)U™ + 7P E™ Y2 4 B™, m=0,1,2,..., M —1,

where b = Co(u™ +ufl!) + On (Ui +u) and Cp and Cy are the first(0t")
and last(N'") column vectors of the matrix C,, reduced again as before.

4. STABILITY AND CONVERGENCE ANALYSIS

This section analyzes the stability and convergence of the C-N schemes
presented in Section 3.4 and Section 3.5 for the fractional diffusion equation.
The analysis also requires certain properties of definite matrices and equivalent
norms, to which the reader is referred in the references [32, 33|, in addition to
the following useful results.

LEMMA 6 ([32]). Let H = (A+ A*)/2 be the Hermiatian part of a complex
matriz A. For any eigenvalue \(A) of A with its real part R(\) , we have

)\min(H) < §R()\<14)) < )\max(H)a

where A\pin(H)and \paz(H) are the minimum and mazimum eigenvalues of
H, respectively.

DEFINITION 7 ([33]). A function G(z) = Y oo otnx™ is called the generator
of a Toeplitz matriz T = [t;—;] if

t, = %/ G(x)e"®dz.

LEMMA 8 (Grenander-Szego theorem, [31]). Let the generator G(z) of a
Toeplitz matrix T be a 2mw-periodic continuous real-valued function. Then

Gmin S )\mzn (T) S )\max (T) S Gmaazv

where Guin, Gmaz denote the minimum and mazimum values of G(x) respec-
tively in [—m,w]. Moreover, if Gmin < Gmaz, then all eigenvalues of T' satisfy
Gmin < MT) < Gumaz and furthermore, if G, > 0, then T is positive defi-
nite.

LEMMA 9. If G(x) is the generating function for a Toeplitz matric T =
[ti—j], then G(x)e'™ is the generating function of the shifted Toeplitz matriz
T = [timjsr]-

Proof. Let T, = s;—; be the Toeplitz matrix for the generating function
G(z)e'™. Then

m . . Tr .
Sy = %/ G(z)e" e dy = = G(z)e "% dy =1, .

The result follows with n =i — j. O
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LEMMA 10. The generating functions of the matrices Az, and AT corre-
sponding to the approximation operators A_p,o and Ayp o of the second-
order approximation with shift r are given by Wa (e 7)el™ and its conjugate
Wa - (e®)e™1r%  respectively.

Proof. The matrix As, is Toeplitz given by A, = [t;—;] = [wi—j4r]. Now,
7r . . . 0 Tr . .
% / W27r(€71x>61rx€mxd$ _ % Z / wkeflkxel(nJrr)xdx = W py
- k=0""T

The result follows with n = ¢ — j. A similar argument follows for the AQT’,, as
well.

Note that the two generating functions are mutually conjugate. Further-
more, the following results are also required.

Let Vi, = {vlv = (vo,v1,...,vn),v € Rogp = 0 = Vy)} be the space
of grid functions in the interval computational domain [a,b] with N uniform
subintervals of length h. Associated with the analysis carried out in [21], for
u,v € V}, the following discrete inner products and the corresponding norms
are defined below:

N-1
(w, v) =h Z WiVi,s [ul| = /(u, ),
i=1
N-1
(opu, 6pv) =h <5hui71/2) (5117)1'71/2) ) |u[1 =V (6pu, 6pv).
i=1

Define difference operators on the component of v € V}, as
Vig12 = 3(Vis1 +vi) and  Opv;_q/2 = (Vi — vi—1).

THEOREM 11. Let P be a self adjoint operator defined on Vy such that
pillull < flullp < peollull, p1,pu2 > 0 and A be a negative definite operator.

Suppose that there exists a vector v = (vg", v", ..., v} _1,v3) € Vi, such that
(33) Popv T2 = Avmt2 gm0 1 <m <M -1,

provided

(34) v0 = %(z;) foralli=i=0,1,...,N.

Then,

m—1
T l
v < L (mnv(’n N ||> ,

=0

T
where St = {Sé,S{,...,SH with St =0 and S =0 for alll =0,1,..., M.
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Proof. The negative definiteness of the operator A implies that
(v, vm+%) < 0.
Now, applying inner product on (33) with ymtl/2 yields:
(PéTvm+1/27Vm+1/2) _ (Avm+1/27vm+1/2) i (Sm7vm+1/2)
(35) < (sm, vz,

Also,

P%(Vm-i-l _ vm)7 1

(P(STva/Q, Vm+1/2) _ 2(

7 N

Vm+l + Vm)

= & (V™3 = Ive3)

(36) = 3 (v = Ivlle) (V™ + vl
< (87 vmr) < s vt
< ISV

(37) < o 8™ (v e + v le) -

The inequality relating (36) and (37) reduces, for 0 < m < M — 1, to
v e < v + 27 [I8™]|. Summing this for the first m inequalities
results:

m—1
V™ lp < [VOllp + = D IS 1 <m < M 1.
1=0
Equivalence of the two norms concludes the proof. 0

LEMMA 12. Leading to the above inner products and norms, the following
results :
(a) The operator 6z is self adjoint on Vj,.
(b) [u? < % for any u € V.
(¢c) The operator Ty, = 1 + kh%g is selft-adjoint on Vi, where k is a given
constant.

Proof. (a) Take any u,v € Vj. Then, we must show that (67u, v) =
(u, 82v). We first note that ugvy = vou; and uyvy_1 = vyun-—1, since
the vectors u and v have zero boundary values; thereby, we have:

(5,%u,v) h Z 5hulv1 =h Z (M) v;

N-1 N-1

—h Ui 41V —2U 0+ U1V h Ui V41— 22UV + UV 1
- h? - h2

i=1 =1

—h Z u; ( Vitp1— 2v1+vz 1)) _ <u75%V)
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for all u,v € V. That is, 52 is self adjoint on V.
(b) From Part (a), we have:

N-1
luf = (6pu, Spu) = h (5hui—1/2> (5hui—1/2>

=1

(Uwiul 1)2 —h Z (u 2uzu1 1+U2 1)
<hy (u?+(u?+u52_1>+u?-1>> -2 (h il ug + hNEQ U?>
; i=1 i=1

N-1

N-1
% h uf +h Z u?) < %Hu”?
i=1

i=1

N-1

?‘

(c) Letting T}, = 1 + kh?47 and using Part (a), we get:
(Thu, v) = (0, v) + beh%(62u,v) = (u,v) + boh?(u, 62v)
= (u, (1 + beh?63)v) = (u, Tyv).

for all u,v € V},. Therefore, T}, is a self-adjoint operator.
d

4.1. Analysis of the second-order C—IN scheme. This section gives the
stability and convergence analysis of the C—N scheme presented in Section 3.4.
First, Lemma 13 is presented along with its proof:

LEMMA 13. The matrices Agyl and A;:l are negative definite for % <a<?2.

Therefore, the corresponding operators A po1 and A_p 21 are also negative
definite.

Proof. The generating function of matrix flm is given by G, = (1 —

e—im)a(ﬁo +,336_i$)a/26m, % <a<?2.
Golz) = (Rlewl)a (RQQieg)a/Q ¢it = Reilofi+562tr)

where 01 = M , 0y = —tan~! (760%5;222:)(:0))’
and R = R‘J‘Rg/2 (2sin(z/2))™ (B2 + 2B80B3 cos(x) + 5§)a/4. The real part
of Go(z) is given below: R(Gq)(x) = Rcos (af) + §02 + ) = RHy(x,a) for
% < a < 2, where Hy(z,a) = cos (af; + 502 + ). It must be shown that
R(Go)(x) < 0. Now, R(G,)(z) < 0 if and only of Hi(x,a) < 0, since R > 0.
Therefore, it will be proved that Hi(z,«) < 0 over the domain [0, 7] x [4/3, 2].
Let Z(x,a) = afy + 502 + x. For a fixed a € [4/3,2], differentiating Z with
respect to x gives

d _ (1—cos(z))(a—1)(a—2)(3a—4)
drZ(z.a) 2(1—a)+(2—a) cos(z)]>+[(2—a) sin(2)]2 "
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The foregoing derivative assumes positive values over the interval (0,7) for
an a € (4/3,2) and thus, the function Z is monotonically non-decreasing
function over the interval (0, 7). Therefore, the maximum and minimum val-

ues of Z are Zyax = Z(m,a) = m and Znin = Z(0,«) = %, respectively.
Therefore, Hi(x,«) is a non increasing function and thereby its maximum
(H1(2,0)) o = €08 (%) < 0 for 3 < a < 2. Now, by Lemma 8, we have

/\(1212,1) < 0.

Now, for any non-zero vector v, consider v* Ag 1v = ||v]|2A(Ag1) < 0. Thus,
the matrix flzl is negative definite. Consequently, fl%:l, Ainai,and Ay
are negative definite. This completes the proof. O

REMARK 14. Since the matrices A271 and /AIQTJ are negative definite, the
matriz 01142,1 + 021427:1 s also negative definite for any positive constants c;
and ca. Therefore, the operator Ay = c1 ALy 21+c2A_p 21 is negative definite.
Or, we may prove this using the linearity property of inner product: Let any
ueV,. Then, we have

(Agu,u) = c1(Ajp21u,u) + c2(A_p21u,u) < 0.

THEOREM 15. The Crank-Nicholson scheme (27) with the approzimation
from the generating function Wy 1(2) given by (17) for the space fractional
diffusion equation is unconditionally stable for % <a<?2.

Proof. We have from Equation (27) that the iteration matrix of the C-
N scheme, My = (I — B)"Y(I + B). To establish a stability criterion, we
must have the spectral radius of My, p(Mz) < 1. Now, for any A\(B,) # 1,

we have \(My) = Eiga; Then, A(B,) < 0 if and only if ’1 +)\(Ba)‘ <

‘1 = )\(Ea)‘ if and only if p(Mz) < maxy i:\\ga; < 1. Also, we have B, =
)

z (Klfiz’l + Kgflg’l). Now, A(EQ) = T(K1+K2)\(flg,1). Therefore, since 7, K1,
and Ky are positive, (A(B,)) < 0 if and only if A(Az1) < 0. Now, from

Lemma 13, we have A(Ay;) < 0. This completes the proof. O

—_

THEOREM 16. The Crank-Nicholson finite difference scheme (24) with given
initial and boundary conditions converges with order 2 for % <a<2.

Proof. Let e = ul™ — 4" be error at grid point (x;, t,,), where u]” and 4"
denote the exact solution of the diffusion equation (1) and the corresponding
approximate solution given by (24). Then, ef* = 0 and ef; = 0.

Also, let €™ = (eI, ™, ... T, em) and R™ = ( m Rm. .. RT_, %)
where R!" denotes the remainder term of (24) at (z;,tm), 0 < i < N, 0 <
m<M~—1, RI'=0, and R = 0.

Now,
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_ 2 _
IR™* = A0 (R = R0 R < R [RPP < Nhei(r? +
h?)? = (b—a)c3 (% +h?)?, where c; is a positive constant. Therefore, |[R™| <
1
(b—a)cy (72 + h?)/].
Also, it is easy to see that, the error vector €™ governs the difference system:

(38) (5Tem+% — A2728m+% =R", e’ =0.

In comparison with Equation (33), in Equation (38), P is the identity op-
erator and hence it is self-adjoint and its norm is equivalent to that of u.
So, w1 = 1 = pg. Also, from Remark 14, for Ky, Ko > 0, the operator
Ao = KiAypo1+ KoA_j 991 is negative definite. Then, Theorem 11 views

m—1 M
le™] < [’ +7 > IR < 7Y IR < 7My/(b—a)er(7° + h?)
=0 =0

=T,/(b—a)ei(T? + h?) = co (7% + h?),
where co = T/(b— a)ecy.

So, we complete the proof. O

4.2. Analysis of the third—order C—N quasi-compact scheme. In this
section, the analysis of the proposed third order quasi—compact approximation
is presented.

LEMMA 17. The QCD operator of order 3 in (21) leads to the following for

(a) &5 <as(r) < g forr=1.
(b) The operator Py, is self-adoint and |ull> < |lul% < [ul® for r = 1,
where ||u||% = (Pyu,u).

Proof. (a) It is not hard to see that, the maximum of ay over the domain
[3,2]is 3 — /&, occurring at @ = /2] and the minimum of ay over [3,2] is

1—12, occurring at a = 2. Therefore, 11—2 < ag(r) < (% — %) < % for r = 1.
(b) Take any u,v € V. Applying Part (c) of Lemma 12 with k = ag gives
that the operator P is self-adjoint.
Now, using Part (b) of Lemma 12, we have: (P,u,u) = |[u/|? — ash?|ul? >
lul|? - %Hu|]2 = %||u||?. Hence, we complete the proof. O

THEOREM 18. The quasi compact Crank—Nicholson scheme (32) with the
approximation from the generating function Wy 1(z) is unconditionally stable
for % <a<2.

Proof. Consider the iteration matrix, Ms, of the C—N scheme set off in Equa-
tion (32) given by M3 = (P, —Co) " (Pa+Cy) = (I-P;1Co) Y I+ P C,) =
(I—Ba73)_1(I+Ba73), where B, 3 = ﬁa_lé’a. Now, arguing analogously to Sec-
tion 4.1, the spectral radius of matrix Mg, p(M3) < 1if and only if A\(B,3) < 0.
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The eigen-values of P, are given by
)\(Pa)m =1—2a3 + 2ag cos (BF) =1 — 2a3(1 — cos (RF)

= 1~ daysin? (55F) = das (55, — sin® (55) )

>0, m=1,2,...,N,
since when r = 1, % <ag < (% - %) < % for % < a < 2. Thus, )\(Pg‘) > 0;
thereby we have A(Bg3) < 0 if and only if A(Cy) < 0.

Now, A(C’a) = MA(AQJ) < 0, since A(A21) < 0 owing to Lemma 13.

This results in giving p(Ms) < 1. Therefore, the order 3 Crank—Nicholson
scheme is unconditionally stable for 4/3 < o < 2. O

THEOREM 19. The quasi compact Crank—Nicholson finite difference scheme
(31) with the given initial and boundary conditions converges with order 3 to
the exact solution of the diffusion problem (1) for % <a<2.

Proof. In Part (b) of Lemma 17, we have proved that the operator P} is
self-adjoint and %||ul®> < [lu[|% < [luf|®. Also, it is not hard to see that the
error vector €” governs the difference system:

(39) Ph(()‘tem_'_é — A272em+% = Rm, eO = 0,

where R = (R, RY", ..., R}}_, R}}), where R denotes the remainder term
of (29) at (z4,tm),0 < i < N,0 < m < M,Rj" = 0 and R} = 0. Now,
IR™I?2 = h XN TN R)? < RN IRM? < (b —a)d3(1% + h3)2. where c3 is a
positive constant. This implies that ||[R™| < /(b — a)c3(72 + h3).

Now, using Theorem 11 with u; = %, p2 =1 and S™ = R™, we have:

m—1
le™ | < [l + 37 > IR < M Vb —acs(7® + h?) = T/ (b — a)(7* + 1Y)

=1
= 64(7'2 + hg),

where ¢y = T\/(b— a)cs. So, we complete the proof. O

5. NUMERICAL RESULTS

In this section, numerical examples are given to demonstrate the uncon-
ditional stability, convergence order, and accuracy of each scheme derived in
Section 3. The following test example is considered:

EXAMPLE 20. Let H(x,m,a) = %(mm_a +(1—2)™ %) and so(z) =
2°(1 — )°. The following example uses constant diffusion coefficients.

Kl(l') = 1,K2(l') = 1,

f(xa t) = _e_t(SO(x) + H($7 57 Oé) - 5H($7 67 Oé) + IOH(:‘Ca 7a a)

—10H (z,8,«) + 5H(z,9,a) — H(x,10, a))
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u(x,0) = so(z),u(0,t) = 0,u(1,t) = 0.

Exact Solution u(z,t) = so(x)e".

Let, at a time final time t = T, the exact solution vector be defined by U
and a corresponding approrimate solution vector be denoted by U. Then the
mazimum norm of error vector U — U at grid size h is given by Ej, = HU -
Ulloo = maxi<i<n |U; — UZH The numerical convergence order ¢ is calculated
by ¢ = log(Ep/Ey/2)/log2. First, the second-order Crank-Nichoslon scheme
is applied to FExample 20 to calculate the errors and convergence orders for
a=1.34,1.5, and 1.9. We choose N = 8,16, 32,64, 128,256, 512,1024, 2048 =
M with uniform sub-interval sizes h = 1/N and 7/M. We then apply the new
order 3 quasi compact C-N-scheme presented in Section 3.5 to Example 20.
The space domain is handled with N sub-partitions and time domain is handled
with M = [N3/2)4-1 sub-partitions. Table 1 and Table 2 demonstrate mazimum
absolute errors and convergence orders of these schemes.

h=r a=1.34 a=1.5 a=1.9
N=M |U-U|sx c IU-Ulws c IU-Ulls ¢
8 3.6245e-05 8.4278e-05 1.8912e-05

16 8.5169¢-06 2.08 8.3193e-06 2.04 5.6605e-06 1.29
82 2.0773e-06 2.03 2.0709e-06 2.00 1.4222e-06 1.99
64 5.1597e-07 2.00 5.1907e-07 1.99 3.5503e-07 2.00
128 1.2880e-07 2.00 1.3012e-07 1.99 8.8753e-08 2.00
256  3.2192e-08 2.00 38.2587e-08 1.99 2.2192e-08 1.99
512 8.0477e-09 2.00 8.1546e-09 1.99 5.5488e-09 1.99
1024 2.0120e-09 1.99 2.0397e-09 1.99 1.3877e-09 1.99
2048 5.0323e-10 1.99 5.1009e-10 1.99 3.4964e-10 1.98

Table 1. Maximum errors and for order 2 convergence of C-N scheme at 7" = 1.

h=+ 7=+ a=134 a=15 a=19
N M |[U-Ulw c 10 -Ulow ¢ 10 -Ulow c
8 23 3.3799¢-06 - 1.3300e-06  — 1.3815e-06 -
16 65 1.1898¢-07 4.82 2.1456e-07 2.63 5.0808e-08 5.48

32 182 5.8580e-09 4.47 3.1650e-08 2.76 1.9968e-09 3.94
64 518 2.8116e-10 4.25 4.2935e-09 2.88 4.6661e-10 2.09
128 1449 8.6421e-11 2.94 5.5870e-10 2.94 7.2068e-11 2.69
256 4097  6.5222e-12 2.48 7.12483e-11 2.97 9.8501e-12 2.87
512 11586 9.2923e-18 2.81 8.9930e-12 2.98 1.2345e-12 2.99

Table 2. Maximum errors and order 3 convergence of C-N scheme at T' = 1.

Both Table 1 and Table 2 confirm convergence orders, unconditional stabil-
ity, and the accuracy of the second and third schemes, respectively. Further-
more, Fig. 1 exhibits the surface plot of the exact solution of the fractional
diffusion equation in Example 20 over the domain [0,1] x [0, 1].
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Fig. 1. Surface plot of the exact solution of Example 20 over [0, 1] x
[0,1].

6. CONCLUSION

In this paper, we present two new approximations for fractional deriva-
tives, utilizing a recently developed unified explicit form. The first approxima-
tion achieves second-order accuracy, while the second approximation demon-
strates third-order accuracy, derived from the former using a quasi-compact
technique. These approximations were employed, together with the Crank-
Nicholson method, to solve the space fractional diffusion equation. The un-
conditional stability and convergence of the resulting Crank-Nicholson schemes
were established for fractional derivatives of order « in the interval % <a<2
Furthermore, numerical results confirm the unconditional stability and con-
vergence orders.
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