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Abstract. The main goal of this paper is to introduce the Hartley-Bessel L2-
multiplier operators and to give for them some new results as Plancherel’s,
Calderon’s reproducing formulas and Heisenberg’s, Donoho-Stark’s uncertainty
principles. Next, using the theory of reproducing kernels we give best approxi-
mation and an integral representation of the extremal functions related to these
operators on weighted Sobolev spaces.
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1. INTRODUCTION

In their seminal papers, Hérmander’s and Mikhlin’s [10], [15] initiated the
study of boundedness of the translation invariant operators on R%. The trans-
lation invariant operators on R? were characterized using the classical Eu-
clidean Fourier transform F(f) and therefore they are also known as Fourier
multipliers. Given a measurable function

m:R?— C
its Fourier multiplier is the linear map 7, given for all A € R? by the relation
(1) F(Tm()A) = mA)F(f)N).

The Hérmander-Mikhlin fundamental condition gives a criterion for LP-
boundedness for all 1 < p < oo of Fourier multiplier 7, in terms of derivatives
of the symbol m, more precisely if

2) BmN)] < A for 0 <l < [4]+1,
then, 7, can be extended to a bounded linear operator from LP(R?) into itself.
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The condition (2) imposes m to be a bounded function, smooth over R%\ {0}
satisfying certain local and asymptotic behavior. Locally, m admits a singu-
larity at 0 with a mild control of derivatives around it up to order {%] + 1.
This singularity links to deep concepts in harmonic analysis and justifies the
key role of Hérmander-Mikhlin theorem in Fourier multiplier L,-theory, this
condition defines a large class of Fourier multipliers including Riesz transforms
and Littelwood-Paley partitions of unity which are crucial in Fourier summa-
bility or Pseudo-differential operator. The boundedness of Fourier multipliers
is useful to solve problems in the area of mathematical analysis as probability
theory (see [13]) and stochastic processes (see [2]). For its importance, many
researchers extended the theory of Fourier multiplier to different settings, for
example in the Dunkl-Weinstein setting [20], in the Laguerre-Bessel setting [7]
and in the Dunkl’s setting [19].

The general theory of reproducing kernels started with Aronszajn’s in [1] in
1950, next the authors in [12], [17], [18] applied this theory to study Tikhonov
regularization problem and they obtained approximate solutions for bounded
linear operator equations on Hilbert spaces with the viewpoint of numerical
solutions by computers. This theory has gained considerable interest in var-
ious fields of mathematical sciences, especially in Engineering and numerical
experiments by using computers [12], [18].

The Hartley transform is an integral transform attributed to Hartley see
[5], [6], this transform shares several essential properties with the classical
Fourier transform, including linearity, invertibility and Parseval’s identity.
These transforms find extensive applications across various fields of mathe-
matics, physics and engineering, such as signal processing, data analysis and
number theory see [5], [6], [11], [21].

The Hartley transform is a linear operator defined for a suitable function
Y (zx) as follows:

3 H(P)(N) = i/ Az)dx,
(3) W)V = 7= [ ¥(@) cas(Ar)dz
where cas(z) is the cas function, defined as

) 71)(71;1)
(4) cas(z) = Z (Tx”,

n=0

with (3) = @ being the binomial coefficient. The cas(x) function (4) can
be seen as a generalization of the exponential function exp.

A simple computation shows that the cas function is the unique C'*° solution
of the following differential-reflection problem (see [5])

{ RO u(x) = Au(x),
u(0) = 0.
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Here, 0, represents the first-order derivative, and R is the reflection operator
acting on functions f(z) as:

() (Rf)(x) = f(=x).
Furthermore, the function cas(z) is multiplicative on R in the sense

(6) cas(z)cas(y) = 3(cas(z +y) — cas(—z — y) + cas(z — y) + cas(y — x)).

Inspired by relation (6), the author in [3] generalized the relation (6) for
the Hartley-Bessel function and introduced a generalized convolution product.
This paper focuses on the generalized Hartley transform introduced in [3], [4]
called the Hartley-Bessel transform, more precisely we consider the following
dfferential-reflection operator A, defined by

(7) Ay =R(®+2)+2 a>0,

where R is the reflection operator given by the relation (4).

The operator A, is closely connected with the Dunkl’s theory [9]. Fur-
thermore, the eigenfunctions of this operator are related to Bessel functions
and they satisfy a product formula which permits to develop a new harmonic
analysis associated with this operator (see [3] for more information).

The Hartley-Bessel transform %, generalizes the classical Hartley transform
(3) and it is defined on L. (R) by

A )N) = /R Bo(A2) f(2)dpia(w),  for A€ R,

where p, is the measure on R and B, (A-) is the Hartley-Bessel kernel given
later.

Let o be a function in L2(R) and 8 > 0 be a positive real number. The
Hartley-Bessel L2-multiplier operators are defined for a smooth function on R
as

(8) Mo s(f)(@) = 25 (0p0) (2).

These operators are a generalization of the classical multiplier operators
given by the relation (1). The remainder of this paper is organized as fol-
lows. In Section 2 we recall the main results concerning the harmonic anal-
ysis associated with the Hartley-Bessel transform. In Section 3 we intro-
duce the Hartley-Bessel L2-multiplier operators M, g and we give for them a
Plancherel’s point-wise reproducing formula and Heisenberg’s, Donoho-Stark’s
uncertainty principles. Section 4 is devoted to give an application of the gen-
eral theory of reproducing kernels to Fourier multiplier theory and to give best
estimates and an integral representation of the extremal functions related to
the Hartley-Bessel L2-multiplier operators on weighted Sobolev spaces.
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2. HARMONIC ANALYSIS ASSOCIATED WITH THE HARTLEY-BESSEL
TRANSFORM

In this section we recall some results in harmonic analysis related to the
Hartley-Bessel transform. For more details we refer the reader to [3].

e For a > 0, pgq is the weighted Lebesgue measure defined on R by

T 2a
dtale) = —— 0,
202 (a + 1)

where I' is the Gamma function.

o [P

P(R),1 < p < o0, the space of measurable functions on R, satisfying

1l = 4 e lF@Pda(@)? <00, 1 <p< oo,
pie | esssupger | (2)] < 00, p =00,

In particular, for p = 2, L2(R) is a Hilbert space with inner product given
by

(Fr0)e = /R F(@)g(@)dta(x).

2.1. The Eigenfunctions of the differential-reflection operator A,. For
A € C we consider the following Cauchy problem

[ Balu)(x) = u(z),

() : { w(0) = 1.

From [3], [4], the Cauchy problem (S) admits a unique solution By (A.) given
by

(9) Ba(M) = j, 1 (A) + 52577, 1 (),

where j, denotes the normalized Bessel function of order « (see [16]).
The function B, (A.) is infinitely differentiable on R and we have the follow-
ing important result

(10) YAz €R, |Ba(Az) < V2.

Furthermore from [3], the Hartley-Bessel kernel (9) is multiplicative on R
in the sense

(1) WAeRwyeR Ba()Ba() = [ Ba(A)Kale,y:2)dnal2)

where K, is the Bessel kernel given explicitly in [3].

The product formula (11) generalizes the relation (6) and permits to define
a translation operator, a convolution product and to develop a new harmonic
analysis associated to the Differential-reflection operator A,.
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2.2. The Hartley-Bessel transform.

DEFINITION 1 ([3]). The Hartley-Bessel transform 5, defined on L} (R) is
given by

/B (M) f(z)dpa(x),  for X €R.

Some basic properties of this transform are the following. For the proofs,
we refer the reader to [3], [4], [5].

PROPOSITION 2. (1) For every f € LL(R) we have
(12) 16 () oo i < V20 F 1110

(2) (Inversion formula) For f € (L NL2) (R) such that Fo(f) € LL(R) we
have

(13) f@) = /R BaOAt) A (f)(Ndpa(N),  ae. @ €R.

(3) (Parseval formula) For all f,g € L?(R) we have
(14) (f:9)a = (Ha(f), #e(9)) e »

In particular we have
(15) £ 1|20 = 11726 (F)ll2 -

(4) (Plancherel theorem) The Hartley-Bessel transform 7, can be extended
to an isometric isomorphism from L%(R) into L2(R).

2.3. The translation operator associated with the Hartley-Bessel trans-
form. The product formula (11) permits to define the translation operator as
follows.

DEFINITION 3. Let x,y € R and f be a measurable function on R. The
translation operator is defined by

/f (,y, 2)dpa(z).

The following proposition summarizes some properties of the Hartley-Bessel
translation operator (see [3]).

ProrOSITION 4. For all x,y € R, we have:
(1)
(16) Taf(y) =74 (x).
(2)

(17) / Y)dua(y / f(y)dpa(y

(3) For f € LP(R) with p € [1;+00], 712f € LE(R) and we have
(18) 178 Fllp o <
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(4) For f € LL(R), 7%f € LL(R) and we have
(19) Ho (1o 1) (N) = Ba(Az) Fo(f)(A), VA ER.
Relation (19) shows that the translation operator 77 is a particular case of

the Hartley-Bessel multiplier operator (8).
By using the translation, we define the generalized convolution product of

f,g as
(F2a9) @ = [ 72 Wa@dra).

This convolution is commutative, associative and it satisfies the following
properties (see [3]).

PROPOSITION 5. (1) (Young’s inequality) for all p,q,r € [1;+00] such that:
%—}—% =1 —|—% and for all f € LP(R), g € LL(R) the function f g belongs
to the space L7, (R) and we have

(20) 1S *a gl < 4 llp e 19,00

(2) For f,g € L2(R) the function f x4 g belongs to L2 (R) if and only if the
function 7#,(f)#4(g) belongs to L2(R) and in this case we have

(21) Ho ([ *a 9) = Ha(f) #al9)-
(3) For all f,g € L2(R) we have
@) [ 1 g )P dia(@) = [ AP 1Al VP da(),

where both integrals are simultaneously finite or infinite.

3. THE HARTLEY-BESSEL Li-MULTIPLIER OPERATORS

The main purpose of this section is to introduce the Hartley-Bessel L2-
multiplier operators on R and to establish for them some uncertainty principles
and Calderon’s reproducing formulas.

3.1. Calderon’s reproducing formulas for the Hartley-Bessel L2-multiplier
operators.

DEFINITION 6. Let o € L2(R) and 3 > 0. The Hartley-Bessel L2 -multiplier
operators are defined for smooth functions on R as

(23) Mop(f)(x) == 25 (05a(f)) (2),
where the function og is given for all A € R by

o3(A) == o (BA),
By a simple change of variable we find that for all 3 > 0,043 € L2(R) and

(24) loglly,., = —zarrloll2,-
B 2
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REMARK 7. According to relation (21) we find that

(25) Mo s(f)@) = (#" (05) *a f) (@),
where
(26) T (09) (@) = e (0) () -

We give some properties of the Hartley-Bessel L2-multiplier operators.

PROPOSITION 8. (i) For every o € L2(R), and f € LL(R), the function
M, 5(f) belongs to L2(R), and we have

IMos(Dllz, < —zazr otz mllFllu:
8

2

(ii) For every o € L2(R), and for every f € LZ(R), the function Mg g(f)
belongs to L2(R), and we have

(27) Mo (Dl i, < N lloopiall F 12,10

(iii) For every o € L2(R), and for every f € L2(R), then M, 5(f) € LL(R),
and we have

(38)  Map(D@) = [ o(BNBaO) Hal HNda(N), e xR

and

|27No¢'

Mo s (Illsg s, < —gazr lloll2 a1 f
B 2

Proof. (i) By using the relations (20), (25) we find that

M1, =1 Es) va 1], < I6I11R . \2

A (0p)

Lpa
Plancherel’s formula (15) and relation (24) give the desired result.
(ii) It is a consequence of Plancherel’s formula (15).

(iii) By relations (15), (20), (24) and (25) we find the result. On the other
hand the relation (28) follows from inversion formula (13).

g

In the following result, we give Plancherel’s and pointwise reproducing in-
version formula for the Hartley-Bessel L2-multiplier operators.

THEOREM 9. Let o € L2(R) satisfy the admissibility condition:
(29) / osWPL =1, reR
0
(i) (Plancherel formula) For all f in L2 (R), we have

(30) L 1#@)Pdata) = [T IMas(9IR,,, %
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(ii) (First Calderén’s formula) Let f € L:(R) such that #,(f) € LL(R).
Then we have

f(z) = /000 (Ma,ﬁ(f) o K01 ((f@)) (w)%, a.e. x € R.

Proof. (i) By using Fubini’s theorem and the relations (22) and (25) we
get

/Ooo‘|MU,B(f)H§,“adgﬂ—/oo [/ ‘%’fx_l(aﬁ)*a ) dﬂa }
= [ LA dn ] lesoor

The admissibility condition (29) and Plancherel’s formula (15) give the
desired result.

m‘m

=%

(i) Let f € LL(R) such that 2, (f) € LL(R). By using Fubini’s theorem and
relations (14), (19) we find that

| Mes() vaste (7)) (@)%
= [7 ][ Mostrwims (4 o) Wamatw)] %
= [T A 0Bat) @ a0 s OO %

The admissibility condition (29) and inversion formula (15) give the de-
sired result.

0

To establish the second Calderon’s reproducing formula for the Hartley-
Bessel L2-multiplier operators, we need the following technical result.

PROPOSITION 10. Let o € L2(R)NLL(R) satisfy the admissibility condition
(29). Then the function defined by

)
B, 5(\) = / o5V £

belongs to L2(R) N LL(R) for all 0 < v < § < oo.

Proof. Using Hélder’s inequality for the measure % and relation (24) we

find that

0
2 d
192513, < 1080/ D012 01, | ey < .

752

So, ®, s belongs to L2(R). Furthermore, by using relation (29) we get
[1@+,6l o e < 1 and therefore @ 5 belongs to L2(R) N L (R). O
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THEOREM 11. (Second Calderén’s formula). Let f € L:(R) and o €
L2(R) N LX(R) satisfy the admissibility condition (29) and 0 < v < § < oo.
Then the function

0
fro@) = [ (Masf) va 27 05) 0%, weR
2l
belongs to L2(R) and satisfies

1 li — =0
(31) o2 = fl,

Proof. By a simple computation we find that

Fro(@) = [ @500 Ba0) Ha(£) N (N) = " (81,5(1)) @)

Using Proposition 10 we find that ®,; € L3°(R). Then we have f,s €
L?(R) and
% (f’y,&) (/\) = (1)7,5()\a m)%(f)()\)
On the other hand, by using Plancherel’s formula (15) we find that

1- _ 2 1 / % @ )\ 2d N )\ )
(%5)i>n(10,oo)uf7’6 fHZ“a (v 5)i>m(]oo 48(A))7 dpa(N)

By using the admissibility condition (29), the relation (31) follows from the
dominated convergence theorem. O

3.2. Uncertainty principles for the Hartley-Bessel L2-multiplier op-
erators. The main purpose of this subsection is to establish Heisenberg’s and
Donoho-Stark’s uncertainty prineiples for the Hartley-Bessel L2-multiplier op-
erators M, 3.

3.2.1. Heisenberg’s uncertainty principle for My g. In [14] the authors proved
the following Heisenberg’s inequality for /7, there exist a positive constant ¢
such that for all f € L2(R) we have

(32) 1B < e[l

We will generalize this inequality for Movﬂ-

21|

27/‘LDC .

THEOREM 12. There erists a positive constant ¢ such that for all f € L*(R)
we have

N[ =

11, < [P, | [ IelMesol, 4]

Proof. By using relation (32) we find that

/,M(,B 2)Pdpa(z) < e|lelPMos(D)],  [IAPostal],
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Integrating over ]0,4o0o| with respect to the measure % and by using

Plancherel’s formula (30) and Schwartz’s inequality we get

2

1
sz letant, ]

N[

L7 It 1R ldia )| 4

Fubini’s theorem and the admissibility condition (29) give the desired result.
O

3.2.2. Donoho-Stark’s uncertainty principle for Mgy g. Building on the ideas
of Donoho and Stark in [8], the main purpose of this subsection is to give
an uncertainty inequality of concentration type in L3(R) where L3(R) is the
space of measurables functions on ]0, +00[xR such that

1
o0 2
I£leo. = | [ 173018, %]
We denote by 6, the measure defined on |0, +oo[xR by
- s
dea(ﬁax) - dﬁba(@ ® B8

DEFINITION 13 ([8]). (i) Let E be a measurable subset of R. We say that
the function f € L2(R) is e-concentrated on E if

(33) If = 1efll2pa < elfll2pa

where 1g is the indicator function of the set E.
(ii) Let F be a measurable subset of ]0,4+o00[xR. We say that the function
Mg 5(f) is p-concentrated on F if

(34) [Meop(f) = LrMop(f)
We have the following result.

THEOREM 14. Let f € L2(R) and o € L2(R) N L. (R) satisfy the admissi-
bility condition (29). If f is e-concentrated on E and T, g(f) is p-concentrated
on F' then we have

279(1 S pHM‘LB(f)szoa

N[ =

l x
ol (aEN? | [ 2] 21~ e+ ).

Proof. Let f € L2(R) and o € L2(R) N LL(R) satisfying (29) and assume
1

that pq(E) < 0o and [IF deﬂ‘éfﬁ’f)}ﬁ < o0.
According to relations (33), (34) and Plancherel’s relation (30) we find that
Mo s(Fll200 < IMos(f) = 1rMo (1 f)ll260 + [1rMops(1Ef)l2,00

(35) < e+ P llzpe + 1TFPMop(Tef)]

2,00 -
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On the other hand by the relations (13), (28) and Holder’s inequality we
find that

N[ =

1 x
B0 L Moa(1e a0, < Iz ol (u(ED? | [ 256]

By using relations (35), (36) we deduce that

1
1 .12
1o (ra(E))? | [ B3l ] .

Plancherel’s formula (30) for M, 3 gives the desired result. O

Mo s(Fll2,00 < N fll2 e |(e+p)+ o

4. EXTREMAL FUNCTIONS ASSOCIATED WITH THE HARTLEY-BESSEL
L2-MULTIPLIER OPERATORS

In this section we study the extremal functions associated with the Hartley-
Bessel L2-multiplier operators.

DEFINITION 15. Let ¢ be a positive function on R satisfying the following
conditions

(37) 5 € La(R)
and
(38) Pp(A\) >1, (\) eR.

We define the Sobolev-type space H(R) by
Hy(R) = {f € LA(R) : /iAol f) € LA(R)},

provided with inner product

(Fegho = [ SO M)A DNl W dital()

£l = /{Fs F -

PROPOSITION 16. Let o be a function in L (R). Then the Hartley-Bessel
L% multiplier operators My g are bounded and linear from Hy(R) into LZ(R)
and we have for all f € Hy(R)

(39) IMos(Nlz 0 < lollooall -
Proof. By using relations (15), (27), (38) we get the result. O

and the norm

DEFINITION 17. Let n > 0 and let o be a function in L2 (R). We denote by
(f,9)p,n the inner product defined on the space Hy(R) by

(Feghom = [ (100 + losVI?) (DN Halg) N (V).
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and the norm

[ ko = A/ <S> P

THEOREM 18. Let 0 € LY (R). The Sobolev-type space (Hy(R)), (- )pn)
is a reproducing kernel Hilbert space with kernel

- Ba (Az) Boa (\y)
Kpalr.y) = [ Zelbelom g, (),

that is
(i) For ally € R, the function x — Ky, (x,y) belongs to Hy(R).

(71) For all f € Hy(R) and y € R, we have the reproducing property

F0) = (Ko ) -
Proof. (i) Let y € R, from the relations (10), (37) we have the function

Ba(Ay)

A — Balw)
Jy 1O +|os )]

belongs to L} (R) N L2((R). Hence the function Ky, is well defined and
by the inversion formula (13), we get

Kyn(@,y) = 25" (9y) (@)

By using Plancherel’s theorem for J#, we find that Ky ,(-,y) belongs to
L2(R) and we have

40 A (K (o \) = Baw)
(10) () 3) = e,

By using relations (10), (37) and (40) we find that
A9z <

%H < 00,
Lpa

This proves that for every y € R the function x — Ky, (x,y) belongs to
Hy(R).

(i) By using the relation (4.4) we find that for all f € H,(R),

(Ko () = [ (10O0) 105N ) Ha 1) N el () N (N

- /]R Ba (M) (F) (N dpa(N).

Inversion formula (13) gives the desired result.

By taking ¢ a null function and n = 1 we find the following result.
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COROLLARY 19. The Sobolev-type space (Hy(R)),(-,-)y) is a reproducing
kernel Hilbert space with kernel

Ky(z,y) = /R B8 B0 4p1 ().

The main result of this section can be stated as follows.

THEOREM 20. Let o € L°(R) and 8 > 0, for any h € L2 (R) and for any
n > 0, there exist a unique function f;ﬂ,h where the infimum

41 inf 2+ ||k — M ;
(41) sttt (IS + 10 = Mo (D, }
1s attained. Moreover the extremal function f:]"@h s given by

Fron®) = [ h@)85( y)dpa(a).

where O, g is given by

05(N)Ba(Az)Ba (Ay)
Onp(z,y) = /R e Hos O GHa(Y)

Proof. The existence and the unicity of the extremal function f;y g, Satis-
fying (41) is given in [17], [18]. Furthermore, f 5, is given by

Fon(®) = (h Mo p(Kyn (5 9))e-
By using the inversion formula (13) and relation (40) we get
o03(AN)Ba(Ax)Ba (A
Mﬂ,ﬁ(lclbm (5y) (@) = /R ﬂ,gzz,)()\)ib;()\)‘g 2 dpra(N)

= @7775 (:I:7 y)

and the proof is complete. O

THEOREM 21. If 0 € L®(R) and h € L2 (R), then the function foson
satisfies the following properties

(42) Ho(fpn)(A) = m% (A)

and

15 sl < 5 l1Pll2 o
Proof. Let y € R. Then the function

ko () — —28N)Ba(Ay)
v (N +|os0)|

belongs to L2(R) N L} (R) and by using inversion formula (13) we get
Oy 5(,y) = A5 (ky)(2).



14 Best approximation of Hartley-Bessel multiplier operators 13

Using Plancherel’s theorem and Parseval’s relation (14) we find that ©, 5(-,y) €
L2(R) and

Froaw) = [ Al DR NdiaN) = [ 22l #a(h) () Ba ()i (V).

On the other hand the function
ag(N)HAa(h)(N)

F . )\ — P
CVEREEIOY)

belongs to L (R)NL(R). By using the inversion formula (13) and Plancherel’s
theorem we find that f; 5, belongs to L2(R) and

Ho(fyp0)(A) = F(N).

On the other hand we have

2
o)V = 2

(n¢<x>+\aﬁ<x>y2)2 |

By Plancherel’s formula (15) we find that

Ha(R)N? < goyldta(h) (V).

2,pe

15 sl < 5 l1A
g

THEOREM 22. (Third Calderon’s formula) Let o € L3 (R) and f € Hy(R).
Then the extremal function given by

Fapnly /Maﬁ )On,5(, y)dpa(@),
satisfies
(43) Jim 17— 11, =0

Moreover we have f;’ﬂ — f uniformly when n — 0T.

Proof. f € Hy(R), we put h = M, 3(f) and f 5, = f; 5 in the relation
(42) and we find that

14 K — F)N) = AN
(44) (Fon = D) = sl

Therefore

2 2 3
* o P(A 2
[ = 1], = [ s tm 1A dual)
On the other hand we have

(45) AN LA (NN < 6N [ Al VP
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The result (43) follows from (45) and the dominated convergence theorem.
Now, for all f € Hy(R) we have 4, (f) € LZ(R) N LL(R) and by using the
relations (13), (44) we find that

* _ — [ =D B\ dis (O
fnvﬂ(yvs) f(y) \/]R nw()\)+|o_g()\)|2 OL( y) MOA( )
and

(46)

—mNAa () g o\ ‘< POl
771/)(/\)+|05(,\)‘2 oz( Z/) _‘ a(f)( ,m)|

Using relation (46) and the dominated convergence theorem we deduce that
Jim, |f75(5) = F(5)] = 0,
which completes the proof of the theorem. O
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